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Enena /ImutpueBHa
CMUPHOBA
(28.04.1929 — 17.02.2017)

Poccniickas dumocodbus u jgoruka moHeCm HEBOCIIOJTHUMYIO yTpary. 17 des-
pass 2017 roga ymura u3 *KU3HU BbIIAIONIMIICS yaenblit u negaror Esena JImur-
pueBna CMmupHOBa — 1podeccop Kadeapbl JIOTHKH (PUI0codPCKOro ¢paxysbrera
MIY, 3acsyxennbiii mpodeccop MOCKOBCKOro yHUBEpPCUTETA.

Oxonuus duocodekuit haxymprer MI'Y B 1954 romy m — mocse HeI0 -
roit paborer B Tomcke — actmpanTtypy dakynsrera B 1963 roxy, Enena Imur-
pU€eBHA HaBCETIa CBA3AJIa CBOIO Cyab0y ¢ Kadeapoil JIoruku, Iie mpoIia Iy Th
oT accucTenTa j10 mpodeccopa. Ee rirybokme mo comep:KaHuio JIEKITHOHHBIE KYP-
cbl, (pyHIaMeHTaJIbHble MOHOTPa(UU M MHOIOYMCJIEHHBIE CTATHU, KPOIOTJIH-
Basl WHIWBHUyaJibHAs PabOTa CO CTYIAEHTAMU W ACIUPAHTAMH BHECHU CyIle-
CTBEHHBIN BKJIAJ] B TBOPYECKOE CTAHOBJIEHNE HECKOJIbKUX IMOKOJIEHUIN JIOTUKOB-
durocodos.

Brarogapst HeyroMmumoit megarornydeckoit aesreabunoctu Eiaenst JIvMutpu-
€BHBI CJIO?KNJIaCh OpUTMHaJIbHasA HaydHasd NIKOJIa, 3SaHUMAaIOIIasACd pa3pa6OTKOﬁ
po0JIeM JIOTHYECKON CEMaHTHKH, JIOTMIECKOrO aHAJIN3a €CTECTBEHHOIO si3bIKa,
u dumocodun noruku. Fe yuennkn paboraroT B Beaymux yIeOHBIX U HCCIIEI0-
BAaTEJIbCKHUX IEHTPAX KAaK B HAIel CTpaHe, TaK U 3a PYOEKOM.

B 1996 romy mocsie KoHUMHBI cBoero My»Ka Biajumupa AJjtekcanipoBuda
CwvuproBa Ejena JIMuTpueBHa MOCBATHIIA BCE CBOU CHJIBI TPOIOIKEHUIO €0
JleJla: HECKOJIBKO JIeT PYKOBOJMJIa CeKTOpoM Jioruku MHcTuryra dumocodun
PAH, Bomuia B peakosternio «Jlormaeckux umcciaemoBanuity u g0 1999 roma
ObLIa COPEIAKTOPOM ITOrO U3JAHUs, ObLIA WHUIUATOPOM mpoBeiaeHus CMup-
HOBCKHUX YTEHUII 110 JIOTHKE.

B mameit mamaru Enena /IMuTpreBHa OCTaHETCS €TOBEKOM ITUPOKONH U
IIeAPOi JIyIln, KOTOPYIO BCIO, 63 ocraTka OTjaBaja yIeHUKaM, CBOUM JIMY-
HBIM [IPUMEPOM, OE33aBETHBIM OTHOIIIEHHEM K ITPO(EeCCUr IIPUBUBAsi UM BBICO-

KHe HpaBCTBEHHBIE KauecTBa UejoBeKa U Y 9€HOTO.
B.U. Maprxun



Anekcanap CrenanoBud
KAPIIEHKO
(07.04.1946 — 07.02.2017)

7 despasnsa 2017 roma we crano Asekcannpa Cremanosunya Kaprnenko. Tpy-
HO TIEPEOIEHNTD TAYKECTh MOTEPH, KOTOPYIO IIOHEC/N OJIM3KHAE POJICTBEHHUKH,
JIPY3bsi, KOJIJIETH, BCE POCCHIICKOE JIOTUIECKOe COODITIECTBO.

Asexcannp Crenanosuy npurien B Macruryr dustocobun B 1977 roay u
aKTUBHO PabOTAJI B CEKTODE JIOTMKM B TedeHune cOpoka Jier. llociemune cem-
Ha/IATh JIET OH OBLJ 3aBEAYIONIMM CeKTOpoM. MHorne 61arogapHbl €My 3a TO,
YTO OH MOMOI' UM COCTOSITHCS KaK JIOTMKAM, IIOMOI 3aIllUTUTh JUCCEPTAINN U
oCTaThCsi paboTaTh B Hallell Hayke. Ha nmpoTsiKeHre MHOTUX JIET OH YUTAJ KypPC
MHOT'O3HAYHOM JIoTuKN Ha durocodcekom dakyabrere MI'Y u cymen yBiaedn
€10 MHOTUX CBOMX y4eHWKOB. He Oyzer mpeyBejqndeHneM cKa3aTh, 9TO AJjiek-
caugp CremaHoOBUY CTaJ OCHOBOIIOJIOXKHUKOM POCCHIICKON IITKOJIBI MHOTO3HAY-
HO#1 jloruku. Ero nepy npuHajieXKuT psiJi y9eOHUKOB U MOHOTpaduUii 110 3TOMY
IIpeIMeTy, KOTOpbIe ObLIN U3JaHBI U IMOJIYyYMJIA BBICOKYIO OIEHKY HE TOJIbKO B
Poccun, Ho 1 3a pybekom.

Tamanr Anekcannpa CrenanoBuda u JIIOOOBb K JIOTHKE MPOSBUJINCH HE
TOJIBKO B HAy4HON, HO W B OpraHm3aTopckoii pabore. OH ObLI HEM3MEHHBIM
YYaCTHUKOM U OPIaHU3aTOPOM MHOTUX POCCHUHCKUX M MEXKIYyHAPOJHBIX Hayd-
HBIX KOH(epeHIuil 1o Jjioruke u Meromjosorun Hayku. C 1997 on 6bLI OoTBET-
CTBEHHBIM PEJIAKTOPOM €YKETrOJIHUKA «JIormdeckne MCCIeOBaHUsi> U JOOUIICS
TOrO, YTO COOPHUK CTAJI YIAOBJIETBOPATH BCEM TPEOOBAHUSM [IJIsi PEIIEH3UPOBaA-
HUsl U MyOauKamyuu B HeM paboT, HeoOXOUMBIX mpu 3amure auccepranuit. C
2015 roma cOOPHUK IIPEBPATHUIICH B OJTHOMMEHHBIH KYPHAJI C JABYMsI BBIILYCKAMUI
B roj. [J1aBHBIM pesakTopoM ero craj Astekcaniap CrenaHoBUY.

U BoT Temepb B 3TOM KypHaJe MbI IIyOJUKyeM HEKPOJIOr HaMaATh AJjek-
cannpa Crenmanosuya Kapnenko. Mbr feiicTBuTeIbHO Oy/1ieM TOMHUTD €rO0.

Compydnuru cexmopa noeuxu U® PAH
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Hexaaccuueckas no2uxa
Non-classical Logic

JI.FO. JIEBATKUH

Heknaccuyeckune moauduKammm MHOTO3HAYTHBIX
MaTpul KJjaccudeckoii jJoruku. Hactob 11

HeBsarkuu Jleouna FOpbeBuy

Cexrop snoruku, Macturyt dumocopun PAH

Poccnitickas @eneparus, 109240, r. Mocksa, yi. l'onuapnas, a. 12, crp. 1.
E-mail: 1eoniddevyatkin@gmail. com

JlanHasi cTaTbsl sIBJISIETCS BTOPOW B JIMJIOTHH, ITOCBSIIIEHHON MHOTO3HAYHBIM MaTPH-
11aM KJIACCUIECKOM TPOMO3UIMOHATBLHON JIOTUKY KaK HHCTPYMEHTY TOCTPOEHUST U aHA~
JIM3a HEKJIACCHYECKUX JIOTHMK. B simTepaTrype CymiecTByeT MHOXKECTBO Iap TPEX3HAU-
HBIX MaTpPHIl, Pa3JIMIAIOINXCs JIMIIb KJIACCAMU BbIIEJIeHHBIX 3HadeHuii. Ho momas-
JIstioriee GOJIBIMMHCTBO W3 HUX 3aJa€T HEKJIACCHYECKOE OTHOIEHUE CJIETOBAHUS KaK
[IPU OJTHOM BBIJIEJIEHHOM 3HAYEHUHU, Tak U 1pH AByX. OJHAKO CYIIECTBYIOT MaTPHUIILI
HEKJIACCHIECKUX JIOTHK, ITOJIyUEHHbIE M3 MaTPHUI[ KJIACCUYIECKON JIOTUKHU Cy KEHHEM
WM paCIIMPEHUeM KJIacCa BBIJEIEHHBIX 3HadeHuit. OCHOBHAS 9aCTbh CTAThU OCBSI-
meHa JByM KJiaccaM MaTpuil. I1epBeIif KytacC COCTOUT U3 MATPHIL, KOTOPbIE 33aBaJl
OBl KJIacCHIecKoe OTHoIenue caenosanust npu D = {1, 2}, oqaako paccMaTpuBarorcst
¢ D = {2}. Bropoii ximacc mosmyuen Boibopom D = {1,2} B MaTpHIIAX, TOPOKIAIO-
muX Kjaccudaeckoe ciegoanne npu D = {2}. Jlins u3ydaeMbIx MATPUIL JOKA3bIBAETCS
MaKCHMAJIbHOCTH (B CHJIBHOM CMBICJIE) [APAHEIPOTUBOPEINBOCTH MJIH IIAPAIIOJIHOTHI
3a/1aBAE€MBIX MU JIOTUK, & TAKKE aHAJIOTYA TeOPEeMBbI [ IMBEHKO MU IyaIbHOM T€OPEMBI
['tuBenko. MaTpuribl B paccMaTpuUBaeMbIX KJjaccax 00pas3yroT pelnreTKd IO OTHOIIe-
HUI0 QYHKIMOHAJIBHOM BiaokuMOcTH. OT/IeIbHbIe MATPHUIBI, [TOJIyICHHBIE U3 MATPHI]
KJIACCUYIECKOHN JIOTUKY MOIUMUKAIINEN MHOXKECTBA BBIJCJICHHBIX 3HAYCHU, IMEIOT K-
BUBaJIeHTHbIE (DOPMYJIUPOBKA B BUJe DYHKIIMOHAJIBHBIX PACIIMPEHNN MATPHI] KJ1ac-
CUYECKOU JIOTHUKU.

Karouesvie cr06a: MHOTO3HATHBIE JIOTUKH, JIOTUYUECKHE MATPUIIBI, TAPAHEIPOTHBOPE-
YUBOCTH, apPaAIIOTHOTA

© Hesarkun J1.IO.



12 JILFO. JleBsirkun

1. Bsenenue

XopoIIro U3BECTHO, YTO HA OCHOBE OJIHON W TOM Ke aaredphbl MOYKHO TO-
CTPOUTH MATPHILBI, 38/a0INe PA3HbIE JJOTUKU. B 3TOM cityvae pas/imdust
MEKJIY JIOTUKAMHU OIPEJIEISIIOTCS BEIOOPOM KJIACCOB BBIIEJICHHBIX 3HAYE-
auit. B Hactu I paboThl MBI HEOTHOKPATHO CTAJIKUBAJIUCH C IIPUMEPAMU
TaKuX MaTpuil. B wacrHocTH, 510 L3 u J3, Bs u S3, P! u I', K5 u LP.

3a4acTyio MaTPUIIbl, Pa3JUYAIONINeCcs JIUIIb KJIACCAMU BbIJIEJICH-
HBIX 3HAYCHUI, OBIBAIOT MOCTPOEHBI HE3ABUCUMO, U UX (PYHKIMOHAJIHHYIO
SKBUBAJIEHTHOCTh OTKPBIBAIOT TO3Ke. Tak, marpuria J3 ObLia BIEpBbIe
upeioxkena B 1970 1. [15], ojHaKO HEpBOe M3BECTHOE aBTOPY yKa3aHUe
Ha ee CBsA3b ¢ Ly orHOCcuTest K 1985 1. [14]. Marpura S3 crpounnacs K. Ce-
repbeprom B [45] kak pacmupenne marpuipl C. XosjeHa, BHE CBS3H C
Bs. Kak yxassisator A.C. Kapnenko u H. Tomosa [29, §2.5], B3auMoBbI-
pasumocts oneparuit P! i I' 6bi1a SBHBIM 06pa30M yCTAHOBJICHA TOJILKO
B 2000 1.

B To ke Bpems I'. [IpucTt uznagasbao ctpout L P, paciupsis Kjaacc
BBIJICJICHHBIX 3HadYeHWi Marpuilel K3 [38]. DT nBe marpuipsl Hepei-
KO PacCMaTPUBAIOT MApPAJIETbHO. BO-TePBBIX, OHU MOTYT TPAKTOBATD-
csI KaK TOAMATPHUILI deThipex3HadHoil MaTpullbl /lanna nu Bennama By
(em., mampumep, [39], [50]). B sToM ciyuae mpoMexkyTOUHOE 3HAYCHUE B
K3 TpakTyeTcsi KaK «HU UCTUHHO, HU JIO2KHO», & B LLP — KaK «UCTUHHO
1 JIO?KHO OIHOBPEMEHHO». AJIbTepHATUBHYIO TPAaKTOBKY maaer . Purm
[44]. On B 0boMX ciy4asix MHTEPHPETUPYET IMPOMEXKYTOUHOE 3HAUCHUE
KaK <«HUCTHHHO U JIO2KHO OTHOBPEMEHHO», a Pal3/InIue MEXKJ1y MaTpUuIlia-
MU BBITEKAET U3 KPUTEPUEB BBHIOOPA BBIJIEIEHHBIX 3HadeHuil. B ciyuae
K3 npeyioXKeHNIo IPUITUCHIBAETCST BhIJIEJIEHHOE 3HAUYEHUE, €CJIM OHO 10
MeHbIlell Mepe ucTuHHO. B cinydyae LP — eciiu OHO HE JIOXKHO.

B o6mux TepMuHax BiusiHEE BBIOOPA KJIACCA BBIIEICHHBIX 3HAUE-
HUIl Ha CBOICTBA JIOTUKY, 33/1aBaeMOil MaTpulieil, aHaJIu3upyercs B KHUr'e
P.JI. Duumrreiina [17, p. 285-287|. ABrop obpaiiaer BHUMAaHUE HA TO, YTO
ycsioBust ctangapraocTu Poccepa—TiopkeTTa MOI'YyT HApPYIIATHCS JIBYMSI
CrIocobaMu: oTiepaIyst MHOMO3HATHON MaTPHUIBI MOYKET TPUHAMATH HEBBI-
JIeJIEHHOE 3HAaYeHUe, KOIJ[a, COTJIACHO COOTBETCTBYIOIIEMY YCJIOBHUIO CTAH-
JIAPTHOCTH, JOJKHA Obla MPUHSATH BBIIEICHHOE, WM OHA MOYXKET MpHU-
HUMaTb BbIJAEC/JICHHOE 3HaAYCHNE Ha SHaAUYCHUAX apryMEHTOB, JIJId KOTOPbIX



Hexraccudeckne MOAUGDHUKAIIAA MHOTO3HAYHBIX MATPHIL. . . 13

BBINIOJIHEHNUE YCJIOBUS CTAHAAPTHOCTH TPEOOBAIO ObI HEBBIIEJIEHHOTO 3HA-
venust. Ciesyst 910it iuaun paccyxkjaenusi, A. Bpyuuep u B. Kapuusm
ity T [5]: «HTYUIMOHUCTCKIE JIOTUKY SBJISIOTCS “JIOKHBIME 110 YMOJI-
JaHuio” (B TOM CMBICJIE, YTO MPEJJIOKEHIE U ero OTPUIAHIE MOTyT 0ba
IPUHUMATHCST KAK JIO?KHBIE), B TO BPEMsI KaK IIaPAHEIPOTUBOPEUUBBIE JI0-
IUKU SIBJISTIOTCS “UCTUHHBIMU [0 YMOJIYAHUIO” (B TOM CMBICJIE, YTO HPEI-
JIO’KEHHEe U ero OTPHIaHue MOIyT 06a IPUHUMATHCS KakK HCTHHHBIE)»
(mep. aBTOpA).

Bce Tpexsnaunble MaTpUIBI HEKJIACCHIECKHX JIOTHK, KOTOPBIE MBI
paccMaTpHUBaJIU JI0 ITOTO, 3a/Ial0T HEKJIACCHIECKOe OTHOIIEHUE JIOIHYe-
CKOT'O CJI€JIOBAHUS BHE 3aBUCUMOCTH OT BBIOOPA KJIACCa BBIJICJIECHHBIX 3Ha-
vennii. Bee oHu coziepKaT onepanum, KOTOpbIe JeJIAI0T UX «JI0XKHBIME 110
YMOJIYAHUIO» UM «MCTUHHBIMHU 10 YMOJTIAHUIO» B CMBICIe BpyHHepa n
Kapumwsumm npu D = {2} u D = {1,2}. B HekoTOpbIX CiIy4asix 3TO
MHBOJIIONMS, & B OCTAILHLIX 3TO Iapa orpunanmii u3 P! u I'. Onanaxo
B JIUTEPATypPe €CTb U OTJEIbHBIE IPUMEPHI MATPHIL, KOTOPBIE IOJIYYe-
HBI U3 MATPHIL KJIACCUIECKON JIOTUKK OJJHUM JIUIIb U3MEHEHUEM KJIacca
BbIJIEJIEHHBIX 3HadeHuil, 6e3 msmenenusi oneparmii. Marpuna, B KOTO-
poii Bce ollepaluu OTBEYAIOT YCJIOBHsM cTaHjaprHoctun npu D = {2}
nprobpeTaeT «UCTHHHBIE 0 YMOJIYAHUIO» ONEPAIH, KOTJa MPOMCXOJIUT
«II€PEOIEHKA» HEBBIJEJEHHOIO IPOMEKYTOUHOr0 3HaueHus. B cBoro oue-
pe/lb, MaTPHIA, B KOTOPOH BCE ONEpaIlN OTBEYAIOT YCIOBUSAM CTAHIAPT-
wocru npu D = {1,2} npuobperaer «JIOKHBIE 110 yMOJYAHUIO» OlE€pa-
UM, KOTJa MPOMCXOJUT «HEIOONEHKa» BBIJIEJEHHOIO IPOMEKYTOTHOTO
snavenuns. Hacrosimasi paboTa MoCBSIIEeHa CUCTEMATHIECKOMY U3y YEHUIO
MaTPHIL TAKOI'O THUIIA.

Marepuas opranun3oBaH cjemayionuMm obpa3oMm. B ocrasmreiica da-
CTH BBEIEHMs s PACCMATPHUBAIO IPUMEPLI MHTEPECYIONIUX HAC MaTPHIIL,
W3BECTHBIE B JIATEPATYpe. IDTO IOCJIEJI0BATEIbHOCTD MaTpull [ émess,
«HEHOpMAaJIbHAs XapaKTePUCTUIECKasd MATPHUIL KJIACCUIECKON JIOTUKI»
A. Yépua, a TakyKe MaTpHUIa JIOTUKKA palnoHajbHOro arenta E.A. Ky-
oprmkunoit u .B. 3aiinesa. [locse sToro s1 onpesesnsiio aBa IyaabHBIX
KJIaCCa TPEX3HAYHbIX MaTPUIL, KOTOPbIE IIOJyY€HbI U3 MaTPHUIL KJIaCCU1€e-
CKOM JIOTHKH «HEIOOIEHKON» U «IIePEOIeHKO» IPOMEXKYTOUHBIX 3HAUE-
HUil, 9TU KJaacchkl obo3HadatoTcst Kak 1Ly u T Ly coorBercTBenHO. aJtee,
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HCCIEYIOTCS CBOMCTBA JIOTUK, 33/ 1aBAEMBIX MATPUTIAMU U3 3TUX KJIACCOB.
[Tokazamo, uro Marpuibl u3 Kiaacca 1'Lg 3a7a10T JIOTUKU, MaKCHMAJIb-
HO MTapaHelIPOTUBOPEYNBBIE B CUJIBHOM CMBICJIE, COIVIACHO OIIPeJIEe/IEHUIO
O. Apusiu u coaBTopoB. B cuity ayasbHOCTH, MaTpuilbl u3 Kiaacca 1 L4
3aaI0T JIOTUKH, MAKCAMAJIHLHO [IaPAIIO/IHbIE B CUJILHOM CMbICe. JloKka3bI-
BAETCs PsiJl Yy TBEPKICHU, BLICTYTAIONIAX aHAJIOTaMH TeOPEMBI [ THBEHKO
u nyasibHoil Teopembl 'uBenko. [ToToM s mepexoky K pacCMOTPEHHUIO
PYHKIIMOHAJIBHBIX CBOWCTB HCCJEAYyEMbIX MATPHIl. DJIEMEHTHI KJIaCCOB
TLi; u TLy 06pa3yioT perieTku Mo OTHOMIEHUIO (DYyHKIIMOHAJIBLHON BJIO-
KUMOCTH. A mX moakjacchl C-paclIupsomnX MaTPHUI, — COOCTBEHHBIE
MTOJIPENIETKH COOTBETCTBYIOIIUX PeIeTok. KpoMe Toro, si JTeMOHCTPH-
PYIO, ITO HEKOTOPDLIE U3 MATPHII, TIOJTYIEHHBIX «HEIOOIIEHKONY WIn «IIe-
PEOIIEHKOI» TTPOMEXKYTOUHBIX 3HaAUEHNH MOTYT OBITH TaK:Ke IIpeJcTaBe-
HBI KaK (PYHKIIMOHAJIbHBIE PACITUPEHNST MATPUIL KJIACCUIECKON JIOTUKM.
SakJIroYeHne MOCBIIEHO IPpodaeMaM 0000IIeHNsT Pe3yJIbTATOB, U3JI0XKEH-
weix B Hactu I u Hacru 11 pabotsr.

[Ipennosaraercst 3HAKOMCTBO YATATEJIS C TPEIBLIYIIENR 9acThIO CTa-
TbU, B HEl MOXKHO HaWTHU BCe HEIOCTAIONINE OIPEIeSIeHUSI W CChLIKU,
HeOOXOIUMBIE I TOHUMAHUsT HACTOAIIEN0 TEKCTA.

Tereps nepeiijieM K pacCMOTPEHUIO IPUMEPOB MaTPHIL C «HEJIOOIEH-
KO¥» U «IIePEeOIeHKON» MPOMEXKYTOUHBIX 3Hadenuii. Vlctopuuecku mep-
BBIi mpuMep Jail0T HaM MHOTIO3HadHbIe MaTpulibl ['€nerst. Onepannn Mar-
puist G, = ({0,1,...,n—1}, A, V,=, =, {n—1}) orsevator cieyomnmm
yesoBusim [20]:

aANb=min(a,b); aVb=maz(a,b);
n—1,ecou a < b; 0,ecnu a # 0;

a=0b= —a =
b,ecmm a > b. n—1,ecmn a = 0.

Hnst rpexsuaunoii marpunet Gg = ({0,1,2}, A, V,=, -, {2}) nomny-
yaeM cJieLylomiye Tab/IuIIbL:

A0 1 2 v, 0 1 2 =0 1 2 -z
010 0 O 010 1 2 012 2 2 2
110 1 1 111 1 2 170 2 2 1 0
210 1 2 212 2 2 210 1 2 0
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Herpyznuo ysugers, uro npu D = {1,2,...,n — 1} (B Tpex3uad-
HoM ciyuae — {1,2}) onepamuu (), OTBEYAIOT YCJIOBUIO CTaHIAPTHO-
cru Poccepa-Tiopkerral. Takum o6pazom, MaTpuisl L81esrst Moy deHs
U3 MaTPUIL KJIACCUIECKON JIOTHKH «HEIOOLEHKOM» IIPOMEXKYTOUHLIX 3Ha-
YEHUM.

Bpynnep m KapHua/mm comocTaBIsioT IOCJIEI0BATEILHOCTH MaT-
putt ['ées1s1 oc/1e10BATEIBHOCTD JIyaJbHBIX «QHTH-UHTYUIHOHUCTCKIX >

marpur [5]. Oma cocromr m3 wmarpur suma G, = ({0,1,...,n —
1hAV,— =% {1,...,n — 1}), mme omepanuum OTBEYAIOT CJIE/LYIONIUM
YCJIOBHSIM:

aAb=min(a,b); aVb=maz(a,b);
0,eciu a < b; N 0,ecn a =n — 1;
- qQ=
a,ecau a > b. n—1,ecmm a#n—1.

a—b=

Ucnonb3oBanue onepanyuu & — Y, KOTOPYIO HA3bIBAIOT <IICEBJIO-
Pa3HOCTBIO» WJIN «UCKJIIOYEHUEM», B KauecTBe Jlyasia & = Y BOCXOJIUT K
pabore MakKuucu u Tapckoro [36]. Takoii 110/1x01 siB/isieTcst OObIYHBIM B
paboTax 10 jaHHoil TeMe (cM., HampuMmep, [42], [21], [56], [22], [57]). Oxa-
Hako ormernM, Beies 3a T. @eprioconom [18], uro He cymecTByer Takoii
dyukmum ¢ na {0,1,...,n — 1}, masa koropoit ¢(v(z) = t(y)) = (x — y)
wim 1(e(x)—1(y)) = (x = y), u B TO 2Ke BPeMsI J|jisl UHBOJIIOIUY ~ BBIIOJI-
HAIOTCST TOXKJECTBA: ~ (~ & =~ y) = (y—x); ~ (~y— ~ ) = (z = y).
[Tosromy, mpuHUMasi BO BHUMaHUE TOCTPOEHUsI, KACAIOIIUECs JIyaJIn3a-
min, w3 Yacru [ gamnoii paboTwi?, B KadecTBe jyaja T = y g OyIy
paccMaTpUBaTh ONEPAIUI0 T <= Yy = y — &, Kak 910 Jejaor A. Mon-
reiipo [37, Th. 2.6] u A.C. Kapuenko [27]. Ouna orseuaer cieyromemy
YCJIOBHIO:
0,ecau a > b;

a<=b=
b,ecim a < b.
s HarIsgHOCTH, PACCMOTPHM —Tpex3HadHyio Marpuiy G5 =
({0,1,2}, A, V, <=, =°,{1,2}). Tabummp! jyist <=, =* TakoBBI:

1Cm. Yacts L
2Cu. Takxe [34].
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dcno, aro nupu D = {n — 1} (B Tpex3snaunom ciayuae — {2}) ome-
pamuu (G, orBevaroT ycsosuio crappapraoctu Poccepa-Tropkerra. To
ecTb, MaTpuIlbl Buga () MOJYUEHDbI U3 MATPHIL KJIACCHIECKOI JIOTUKH B
pesyabTaTe «IepeoleHKN» TPOMEXKYTOUHBIX 3HAYEHUI.

B paGore [7] A. UYépu npuBojuT ele OJHY MATPHILYy HHTEPECYIO-
mero Hac Tuna. B muTHpyeMoil craThbe aBTOp pPacCMaTpuUBaeT MaTpH-
I[bI, KOTOpPbIE HE SBJIAIOTCA <HOPMAJbHBIMU B cMbicie Kapnama», u B
TO K€ BpeMsl SIBJISIOTCS XapaKTePUCTUIECKUM JIJIsT KJIACCHIECKOI TIPOo-
HO3UIMOHAJILHON JIOrUKU. MaTrpuria sBJisieTcst «<HOpMaJIbHON» B CMBICIIE
Kapnana, ecjim U TOJBKO €CJIM OHA SBJISIETCSI «CTAHIAPTHO» B CMBIC-
ne Poccepa—Tropkerra. Marpuiia HasbiBaeTCst XapaKTePUCTUIECKON J11st
HEKOTOPOI'0 MCUUC/IEHUsI, €CJIM U TOJIBKO €CJIM KJIACC €€ 3aKOHOB COBIIa-
JIaeT ¢ KJacCOM TeOpeM JAHHOIO HCUYUC/IeHHs. B KadecTBe OJHOrO U3
upumepoB Uépu paccmarpuBaer Marpuity, riae D = {2}, a omnepaiun
OIIPEJIEIAIOTCS TAKUME TabJIUIAME:

A0 1 2 velo 1 2 >° 10 1 2 -°z
0 0 O 010 2 2 0 2 2 2 0 2

110 2 2 2 2 2 1 0 2 2 0
0 2 2 212 2 2 2 0 2 2 2 0

Taxkyto ke maTpuiry paccmarpubas H. Pemrep kak «ciabbrity Bapu-
ant jioruku Jlykacesuua [43, p. 32-33]. A.C. Kaprenko obparui BHIMA-
HU€e Ha TO, YTO AHAJOTWYHBIE OIIEPAIlNN BBIPA3UMbBI U B MaTpuile Bousa-
pa Bs, obpa3yst Bropoil Habop «BHemmHux» onepanuii 27, ¢. 53|. Takum
obpazom, Kak ykazaJ Kapmenko, joruka Boduapa comep:KuT He OauH
dparmeHT, T30MOPMHBII KJIACCUIECKOMY UCIUCJCHUIO BHICKA3BIBAHUI, a
JBa — 3aJaHHbIH MaTpurell B§ ¢ BHEIIHMMY ONEpaIUsiMU, OIpe/ieieH-
HBIME caMuM Bousapom, n BS ¢ onepanusMy, 0TBEYIaIOIIIMI TaOIIIIaM,
M300parkeHHBIM BBIIIIE.
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Kak u B ciayuae marpun [€gess, marpurie B§ MOXKHO COIOCTABUTD
nyanbHylo eif. B pabore [12| pacemarpusaercst marpunia ¢ D = {1,2} u
CIIE LY TOIAMHI OIEPAIIASIMIE:

ATlo 1 2 vilo 1 2 ST 10 1 2 -
0 [0 0 O 0 l0 0 2 012 2 2 0| 2
1 /0 0 O 110 0 2 1 12 2 2 2
2 10 0 2 2 12 2 2 2 10 0 2 21 0

HerpynHo y6eauTbest, 9TO BBIIOTHAIOTCS CJIELYIONIME TOXKJIECTBA:
TNy =~ (~ Ve~ y); aAy =~ (~ 2V~ y) aVEy =~ (~ A ~y);
VoY =~ (~ aA” ~ y); 2Tz =~ =° ~ x; =%z =~ =" ~ . Jlyanom K
DY cormacno mHameit nponemype, okaxercs x C- y =i~ (~ x D7~ y).
Ho B To e Bpems umeer mecto x DY y = = (=" c” =Py); 2 cPy =
~B(=0z 50 =Ty,

Onncannast MaTpuna copnajaer ¢ dbparmentom Bj TpexsHadHoil
MaTpuIilbl BouBapa, OJIHAKO OTJIMYAETCsI OT HEero KJACCOM BbIJIEJTEHHBIX
3HaveHuii. 3aMeTnM, 4TO MaTpulla TpexsuadHoil sornku Cerepbepra S3
uMeeT TOT ke HaOOp omepanuii, uro y BouBapa, HO JBa BbIJIEIEHHBIX
suauenns. [losromy marpuiy S5 = ({0, 1,2}, A7, vZ 2P = {1,2}) mo-
JKEM TPaKTOBaTh Kak (pparMeHT marpuiibl Cerepbepra.

BaK/II0YUTE/IbHBII TIPUMED U3 JINTEPATY Pl IPEJICTAB/ISIeT HAMOO b
MM MHTEpeC, T. K. B HEM <«HEJIOOIEeHKAa» MCTUHHOCTHBIX 3HAYEHUH IIPO-
siByisieTcst B Hambosiee sisnom Buge. J[.B. 3atines m E.A. Kyborimkuna
[31] cTposiT "eTBIpeX3HAYHYIO JIOTHKY, B KOTOPOil MCTHHHOCTHBIE 3HAME-
HUsI MMEIOT COCTABHYIO HPUPOJLY. DJjieMeHThl MHOxkecTBa {F, T} unrep-
IPETUPYIOTCS KaK «OHTOJOIMYECKU JIOKHO» M «OHTOJOIMYECKU UCTUH-
HO», a sjeMeHTbl MHOXKecTBa {0, 1} Kak «He M3BECTHO» U <«U3BECTHOY.
MHOKeCTBOM-HOCUTEIEM MATPHUILI, KOTOPYIO CTPOSAT ABTOPBI, OKA3bIBa-
erTcs npomsBejieHre 3TuX jByX MuHOXkectB: {FO0, F1,70,71}. Ananru-
pysi 0003HAYEHUsT K TEPMUHOJIOIMK TeKyIneil paborsl, OyjaeM jajee mu-
carb {0,1,2,3}. Torma nnrepecyroiasi HaC MaTpuila Ipuobperaer BH/L
LRA = ({0,1,2,3},A,V,,~,{3}). Tabuump! mas 6a30BbIX omeparnuii
TaKOBBI:
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AlO 1 2 3 vi{i0 1 2 3 —x ~T
0[]0 O O O 0ojo0 1 2 3 0 2 0 1
1 0 1 1 1 1 1 1 2 3 1 3 1 0
210 1 2 2 212 2 2 3 2 0 2 3
310 1 2 3 313 3 3 3 3 1 3 2

Kak ormeuaror Ky6bimkuna u 3aiiles, «ecIi Mbl OLIpeIe/IsieM OTHO-
IEHNe CJIEJIOBAHUS KJIACCUIECKUM 00pa30oM (MCTHHHBIE MOCHIIKHA JOJIZK-
HBI BJI€Yb UCTUHHBIE 3aKJIIOYEHUsI), MbI IIOJYYaeM KJIACCHIECKYIO JIO-
I'UKy, IJle pasjiudde MexK/Jly U3BeCTHBLIMM U He M3BeCTHLIMU MCTHHAMU
orcyrcTByeT» (mep. aBropa). To ecThb pedb HJET O TOM, YTO €CJHM MbI
nonaraem D = {2,3}, to LRA ecrb Marpuiia KJIaCCHYECKON JIOIMKH.
MHOro3HaYHOCTL BO3HUKAET, KOIJIa IPOUCXOIUT «HeJ00IeHKa» IIPeJio-
JKEeHMil, KOTOpBIE OIUCHLIBAIOT IOJIOYKEHUE JieJI, UMeoIlee MecTo B Jieii-
CTBUTEJLHOCTH, HO He U3BECTHOE IIO3HAIONIEMY CYOLEeKTY, U UX OTKa3bl-
BAIOTCs TPAKTOBATEL KAK UCTHHHBIE 110 SMUCTEMUYECKIM COOOPAYKEHUSIM.
YrobBl HATIAAHEE TPOMJLIIOCTPHPOBAThL, ¢BaA3b LRA ¢ Kinaccmueckoit
JIOTHKOH, HOKarKeM, 4TO OHa (PYHKIMOHAJLHO SKBUBAJEHTHA MATPUIIE
LRA* = ({0,1,2,3},A,V,D,—,{3}), B kKoTOpOii 6a30BBIE OLIEpAIUU OT-
BeUaloT ycsioBusM cragapraoctu Poccepa-Tiopkerra npu D = {2,3}.
VIMIIuKaIys 1 OTPUIAHIe OTBEYAIOT TabJIuIaM HUZKe:

w o o~ olU
— o w o
©C O W N
W oW W NN
[ I I ORI CR It
SR CRNSC)

= RS R

[Tokaxkem GyHKIMOHATBHYIO dKBUBaJeHTHOCTH LRA 1 LRA* cie-
JIYIOIIUME TOXKJIECTBAMU: —& =~ —x; & O y = =(x A —y); -z = x D
(x A —x); ~z = ——.

[IpuBeieHHbBIE BBIIIE MTPUMEPHI CIYXKAT MOTUBOM JIjIsi HOJIee CHCTe-
MaTHUYIECKOT'O U3yvI€HUA MaTPUIL KJIACCUYECKOM JIOTUKU C «HepeoueHKoﬁ»
U «HEJIOOTIEHKON» MCTUHHOCTHBIX 3HaUYeHMiT. B qanbHeiteM 6y1eM Ha3bI-
BaThb ux 1'L-maTpuiiamu, OT aHraniickoro «true liess. B ciemyromem pas-
Jlesie st HadHy ¢ pacCMOTPEHUsT IBYX KJIACCOB Tpex3HadHbIX 1 L-maTpuir:
Kkyiacca T’ L MaTpUIL ¢ OHUM BbIIeJI€eHHBIM 3HaueHneM u 1T Lo ¢ IByMsT, —
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a MOo3XKe CIesiato psia o0ODImeHn 11t OOJIBINEro YNC/Ia NCTHUHHOCTHBIX
3HAYEHUIA.

2. Kunaccel matpun 1Ly u T L,

[TocTpoum kjacc Tpex3uadnbix 1L MaTpuil, B KOTOPLIX OA30BbIE OIIePa-
MU OTBEYAIOT yCJA0BUAM cTanjgapTHocTn Poccepa—Tiopkerra mpu D =
{1,2}, ogHako Kiacc BBIJEIEHHBIX 3HAYEHUI OIPAHUYEH OJTHUM 3JIEMEH-
toMm. On cocrout m3 marpuil, nmeomux sug M = ({0,1,2},A,V, —,
-, {2}), B KOTOPBIX Ollepalliil OTBEYAIOT CJIC/LYIOIIUM TaOJIUIIAM:

AlO 1 2 V 0 1 2
01]0 0 0 0 0 lumm 2 1 wm 2
110 1lwm?2 1wumm?2 1 | lwm?2 1wm?2 1 wnmm?2
210 lwm?2 1wm?2 2 | 1lwm2 1wm?2 1 wum?2

— 0 1 2 S

0 lwm 2 1wm?2 1 wmm?2 0| 1wnmm?2

1 0 1w 2 1 wom 2 1 0

2 0 1w 2 1 wmm 2 2 0

Knacc T' Lo mosydaeM ¢ OMOIIIBIO IPOIETy PbI Ayaan3aIuiu, OIICAH-
voii B Hactm [. B MaTpumax 3Toro Kjacca orneparnuyd OTBEYAIOT YCIOBUAM
CTAH/IAPTHOCTHU [IPH OJIHOM BbIJIEJIEHHOM 3HaveHun, ojqaako D = {1,2}.
Saementst T Lo umetor Bug M = ({0,1,2}, A, V, <, 5, {1,2}), a ux one-

palyy OTBEYAIOT CJAEIYIONIUM TabIAIAM:

A 0 1 2 \% 0 1 2
O | Ommml Owmml O0wml 0| Omml Owmml 2
1 | Owml Owmmml Owmml 1 | Omwml Owml 2
2 | 0mwml Owoml 2 2 2 2 2

— 0 1 2 S

0 Omm 1l Ownmml 2 0 2

1 Omm 1l Ownmml 2 1 2

2 Omm1l Owml Owaml 2 | Omwm 1
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OOBITHO, KOrJa KJIAaCChl MATPHUIL 3aJaf0TCs depe3 YCJIOBHSI, HaKJia-
JIbIBaeMble Ha CBOMCTBa 0A30BBIX Olepaluil, TpeOyioT, YTOObI TU Olle-
panuu 6buIr, ToMuMo podero, C-paciupsionmMu (M., Hapumep, |6,
§ 5.3], [1], [19], [54], [51]). OxHako s BO3AEp:KUBAIOCH OT STOrO TPeHO-
BaHUs B TOJIB3Y DoJiee 0600IeHHOr0 moaxoda. OOpaTuM BHUMaHUE, ITO
paccMmorpennas Boiine Marpuna LRA we spiasercs C-pacimmpsiomeii. B
TO 2Ke BpeMsi HeOOXOMMO OTMETUTh, IYTO OTKA3 OT 0DCYKIaeMOro orpa-
HUYEHUS BeJIET K OIpeJie/IeHHbIM 3aTpyaHenusaM. B knacce T'L; mosi-
JISIETCSI «BBIPOXKJIEHHAsT> MATPHUIA, B KOTOPOI KarKJasi HedJleMeHTapHasT
dopmyna npuaEMaer Tosbko 3Hadenust u3 {0, 1} — MHOXKecTBa HEBbI-
JleJIeHHbIX 3HadeHuit. Anasormano, B T Lo mmeercsi 3jieMeHT, 00JIacTb
SHAYEHUIl 3JIEMEHTApHBIX Olepalii KoToporo orpannvena {1,2}, . e.
BbIJIeJICHHbIMY 3HadeHusAME. OO03HAYNM 9TH MaTpuIpl Kak B3 u S3 co-
orBercTBeHHO. Hike mpuBoXKy 1O JiBE olepanuu s KaxKI0i MaTpu-
IIBI, OCTaJIbHBIE OIPEHEISIIOTCS depe3 HUX TakK »Ke, KaK B KJIaCCHIECKOi

JIOTUKE.
—B 0 1 2 BT s 0 1 2 —sT
1 1 1 0 1 1 2 0 2
0 1 1 0 1 1 2
0 1 1 0 2 1 1 1 2

EBa i1 MOYKHO CYUTATh X M —1X TIOJHONEHHBIMI OTPUIIQHUSIMU.
ITo cBoum cBoiicTBam 3t oneparopsl 6mxke K L u T (em. [23, § 1.3,
a Taxkxke [6, p. 11-12]). IIpu sTtom B kitaccax T'Ly n T' Lo 3nadurennbroe
KOJIMYeCTBO MAaTpPHUIl HE COAEPXKUT 60ﬂee VAa9HbIX KaHANJIaTOB Ha POJIb
orpunianust. OHAKO, 0 MHEHUIO aBTOPA, CYIIECTBYET U JIOCTATOYHO BEC-
KUl apIyMEHT, OlIPAaB/BbIBAIOIINIT BKJIIOUEHHE COOTBETCTBYOIIMX MATPHIL
B M3y4JaeMblil KjtacC. UTOOBI U3JIOKUTH €r0, TOTPeOyeTCsT BBECTH JIOIIOJI-
HUTEJIbHDbIE TIOHSATHS.

J10 9TOro MbI TIOJIB30BAJUCH ONPEJIEIEHUEM CJIEJIOBAHUS B TEPMU-
HaX JIOPMIEeCKUX MaTpuil. Tenepb pacimupum 310 mousatue. OmHoweHuem
caedosarus no Tapckomy st TPOIMO3UIMOHAJIBHOTO SI3bIKa L HA3bIBAEM
6unapuoe ornorenne - mex iy X C For(L) u a € For(L), orBevaroriee
TPpEM yCJIOBUAM:

e Ecim o € X, 1o X F o (pedpirekcuBHOCTS );
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e Ecom X Fau X C X', to X' F a (MOHOTOHHOCTD);
e Ecou X Fau X'Fa, 0o X, X'+« (rpansurusnocrs).

HagzbiBaeMm - cmpyxmyphoim, ecom 1j1s Kazk10ro SHaoMopdusMa 6 B
L, KaxK10r0 MHOXKecTBa, popmy/i X 1 KaxKji0i (hopMyJIbl (¢ UMEET MeCTO:
ecmn X F «, o 0(X) F 0(«). HazeiBaem - nempusuasvrom, ecan Haii-
JyTCsl HelrycToe MHOXKecTBO hopmyst X u dopMmysia o, Takue 91o X ¥ a.
HasbiBaeM - gpurumaprsim, ecan st KaxKa0ro MHOKecTBa popMyst X u
KaxKJI0i popMyJIbl v, TakuX IT0 X F «r, HafieTcss KOHETHOE MHOXKECTBO
X', naa xoroporo sbmosnserca: X' € X u X' F a. Eciu F crpyk-
TYypHOE, HeTpUBUAJbHOE U (DUHUTAPHOE CJIeJOBAHUE 10 TapcKoMy Jijist
[POIIO3UIMOHAJILHOIO si3bika L, napa (L,F) HazoBeM nponosuyuonass-
1ol N02UKOU.

Umeer mecro cuepyrommii daxr. Ilycre X F «, ere. (X, a) €
Cn(M) nns HEKOTOPOW KOHEYHO3HAUHON Marpunbl M, B KoTopoit D
€CTb HEIyCTOe COOCTBEHHOE MTOJIMHOYKECTBO MHOXKeCTBa-HOcuTe Is1. 'Torna
(L,F) ectb mponosunmonaabHas Jjoruka. CTPyKTYPHOCTH - BBITEKAET
u3 |58, § 3.1.3|, bunurapuocrs — u3 (48], HeTPUBKAIBHOCTL — U3 OI'pa-
HUYEHUs], HAJOKEHHOI0 Ha 00beM KJIacca BblJeJeHHbIX 3HadeHuil. s
SKOHOMHUHU MECTa OITyCKal0 ODODIEHHE ITOr0 MaTepHuajia JJjis CJeI0Ba-
HUsI ¢ MHOXKECTBEHHBIMH 3aKJIIOUEHUSIMA U aJ[Pecylo duTaress K pabo-
tram P. Byiirunkoro [58, § 4.7|, a rakxke /1. Illycmura u T. Cwmaiiau [49,
§ 2.1, 8§22 8§ 13.1-13.3].

Ha ocroBe omnpejiesieHHOTO BBIIE MOHATHS cieaoBanust, O. Apwaim
U COABTOPBI BBOJST HOHSITHS NPEO-0MPUuaHuA 1 cAab020 ompuyanus [2].
[Iycrs (L£,F) npomosununoHaibHast JOruKa, 36K L KOTOPOii COIEPIKUT
YHAPHYIO CBSI3KY —

e [oBopuM, 9TO — ecTb nped-ompuuanue, ecau p ¥ —p mas p €

Var(L).

o [lpes-orpurianue gBiIsieTCs cAGObM OMPUYAHUEM, ECITA TP ¥ p 71

p € Var(L).

Ecmm X F a < (X,a) € Cn(M) ansa HeKOTOpPOil MaTpUIIbI
M = (A, D), neppoe ycioBue o3Hadaer, 410 —x ¢ D Jyisi HEKOTOPO-
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ro x € D, a Bropoe — uro —y € D nys mexoroporo y ¢ D. To ectnb
6a30BBIM CBOWCTBOM OTPUIAHUSI, €CJIU CJIEJIOBATH YCJIOBHUSM BBIIIE, OKa-
3BIBAETCSI TO, YTO ONlEPAIlUsl HE COXPAHsSIET BBIIEJCHHOE 3HadeHue. A Jry-
aJIbHOE CBOMCTBO — HE COXPAHSATH HEBBIJEJIECHHOE 3HAYCHUE — «HAJCTPa-
UBaeTCsl» HaJl HUM. DTO OTpayKaeT B3IJIs)[ HA UCTHHHOCTHbIE 3HAYEHUS,
[PU KOTOPOM <«HCTHHA» OKA3bIBACTCS IVIABHBIM 3HAYCHHUEM, & <«JIOXKb>
urpaer BTOPUYHYIO, IIOUUHEHHYIO POJib. [10700HBIN B3IJIs] OTPaKeH B
OOBIYHOM OIpEJIeJIeHUI MATPUYHOIO CJICJIOBAHUS — OT MOCBLUIOK K 3a-
KJIIOUCHHIO COXPAHSIETCS IMEHHO 3HadeHue «HCTHHA». OHAKO BO3MOXKEH
U TIOJIXOJl, IPU KOTOPOM <«HCTHHA» U <«JIOXKb» TPAKTYIOTCs KaK PaBHO-
[paBHbIE 3HAYEHUsI. B 9acTHOCTH, JJIst 9TON0 MOXKHO HCIOJIb30BATH CJle-
JIOBAHUE C MHOXKECTBEHHBIMHU 3aKJtoueHusIMI. COXPaHSIOTCS HE TOJb-
KO BBIJICJICHHBIE 3HAUEHNUSI [IPU [IEPEXOJIe OT MOCHUIOK K 3aKJIIOUEHUSIM,
HO ¥ HeBBLIEJICHHbIE LU Iepexoje B obparHyio cropoHy. Torma ycio-
sust ({p}, {-p}) ¢ Cny (M) (He coxpaHsieTcsi «HCTHHAa» CJieBa Halpa-
Bo) u ({—p},{p}) ¢ Cnpr(M) (He coxpansieTcst «JI0Kb» CIIPaBa HAJIEBO)
OKa3BIBAIOTCST CAMMETPIIHBLIMIS . C 9TOM TOYKN 3PEHUs MPeICTaBIAeTCs
060CHOBAHHBIM 1epedOPMYIHPOBATL yCIOBUSA ADHIIN CIeAYIOMUM 06-
paszoM:

e [0BOpUM, YTO — €CTb TPEJI-OTPUIAHEE, €CU P ¥ —p Wi —p ¥ p
st p € Var(L).

o Ilpen-orpunanme sBisieTcst caaObIM OTPHUIIAHWEM, €CIU OTHOBPE-
MeHHO p ¥ —p u —p ¥ p nus p € Var(L).

DTO HMPUBOAUAT HAC K TOMY, 9TO KarKjas MaTpuIla u3 KjaaccoB 1'Lj
u T'Lo ecTb MaTpuIiia MMpONO3UITHOHAIBHON JIOTUKH C TIPEI-OTPUIIAHUEM.
Ha sTOM OCHOBaHWM MOYXKHO 3aKJIIOYUTh, YTO BCE JIOTMKH, 33/ 1aBacMbIe
paccMaTpUBAEMBIMU MATPUIIAMHU, 00JI81aI0T JOCTATOYHBIM KOJIMIECTBOM
[TOJIE3HBIX JIOTUIECKHUI CBOMCTB, YTOOBI OIIpaBIaTh UX JdaJibHEIee n3y-
YeHue.

33mech MOXKHO HPOBECTH MAapajIeb C IOHATHAMH <HETATHBHOIO OGBHEKTa CIIpa-
Ba» M «HETATMBHOTO 06BbEKTa cJieBa», KoTophle paccmarpubaer JI. Xambepcroyn [23,
p. 14].
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B Yactu I mammoit paboTnr 60/IbIIoe BHUMAaHNE YAEIEHO POJIU MO-
JuduKaIuil MaTPULL KJIACCUIECKOI JIOTUKU B paMKaxX HCCJIEI0BaHUN 10
[apaHelIPOTHBOPEINBBIM JIOTUKaM. VIMeeT ¢MBICI BEPHYTHCST K 9TOH Te-
Me, pacemarpusast T L-marpunibl. Tem 6oiee, 9TO Bce U3BECTHBIE ABTOPY
o jureparype 1’ L-MaTpUIlbl MOy I€Hbl «HEI0ONEHKON» MCTUHHOCTHBIX
SHAYEHUH, & JJIs HapaHelIPOTHBOPEUNBOCTH HEOOXOMMMA, UX <IEPEOICH-
Ka». HammoMmHro, 9T0 B JlaHHOI paboTe MmapaHernpoOTHBOPEIUBOCTD TOJIKY-
ercs B TEPMUHAX CJIEIOBAHUSL: HA3BbIBAEM IIPOIO3UIIMOHAILHYIO JIOIHKY
(L,F) naparnenpomusopeuusoti (OTHOCUTEJILHO —), €CJIN HafiTyTCsl TaKue
a, € For(L), aro {a, ~a} ¥ . I3 onpenenenns: =z (c. 20) oveBUIHBIM
00pa30M BBITEKAeT, 9YTO MaTpuilbl u3 T Lo 3a7a10T mapaHerrpoTUBOPEIn-
BbI€ JIOTHKH.

OJ1HaKO CcyIecTByeT APYyTroil IOIX0/ K OIpe/Ie/IeHNI0 KpUTepUeB Ha-
PAHENPOTHBOPEYNBOCTH. JIOTHKa CUNTAeTCH IIapaHeIPOTUBOPEIHBOIL, €C-
JI1 B HEll He COXPaHAIOTCA OTAe/IbHbIC 3aKOHDBI KJIaCCUIeCKO JIOTUKH, Ha-
npumep, 3ako lynca Ckora: a D (-« D ). B obuiem ciryaae ycaoBust
{a,ma} ¥ B ukF a D (-a D B) He sxBuBaseHTHBI. B jroruke mapa/ok-
cos Ilpucra umeer mecro nepsoe, Ho He Bropoe. B soruke Kimuu [30] —
BTOpPOE, HO He nepsoe. C 3Toit TOYKK 3peHust MaTpulbl U3 1 Lo IOXOmAT
wa matpuiy [Ipucra LP.

YTBEPKAEHUE 1. Ecim M € T'La, o T(Cy) C T(M). Ecan marpuia
M, x Tomy ke, siBisiercst C-pacrnpstoreii, ro T'(Cy) = T(M).

JIOKA3ATEJIBCTBO. /lokaxkeM miepByIo 4acTh. OyHKIIMOHATHLHO SKBUBa-
JIEHTHBIM 06pa30oM nepeotpesesnM marpuity Co, 3aMeHuB D Ha C B MHO-
)kecTBe ee 6a30BbIx onepanuii. [lycrs o ¢ T'(M). Toraa naiiercs onenka
h B M, takas uro h(a) = 0. Oupenesum orobpazkenue ¢ u3 ajaredpbt
M B anrebpy Ca: ¢(0) = ¢(1) =0, ¢(2) = ¢(1). U3 oupenenennii T Lo,
< u Cb9, BbITEKaeT, 4ro ¢ ectb romomopdusm. [loaromy, ecau h(a) = 0,
to h(p;) = ¢(h(pi)) ectb onenka B Cy u h'(a) = 0. Takum oGpaszom,
acT(M)nT(Cy) CT(M). doxkaxem Bropyio dactb. 113 Toro, aro M
siBisiercst C-pacumpsitomeil, Hanpsimyto caenyer T'(M) C T(Cy). Bmecte
C TEPBOH YACTBIO HACTOAIEro yTBepKaenus 310 naer 1'(Cy) = T(M).

O
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B wmcenenoBanngx 1o MpOTHMBOHENPOTHBOPEYMBLIM JIOTUKAM Bayk-
HYIO POJIb UTPAET MOHSATHE MAaKCUMAJLHOCTU OTHOCUTEJIBHO KJIaCCHYe-
ckoii storuku, Bocxogsimee K padoram A.M. Cerre [46] u H. na Kocra
[10]. IMapanenporuBopeuusyto joruky L = (L,Fy) HasbBAOT Mmakcu-
MaavHol omuocumenvro Kaaccuveckot aozuku CL = (L, FcL), ecin
OHA OTBEYAET JIBYM YCJIOBUSIM:

o Kaxxmast reopema L ects Teopema CL.

e Ecmm o Treopema CL, 1o ne teopema L, mobasienune o xk L B Kage-
crBe akcuoMbl, pespataer L B CL.

BoJibirast 4acTh M3BECTHBIX B JINTEPATYPE MHOIO3HAYHBLIX IHapaHe-
[IPOTHBOPEYUBLIX JIOTHK 00J1aJaeT 9TUM CBOHCTBOM. B dacrHOCTH, Ta-
KOBBI BCe JIOTMKH, 3ajlaBaeMble Marpuiiamu u3 kiacca 8Kb [6, p. 78].
ITonpobHOMY PacCMOTPEHHIO BOIIPOCA O MAKCUMAILHOCTH IIOCBAIICHA Pa-
6ora [35]. B cBete joKa3aHHOTrO BhIIIE yTBEPXKIAeHUsI 0 MaTpurax u3 T Lo
JUIS X aHAJIU38 [MOHATHE MaKCUMAJILHOCTH OTHOCUTEILHO KJIACCHIECKOM
JIOTUKHN OKa3bIBACTCA HEIIOAXOIAIITIM. B €I'0 OCHOBE JIEZKUT ITIOHUMaHUE
JIOTUYECKOI CHUCTeMBI KakK KJjacca Taprojoruil. Ho ¢ 9Toit Touku 3penus
HU OJTHA U3 CHCTEM, 3aJaBaeMbIX MaTpuriamu u3 1'Lo, mTpocTo He SIBJISI-
ercs IapaHelPOTHUBOPEYNBOM, Belb B KayKIOH M3 HUX UMEIOT MECTO W
sakoH [lynca Ckora, n 3akoH nporusopeuns: (—=(a A —a)), orcyTcTBUs
KOTOPOTO B IIAapaHENPOTHBOPEYUNBOI cucTreMe mpsiMo TpeboBasi ma Ko-
cra. OJHAKO MBI MOXKEM IOJIYYUTH COIEPKATEIbHBIE PE3YJIbTATEI, €CIIN
obpaTumMcst K 6osiee 0OODIEHHONT TPAKTOBKE MAKCHMAJILHOCTH IIapaHe-
IPOTHBOPEYMBLIX JIOTUK. BBejem ciejyromiue onpeesenus [2]:

e T'ogopuwm, uro soruka L = (£, ) marcumanvro napanenpomusope-
YUBa 6 CAabOM cmbicae, ecin Kaxkaas toruka L' = (£, 1F), rue FCI-
U MHOXKeCTBO TeopeM L sBijisieTcst COOCTBEHHBIM I10MHOXKECTBOM
MHOKecTBa TeopeM L', He siBisieTcsi napaHenpoTHBOPEUnBOii.

e T'oBopum, uro soruka L = (L, F) makcumarono napanenpomuso-
PENUBA 6 CUNLHOM CMbicae, ecan Kaxkast jgoruka L' = (L, 1F), rue
FClF, me aByisieTcst mapaHePOTUBOPEIUBOIA.
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B pabore [3] nokazano, uro KaxKasg Marpuna u3 8Kb sipjsiercsi Makcu-
MaJIbHO ITapaHelIPOTUBOPEUYMBOl B CHJIBHOM cMbIce. HiKe si moKaKy,
910 9TO TaK 1 jjisd 1 Lo.

YTBEPXKJAEHUE 2. Eciu M € T Lo, To jioruka, KOTOPYIO OHA 3aJaeT,
SIBJISIETCST MAKCUMAJILHO MAPAHEITPOTHBOPEYUBON B CUJIBHOM CMBICJIE.

JIOKABATEJIbCTBO. YT00bI Jl0Ka3aTh yTBEP:KIECHUE, MOKAYKEM, YTO
umeior Mecto caeiyionue daxre: (i) S5 u Bee ee dyHKIMOHATbHBIE
paciiupenust 3aai0T JIOTUKY, MaKCUMAJIbHO MapaHellPOTHBOPEYNBYIO B
cunbHOM cMblcie. (i) S5 u Bee ee DyHKIMOHATIBHBIC PACIINPEHUS 38,1~
0T JIOPMKY, MAKCUMAJIbLHO MapaHEIPOTHBOPEYUBYIO B CUJILHOM CMBICJIE.
(iii) Kaxkpast marpuria usz T Lo siBisiercst (byHKIIMOHAIBHBIM PACITHPEHU-
em S5 um S3.

Ucrtunnocrs (i) caenyer uz pesyasraros |3, Th. 3.2|. Ilepexomum
JIoKa3aTesbeTBy (ii).

[Tycrs marpuma M ajist sisbika L sBjsieTcst (DyHKIIMOHAIBHBIM Pac-
mupenueM S3. Ilycrs cymecrsyer Takas soruka (L, F), aro Cn(M) CH.
Torypa naiinyres X u «, takue aro X F a u (X,a) ¢ Cn(M). B
9TOM cjydae Haiijercs onenka hg B M, npu koropoii ho(X) C {1,2}
u ho(a) = 0. OnpeiesnM HOJCTAHOBKY € CJIE/IYIOIIM 06PA30M:

(p — p), eCcJin ho(p) = ]-a
e(p) = { ~(p < p), ecr ho(p) = 2,
po, ecim ho(p) = 0.

B cuny crpykrypHocT - nosydaem, uro e(X) F e(a). B cuny ompee-
nenust e(p), ecau h(pg) =0, To h(e(X)) C {1,2} u h(e(a)) = 0. Orcriona
umeeM: (a, pg) € Cn(M). Iockombry Cn(M) Ch, TakKe BBIIOIHSIETCS
a k= po

st xazxioi dpopmysbt 5 u3 e(X) umeer mecro 6o ciaydait (1):
ecim h(po) € {1,2}, To h(B) € {1,2}, — nubo cayuait (2): h(B) = 0 upn
h(po) =1 nmm h(po) = 2.

Pacemorpum coryuait (1). Ecom 8 € e(X), to h(B) € {1,2}
upu obom h. Crenosarensno, ({qo,—qo},5) € Cn(M). ITockonbky
Cn(M) CF, rakxke BbINOJIHSIETCS (o, —qo - (. B custy TpansuTuBHOCTH
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U MOHOTOHHOCTH F, qg, 7qo - . Ho Tak Kax a - pg, m3 3TOro BBITEKAET
qo, —qo F po. TlosTomy b He sIBJIsIeTCS TAPAHEIPOTUBOPEIUBBIM.

Pacemorpum corywait (2). Ecom h(8) = 0 mpu h(pg) = 1, 1o
hB((p < p)/po) = 0 uist smro6oit onerku h. Econ h(S) = 0 upu h(pg) = 2,
1o hB(=(p + p)/po) = 0 y1st 1r060it orernku h. O6ozHaunM yepes L dop-
MyJ1y, KOTOpas npuHuMaeT 3uadenue 0 mpu mo6oi onenke h. Onpemeaum
HOJICTAHOBKY €’ CJIe/IyIonmM 06pa3oM:

(p < p), ecu ho(p) = 1,

e (p) = ¢ ~(p + p), ecu ho(p) = 2,
1, ecim ho(p) = 0.

IIpu s060it onenke h B8 M kaxKnas § € X HpUHUMAET BbIJICJICHHOE 3HA-
genne u h(a) = 0. Tax xak ({qo, qo},B) € Cn(M), (a,po) € Cn(M)
u Cn(M) CF, Bemonnusiercst qo, ~qo = 8 u o = po. B custy Tpansurus-
HOCTH ¥ MOHOTOHHOCTH F mMmeeM: ¢, qo - po. [losromy - He aBistercs
IHapaHeIIPpOTUBOPEYUBbIM.

Tenepp nokazkem (iii). Hycrs M = ({0,1,2},A,V, <+, 5, {1,2})
marpuna u3 1Ls. Onpemenum onepamuu B Marpune M =
({0, 1,2}, N,V ' 5 {1,2}) cnenyromumun Toxpecteamm: x Ay =
S Ay), zV'y = S35 Vy), x + y = 55z + y). o oupeneie-
unio T'Lo, M’ ects S5, ecin =z ectb ="z, u M’ ects S§, ecqn =z ecThb
—sx. JokazareancTBO 3aKOHYEHO. O

Mo2kHO pacpoCTPaHUTL PE3YIbTATHI, COOPMYIUPOBAHHBIE B YTBED-
Kiaennax 1 m 2 Ha maTpunbl u3 kKiacca 1'Lp, ecim TpaKToBaTh 3a/la-
BaeMble UMM JIOTMKU Kak maparojable. OaHako, KaK W B clIydae Iapa-
HEITPOTUBOPEUNBOCTH, CYIIECTBYIOT Pa3Hble (POPMYJIUPOBKH KPUTEPHUEB
naparnoJiHoThl. B pabore [32] napanosnasi Joruka XapakTepu3yeTcst Tak:
«JIOTUYIECKasl CHCTEMa IAPAIIOJIHA, €CJIM OHA MOXKET CIYXKUTDh JIOTHMKOM,
JIesKalleil B OCHOBE TeOPHUil, B KOTOPbIX HMEIOTCsI (3aMKHYThIe) (hOpMyJIb,
TaKNE€ 94TO 9TU (bOpMy.HbI 1 X OTpUllaHUA OJHOBPEMEHHO JIOZKHDBI. <...>
Kpowme Toro, maparioinble TeOpUU He OTBEYAIOT IMPUHIIAITY UCKJIIOYEHHO-
ro TpeTbero, chOpMyIUPOBAHHOMY B CjeIyIoieit hopme: U3 AByX IpO-
TUBOPEYAIIUX MPOIO3UIHI OJ[HA JTOJI?KHA OBITH HCTHHHA» (IIEp. ABTOPA).
C dopMabHOI TOYKM 3PEHHSI 3TO COODParKEHHE MOXKET TPAKTOBATHCS
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KaK 3aIlPeT Ha COXPAHEHWE OTICTHHBIX 3aKOHOB KJIACCHIECKON JIOTHUKH,
Hanpumep, o V —a [47], wim (o D —a) D - [4], wm (e D «) D «a [§],
[29, §2.1]. BosmoxkHO Takxke chOpMYIMPOBATH 9TO YCJIOBUE B TEPMUHAX
CJIeJIOBAHMUsI, TOT/Ia JOrUKY L Ha3BIBAIOT MaparoHON, eCIH JJIsT HEKOTO-
poix X C For(L) u , B € For(L) Bepuo, uro X,a by, B, X,-~a bty fu
X F1, 8. Onnako Hac 6yIeT MHTEPECOBATDb B IIEPBYIO OYEPE/Ib IyaJIbHOCTD
Mex iy Kiaccamu 1Ly u T Ls. C 370l TOYKHU 3peHUsi B KaueCcTBe KPH-
Tepusl JIyUIlle BCErO TOIXOIUT CJIEIYIONINN TPUHITUIT: HA3BIBAEM JIOTUKY
(L,F) napanoanot, e.r.e. B ¥ {a,~a} misa nexoropuix a, 3 € For(L)*.
HAcno, aTo Takast GopMyIMPOBKA MMEET CMBICH, TOJBKO €CJTH PACTTHPUTD
olpeJieIeHne JIOTUKHY, 9TOOBI CJIeJIOBAHUE JIOMYCKAJIO MHOXKECTBEHHBIE 3a-
KJIIOYEHUsT. DTO MOXKET OBITh KaK yKe PACCMOTPEHHOE CJIeTOBAHNE THUITA
XFY (X,Y C For(L)), Tak u cje/joBaHNE C CHHIYJISIPHBIMU [TOCBLIKA-
MU ¥ MHOYKECTBEHHBIMU 3aKJIIOUCHUSIMI, KOTOPOE, B MATPUIHON (hopme,
OIIPEJICeTIHETCS CIIeIYIOIM 06pa3oM®:

Cn*(M) = {{a, X)|Vh(h(X) € D = h(a) ¢ D)}.

Kpome moro, cienyst [5|, BBejem IOHsTHE Kjacca KOWMP-
magmono2ull:

(M) = {a[vh(h(@) ¢ D)}

DTO MO3BOJISIET MOJIYUNUTH JAyAJTbHBIA BADUAHT yTBEpkKIeHUs 1.

YTBEPKAEHUE 3. Eciu M € T'Ly, ro T*(C2) C T*(M). Eciin marpu-
na M, k Tomy ke, siBisiercst C-paciupstrorneii, To T%(Co) = T*(M).

O6parum BHEManue, 9ro cBoiictBo 1% (Cy) = T* (M) ects maTpud-
HBIH BapuaHT cBoiicTBa o by, | <= « Fcr, L, Koropoe nmeer MecTo B
MHTYUIUOHUCTCKOI jlornke Int n BblcTynaeT ciefcTBueM U3 W3BECTHOMN
reopembl [muBenko [56], [55]. Camo ke yrBepzKieHne TeopeMbl BCTpeda-
eTcsl B JIMTEPAType B JIBYX BapHaHTaX: Fint 7o <=ty « [40, p. 391]
u b o <=tcL o [22], [55]. TokaxkeMm, uro npu oboux hopmy-
JINPOBKAX aHAJIOT TEOPEMBI JIOKa3yeM Jiist C-pacIiupsonux MaTPUIL U3
TL.

*TTompoGubit anamms sToro Bompoca cM. B [34] u [24].
0 coorromennn Mexkty Cn, Cn* u Cny om. [9).
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YTBEPXKIAEHUE 4. Ilyctb M € TL; m marpuna M asaserca C-
pacmmmpsiforieii. Torma Bepro cienyroree: (1) ——a € T(M) <= a €
T(C2); (2) ~a € T(M) <= ~a € T(Cy).

JIOKABATEJLCTBO. IocTtpoum marpumy M’, 3amenus B M Kjacc Bbl-
nesiennbix suadennit na D' = {1, 2}. Tlo nocrpoennto T Lo, 6a3oBbie ore-
paruu M’ orseuator yciosuio crangaprHoctu Poccepa—Tropkerra. Ciie-
nosarenbio, Cny(M') = Cnp(Co). Orcroma T*(M') = T*(Cq). B 10
xke Bpemst T*(M') = {«a|Vh(h(a) = 0)}. Tak kak, B CuIy yTBEpXK/e-
uust 3, T*(M) = T*(Ca), u xaxas onenka B M’ ecrb onenka B M,
takxke BepHO, uro T*(M) = {a|Vh(h(a) = 0)}. Kpome roro, eciim M
ectb C-pacmmpstiomas Marpuna u3 1Ly, ee OTpunanueM sBjasieTcsa —°.

Hokaxewm (1, =). Ilycre =—a € T(M). Torna h(——a) = 2 mia
kaxkoit onenku h B M. Ilo onpenenennto onenku, —°(h(—«a) = 2) Tlo
onpegesernto —°, h(—a) = 0, To ectb ~v € T*(M). B cuy yrBepxie-
Hust 3, ~a € T*(Cy). Tak kak Cy ecTb MaTpuIla KJIaCCHIECKON JIOTUKH,
o€ T(Cg)

Teneps jokaxkem (1, <=). Ilycte f € T(C2). Tak xak Co ectb
MaTpHIa Kiaccudeckoii jjoruku, -5 € T*(Cy). B cuy yrBepxaenust 3,
-f € T*(Cy). Tak kax T*(M) = {«a|Vh(h(a) = 0)}, Bepno, UTO
h(=p8) =0 s xaxzoit onenku h B M. Torma, mo ompeesnennio —°,
—°(h(—a)) = 2). Ilo onpegenenuto onenku, (h(——a) = 2). Cremoareinb-
Ho, ~—av € T(M).

Hakomer, pokaxkem (2). B cuity onpenesierusi =°, BepHO, uro —°x =
—°=°=°z. Crenosarensro, ~«o € T(M) <= ———a € T(M). I3 sroro
Habsrofenns u (1) oueBmaHbIM 06pasom cieyer, uro —a € T(M) <~

€ T(CQ). Od

[Tockombky kitaccel 1Ly u T' Lo nyabHbBI, TaKzKe MOIYyIaeM CJICIY-
Io1ree.

YTBEPXKIEHUE 5. Ilycte M € TLy u marpuna M sBisercs C-
pacrupstoreii. Torna Bepro coenymoriee: (1) ——a € T*(M) <= «a €
T*(C2); (2) ~na € T*(M) <= —a € T*(Cy).

Crout orMeTuTh, UTO IpH jyanusanuu Int B KadecTBe JAyaabHOrO
BapuaHTa TeopeMbl [ JIMBEHKO 329aCTYI0 PACCMATPUBAETCS AHAJIOT yTBEP-
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Kaenns 1: b, a <=t « [5], [55], [56]. Onmako B HameM ciydae 310
OBLIO OBI HE BIIOJIHE KOPPEKTHO. X0Ts Jjist C-paciupsiionux MaTPUIL U3
T L1 BBIIOJHSIOTCST KaK TOJBKO UTO YKA3aHHOE YCJIOBHE, TaK U JIyasib-
Hble (DOPMYITUPOBKY TEOPEMbBI B yTBEp:KIeHUU 5, B OoJiee 0bIIeM cirydae
9TO MOXKeT ObITh He mMeThb mecta. Hampumep, B marpure Ilpucra LP
UCTUHHO yTBep:K ieHue 1, OJTHAKO JIOXKHBI 00€ YacTH yTBEPKICHUS D, 110-
ckonbKy T*(LP) = ().

Temepnp dopmymupyem myanabHbIl BapuanT yTBepkiaenus 2. Jlms
9TOro morpebyercs cjaeayioliee onpejeieHne: OygeM Ha3bIBATH JIOTUKY
L = (L,F) makcumarvro napanosnot 6 cusbHOM CMbICAE, €CTH KaxKiast
noruka L' = (L, ), rae FCIF, He siBasieTcss naparoJHoii.

YTBEPXKJAEHUE 6. Eciu M € T Ly, To joruka, KOTOPYIO OHA 3aJaeT,
SIBJISIETCST MAKCUMAJILHO MAPAIIOJHON B CHJIBHOM CMBICJIE.

Jlo HACTOAIIEro MOMEHTA Mbl PACCMATPUBAJIM OOIIMe CBOMCTBA MaT-
pur, Bxoaamux B Kjacchl T L1 u T Ly nnn ux C-pacIiupsiioniue moj-
Kjaccel. Temepnb NnpoaHaJU3UPyeM BHYTPEHHIOIO CTPYKTYDPY THX KJIAC-
coB. [lyist aTOoro obpaTuMcs K mojixoLy, KOTopblil mipumensiercst B [54], [53|
u (28], 1 yHopsi1ounM u3yvaeMble KJIACChl 10 OTHOIIEHUTO (DYHKIMOHAIb-
HOH BJIOXKUMOCTH.

st hOopMyTUPOBKI PE3YILTATOB HEOOXOINMO ONPEJIEINTh MATPHU-
ny TL{ = ({0,1,2}, A, V, =1, -, {2}). Ee 6asoBble oneparnun coprmajiaior
¢ TakOBBIME B (33, 38 UCKTIOYEHNEM — T, KOTOPAasi OTBEYAELT CJIeIYIOMNIel
TabsunIe:

-7 |0 1 2
0 2 2 2
1 0 2 2
2 0 2 1

YTBEPXK/AEHUE 7. Ilycte M € TL;. Torna TLIT €CTh PYHKIIMOHATLHOE
pacmupenne M. Ecau marpuna M, kK Tomy ke, C-pacmmupstomasi, To G
ecTb (DYHKIMOHAJIBHOE paciuperune M.

JOKABATE/NBCTBO. Ilo mocrpoenmio TLy, Kaxmgas QGyHKIUT
f(x1,...,x,), oupenenumasi B M, oTBevaer cJiejiyroneMy yCJIOBHIO:
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f(ala"‘)ai—hl?ai-f—la"'7an) =0+
f(ab'"aai71727ai+17"'7an) =0.

To ects f(x1,...,xy,) coxpanser pasouenne m = {{0},{1,2}}. C.B. £6-
noHCcKuit okazan [59], uro kinace U Beex dbyHKIuUiA, COXpAHSIIONIUX JaH-
HOe pasbuenue, npealosion B Ps, kinacce Beex dyukiumit Ha {0, 1,2}. Ta-
KUM 00pa3oM, KJacc onepanuit M ¢ HeoOXOIUMOCTBIO BKIOYaeTca B U.

Kaxk nokazan M.®. Pana [41], kinacc onepanuii G3 npeJicraBisier co-
6oit mepecedenne Kaacca U ¢ kiraccom T Bcex C-pacmmpsomux GyHKITAT
Ha {0, 1,2}. Takum obpasom, Jr06oii nogkaacce U, cojepKaiiuii ToJIbKo
C-paciupstrorye (OyHKIIMH, BKJIIOYaeTcs B Kaacce oneparuii Gg. 1o 10-
Ka3LIBaeT BTOPYIO YaCTh yTBEPXKICHNUS.

Kpowme Toro, B mporutupoBanHoii pabore Paria mokasamo, 9To Kjaacc
oneparuit G npesmnosion B U. Orciona, MOCKOJIbKY Olepalus —T IPH-
Ha IekuT Kaaccy U, HO He IPpUHAJIEKUT Kjaccy 1, BbITEKaeT, 9To 6a30-
BBIe Olleparun TLI obpasyior bazuc kiaacca U. DTo JI0Ka3bIBAET [1EPBYIO
4JacTb YTBEPKIEHUsI. g

U3 nokazarenbersa myHkTa (iii) yTBep2KIeHUs 2, & TAK¥Ke JIyaJbHO-
cru KjiaaccoB 1Ly u T' Lo Takke BBITEKAET CJIEIYIONIEe.

YTBEPXKJAEHUE 8. Ilycte M € TL;. Torna M ectb yHKIMOHATL-
Hoe pacmupenue B wm B3. Ecim marpuna M, x Tomy xe, C-pacmm-
pstomast, To M He sBisgeTcsa GYHKIMOHAJIBHBIM pacinupenueM 5B3.

VrBep:KaeHus 7 U 8 MO3BOJSIIOT 3aKJIIOUATH, UTO MATPUIIBI KJIAcC-
ca T'Lj obpa3yioT peneTKy 1o OTHOIIEHUIO (DYHKIIMOHAJIBHON BIOKUMO-
CTH, B KOTOPO# CYyIIPEMYMOM BBICTYTIAET KJIACC MATPHUIL, (DyHKITHOHATHHO
9KBUBAJIEHTHBIX TLlT, a nadurHyMOM — IycTOe MHOXKecTBO. llomkiacc
C-pacuiupsronmxX MaTpHI] IPEJCTABIISET CODOM MOAPENIEeTKY JTaHHONH pe-
IIETKHU, IJIe CYIIEPMYyMOM BBICTYIAET KJIACC MATPHUIl, PYHKIINOHAIBHO K-
BUBaJIEHTHBIX (3, & HHDUHYMOM KJIACC, COCTOSAIIN U3 MaTpUIpl 5.

Tak xak knaccot 1Ly u T Ly nyanbunt, maTputisl u3 1 Lo obpa3yooT
peIeTKy, n30MOPQHYIO perreTke MaTpuil u3 1'L1. J1jis1 Hee BBIIOJIHSIIOTCST
CJIEIYIOIINE YTBEPKICHUSI.
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YTBEPXKIEHUE 9. Ilycts M € TLo. Torma marpuma T’ LQT, JyaabHas
TLI, ectb (pyHKIMOHABHOE paciupenne M. Ecim marpura M, kK Tomy
ke, C-pacmupsitoniast, To G5 ecTb QyHKIMOHAIBHOE pacimpenue M.

YTBEP>XKAEHUE 10. Ilycts M € TLy. Torna M ectb dyHKIMOHAID-
noe pacmupenue S5 wim S3. Ecom marpuna M, x tomy ke, C-paciiu-
pstomast, To M He siBisieTcst ByHKIMOHAJIBHBIM PacIIupeHneM S3.

Marpunpt B§ u S5, KoTopbie siBsioTcst Hauboiiee caabbiMu ¢ hyHK-
[IMOHAJIBLHON TOYKHU 3PEHHsI B CBOUX KJaccaX, 00J1aJaioT PAJIOM HHTEPEC-
HBIX CBOICTB, Ha, KOTOPBIX CTOUT OCTAHOBUTHCS] OTJIEJIBHO.

Kak u Pt u I, BS n SE 3aJaf0T JINTepabHble mapajgorukn. P. Jle-
BuH u . MukeHOEpr paccMOTpe/n CEMECTBO U3 YEThIPEX TPEeX3HATHBIX
MAaTPHUIL, 330X TaK/ue HapPaJOrHKH, KOTOpoe BK/IoYaeT B cebs Pl
I, P2, I? [33]. Ecin mMbl Tpebyem or omepamuii A, V, — CTaHIapTHO-
cru, To P!, I' 6ynyr dynximonansao caabeitnmyu C-paciTupsionaMm
MaTPHUIAMU JUTEPAJIbHBIX Tapaaoruk. Ho B 6osiee obImeM cirydae TaKIMU
MaTpunamu okaxkytest S5 u BS. Mexy oneparusivu Co u S5’ cymectsy-
eT B3anMHO-OIHO3HaTHOe cooTBercTBre. [lockombky B C-paciupsiionieit
marpurie M kaxkoii oneparuu Cy COOTBETCTBYET IO MEHBINEH Mepe Ol
na oneparus M, B S5 ue oupenesmma Hukaxkasg C-paciiupsiomas MaT-
puria M, He siByIsTIONIasicsT (PYHKITHOHAJIBHO SKBUBaJIEHTHOM Sg')j. Temnepn
noKazkeM, 4To S5 ecTh MaTpHIa JIMTepaIbHON NapaHenpOTHBOPEIHBOil
noruku. B to Bpems Kak ({p1, —p1},q) ¢ Cn(S5), MOxKHO JOKa3aTh cie-
JIyIOITiee yTBEPIKICHUE.

YTBEP>XKJEHUE 11. Ecian un onaa u3 dpopmyst, mpunagiexamunx X UY
He SIBJISIETCSI IIPOIIO3UIINOHAJILHON IepeMeHHO, TO

<X, Y> S CTLM(S??) <~ <X,Y> S CnM(CQ)

JIOKABATEBCTBO. 3amenus B S5 Kjacc BblJIeJeHHbIX 3Hadennii Dg =
{1,2} na Dp = {2}, nonyuaem marpuny BS. Umeer mecto cieiyio-
mee: h ectb onenka dbopmysisl 3 B By, e.te. h ectb onenka dbopmy-
aet B B SY. Ilycrs B He siB/IsteTcst IPONO3UIMOHATLHON IEPEMEHHOIA.
Torna st Kaxoii ouenku h B S5 u B§ sepno, aro h(f') € {0,2}.
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Kak crencrsue, h(8') € Dg <= h(f’) € Dp. To ectb ecau HU OJ1-
Ha u3 dopmys, npuHajyiekamux X UY He sB/ISeTcs] NPOHO3UIMOHAb-
noit nepemennoii, To (X,Y) € Cnp(S5) < (X,Y) € Cnpy(BY).
B 1o xe Bpems Cnpy(BS) = Cnp(Ca). O

Urak, S5 sasnserca nanbosiee ciaboil ¢ byHKIMOHAILHON TOU-
ku 3peHuss C-pacuiupsronieil MaTpuileil JUTePaJbHON TapaHelpOTUBO-
peunsoit joruku. B cminy nyampaOocTH, BS siBisiercs coabeiimeit C-
pacmup4dIoneil MaTpuleil JuTepaJbHON HapalloJHONH JIOTUKU.

Teneps BcromunM, uro Marpuisl Pl u I' MoxkHO 3a1arh ciemy-
fommm obpasom: P o= ({0,1,2},2°, - {1,2}); I' = ({0,1,2},D",
=°,{2}), rae (z O y = =°(=°x " —=°y)). lpu srom P! u I dpynximo-
HAJILHO SKBUBAJIEHTHBI. 10 ecTh Kak obparmt sanManme A.C. Kaprenko
[26], P! nonyuaercst nobasiennem x S5 onepannit uz B, a I' — uz B
upu jobasaennn onepanuii u3 S5. Ha 9ToM oCHOBaHUM MM IIDEJIONKEH
METOJ TOCTPOEHUsI JINTEPAJIbHBIX MTAPAJIOTHK C TOMOIIBI0 «KOMOUHUPO-
BaHUs M30MOPMOB KJIACCHYIECKO JIOTUKH, IJle N30MOPGMOM HA3BIBAETCS
MHOT'O3HAYHAS MATPUIA, TOPOKIAIONAT KJIACCHIECKAN KJIACC TABTOJIO-
ruit. JlaabHeiineir pa3paboTke 3TOT0 METO/Ia MOCBSIIEeHa YaCTh COBMECT-
Hoit paborer Kaprenko u Tomosoit [29, § 3.1.1].

Anamuz T L-mMaTpuil, TpejIoXKeHHBIN B HACTOSIIEH paboTe, mTO3BO-
JIsIeT BHECTU YTOUHEHUsI B MPOIEIAYPY «KOMOMHUDPOBAHUS U30MOPQOB».
B ciyuae P, rie D = {1,2}, mpoucxoauT obbetuHenne MOpoyK Iaiommeit
KJIACCUYECKOe OTHOIIEHH CJIeJOBaHUsS MaTpHIBL S5, KoTopas (QyHKIU-
OHAJILHO 3KBUBAJICHTHA B, OTHAKO UMEET IBa BLIICJICHHBIX 3HAYCHUS
BMECTO OJIHOTO, ¢ Hapanenporusopeuusoii T L-marpuneit S5. B ciayqae
IY, rne D = {2}, obbeuHsAoTCs Tpex3HauHas MATPUIA KIACCHUeCKOit
soruku B, orimanas or S§ jmiib TeM, 4TO ee KJIACC BBLIETEHHBIX 3HA-
YEHU COMEPXKUT €JIMHCTBEHHOE 3HAYEHUE BMECTO JIBYX, C IIAPAIIOJIHOM
T L-marpuneit BS. IlapanenpoTnBopednBOCTh U MaparoHOTa MaTPHIL,
[IOJTyYEHHBIX «KOMOMHUPOBAHUEM H30MOP(MOB», SIBJISETCH CJIEICTBUEM
TOrO, YTO OHU SABJISIOTCH (DYHKIMOHAJILHBIMU PACIIUPEHUSIMUA COOTBET-
crBytonux 1'L-MaTpuir.

3amerum, 910 PyHKIIMOHAIBHBIME paciiupeHusamu ' L-MaTpuil oka-
BBIBAIOTCS TAKXKe BCE MATPHUIILI U3 paccMoTpeHubix B Hactu I cemeiicTs
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8Kb u 8Kb*. 910 BBITEKAET U3 TOTO, ITO KaxKaasd MaTpuila u3 SKb ecthb
dbyukimonansuoe pacmupenne Pl a kaxkmas marpuna 3 8Kb* ectb
dbyukimonanbaoe paciumpenne I, Jlanubiii GakT TOBOPHT O TOM, UTO
T L-MaTpuiibl MOT'YT HUI'PATh MOJE3HYIO POJIb B HOCTPOEHUU (DYHKIIUO-
HaJIBHBIX KJIACCU(DUKAIINY MHOTO3HAYHBIX JIOTHK. OJHA Takasl KJIacCH-
dukaus yxke CyImecTByeT B JINTEPAType. DTO PEIIeTKA TAK HA3BIBAEMBIX
«eCTECTBEHHBIX P-JIOIUK», ocrpoenHas H. Tomosoit [52], B kKoTopoii nH-
dbunymom BbIcTyHmAeT Marpuna P!, u Bce sieMeHTBI, TaKuM 00pasoM,
cyTh dyukimonaabuble pacimpenust T L-marpunpt S5'. pyras pemter-
Ka JIOTHK, IPUHA/[IeKaInast Tomy ke asropy (cm. [53], [54], [13, I 3]),
MMeeT CBOMM MHGMUHYMOM Olepalnuu cjaadoit joruku Kiaunu, i, 4To To
’Ke caMoe, BHyTpeHHue orneparuu joruku bousapa. Marpuna ¢ Takumu
oneparusimu 1 D = {1,2} 3ajaer Kjaacc TaBTOJIOrHUil, COBIAJIAIONIMIL C
kyaccuaeckuM. [Ipu D = {2} Takast MaTpuIiia 1opoxK/iaer KIacCuIecKui
KJIACC KOHTP-TaBTOJIOTHH. TO ecTh, XOTsl 9TU MATPUIBI U HE BXOJSAT B
TLi nnu T Ly, oHU J1eJTAT CyIECTBEHHBIE CBOMCTBA C 9JIEMEHTAMU ITUX
KJIACCOB.

B zakmrouenne pasmaesna obparuMcst K TeMme, oobeanHstomeit Yacts |
u Yacrs 11 sroit paborer. Xorst uHu onfa u3 1’ L-MaTpull He BXOJIUT B KJ1ac-
col 8Kb nmn 8 Kb*, HEKOTOpbIe M3 HUX TaKyKe MOLYT OBITH IIPEJICTABIIE-
HBI KaK PACIIMPEHUS MATPHUIBI KJIACCUIECKOHN JIOTUKUA. DTO CTAHOBHUTCS
BOBMOXKHO OJiarojiapst Tomy, 4To Mbl Biodwin B 1Ly u T Lo marpu-
IIbI, KOTOpBIe He sBisioTca C-pacmupsiomumu. Kak ciemyer u3 Joka-
3aTeJILCTBA YTBEPKICHUS 7, B MaTPUIIE TLIT BBIPA3UMbBI BCe (PYHKITUU
n3 kjaacca U. MuoxkecTBy 9Tux (PyHKIHI, B YACTHOCTHU, IPUHAIEIKAT
3aJlaBaeMble CJICYIOIMUMEI TabJIUIaMU:

A0 1 2 vV{io 1 2 5|10 1 2 S
0(1 1 1 oj1 1 2 012 2 2 0
111 1 1 111 1 2 112 2 2

211 1 2 212 2 2 211 1 2 2 1

Herpyauo yoemuThest, 9TO 3TU ONEPAIUU OTBEYAIOT YCJIOBUSIM CTaH-
naprroctu Poccepa-Tropkerra. Taxum obpasom, TL{ ectb dbymnkimo-
HAJIbHOE PACIIUPEHNE TPEX3ZHATHON MATPHUIIHI KJIACCHIECKO JIOTHKH. 3a-
METHUM, 4TO B TLlT BbIpa3uMa TaK¥Ke cjejyonias omneparus: ~0 = 2;
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~1 = ~2 = 1. B 1o xe Bpems marpuna M = ({0,1,2},A,V, =, <, {2})
uzomopdua marpure I

B cuny ayansnocru, TLg sBisercs (byHKIHOHATLHBIM DACITHPe-
HUEM TPEX3HATHON MATPUIIEI KJACCUIECKON JIOTUKY U COJIEPYKUT MATPH-
1y, uzomopduyio Pl. Ilocieanee o3nadaer, 4To TL%r IIPEJICTaBJISET CO-
6oit marpuity soruku dopmasnbaoit nporusopeunsoctu (LFI), koropas
HE BXOJUT B cemelicTBo 8Kb.

Wrak, MBI paccMOTpPeNH JIBa KJIacca TpeX3HAYHBIX 1 L-MaTpuIr Jiis
(PUKCUPOBAHHBIX MPOMO3UIINOHAJIBHBIX $I3BIKOB, & TaKyKe HEKOTOPBIE
CBOICTBa JIOTHWK, 33/I1aBAEMbIX UMH. B 3aKJ/II0YeHre PACCMOTPUM HAIIPAB-
JIEHUsI JIJIsT 0OOODIIEHUsT 9THX Pe3yJIbTaToB. Bo-TIepBhIX, s1 pACCMOTPIO BO-
IIPOC O MATPHUIAX C OOJIBITUM YHUCJIOM 3HaYeHui. Bo-BTOpBIX, OyIyT Ha-
MEUEHBI [IyTH IIePexXoia OT PACCMOTPEHUST MATPHIL JIJisi (DUKCUPOBAHHOTO
sI3bIKA K MATPHUIAM, TJIe OlEPAIMA TPAKTYIOTCS B TepMUHAX 3aMKHYTHIX
KJ1accoB byHKIMIL, 6e3 TPUBsA3KN 6a3uca K KaKOi-Inbo KOHKPETHOMN CHUr-
HaTYype.

3. 3akJroyeHue

IToctpoenne anamoros KaaccoB 1Ly u T Lo it IpON3BOIBHOTO k 3HA-
JeHnii u 0600IIeHne Ha HIX PE3YJIbTATOB, N3JI0XKEHHBIX B yTBEPKICHUAX
1-11 He mpejcraB/sieT 3aMeTHBIX 3aTpyaHeHuit. OOpaTUM JIUIIbL BHUMA-
Hre Ha TO, 9T0 Marpuila [énens G3 sIBIsSeTCS CyIPEMYMOM B pEIIeTKe
C-pacrmpstrorux Marpuii u3 T'Ly (yTBepkaerue 7), OJHAKO yXKe B YeThl-
pex3nadroM caydae (G4 TAKUM CBOHCTBOM He obsastaer. [leo B ToM, 9TO
oneparu G4 He TOIBKO coxpamstior pasbuenne m = {{0},{1,2,3}} muo-
xkecrBa {0, 1,2,3}, a Tak:ke coxpausior ero noamuoxectso {0,3}, T. e.
SIBJIAI0TCsT C-PaCHIUPSIIONIMMU, HO U COXPaHsIOT MHOXKecTBO {0, 2, 3}. D10
3HAYUT, YTO Haimercst C-paciupsiionias MaTPUIIA C OLEPAIUSIME, COXPar-
HAIOIMMHI 7, KOTOpasl SIBJIAETCA COOCTBEHHBIM (bYyHKIIMOHAILHBIM pac-
mupennemM (4. AHaJOrndHO, TPeOYET COOTBETCTBYIOMIEH MOIUMDUKAINN
U yTBepxKJeHue 9.

OHAKO TO-HACTOAINIEMY BaXKHBIM CJIEJICTBHEM yBEJIMIEHUs] IUCJIa
MCTUHHOCTHBIX 3HAYEHUI OYIeT BO3MOYKHOCTD OIPEIETUTh MATPHUIIHI, KO-
TOpBIE 33IAI0T JIOTUKU, SIBJISTIOIITUAECT NaAPaGHOPMAALHBLMU, T. €. TTAPaIIOJI-
HBIMU U [TaPaHEIPOTUBOPEUUBLIMU OJTHOBPEMEHHO. B KadyecTBe mpumepa
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PacCMOTPHIM MaTPHILY, KOTOPas COMCPKUT B n ng B KadecTBe MO/ IMaT-
pur,. BosbMem ciiemyroriie TabInIIbL:

AlO 1 2 3 vio 1 2 3 -0 1 2 3
00 0 0 O 0/0 0 3 3 03 3 3 3
1170 0 0 O 170 o 3 3| |13 3 3 3
210 0 3 3 213 3 3 3 210 0 3 3
310 0 3 3 313 3 3 3 310 0 3 3

~ (0 1 2 3 -z

0j0 0 3 3 0| 3

110 0 3 3 1] 3

210 0 0 O 210

310 0 0 O 31 0

Marpunia M = ({0,1,2,3}, A, V, =, +,—,{1,3}) 3anaer Joruky,
B KOTODOii OJJHOBPEMEHHO HMMeeT MecTo Kak {a,-~«a} ¥ [, tak u f§ F
{a,—a}. Tlo anamorun ¢ TLi; u T' Ly, MOXKHO ONpeJIEJUTD IEJIbIil Kiace
TOO0OHBIX MaTPHIL, KOTOPBI Mbl 0603HaunmM 1'Ls. Ha T L3 mepenocurcst
PsAJL TOJIyYEHHBIX paHee pesynbraroB. Marpuna M 3ajaer urepaabHyo
napaJioruky (anasor yreepxkaenust 11). st kaxmoit C-pacmpsitonieit
marpunbl u3 T'Ls Bepro, uro ee kiaccel T (M) u T(M*) coBuamator
¢ kimaccudeckuMnu (anasor yreepxkaenuit 1 u 3). Kaxknas marpumna u3
T L3 3a/1aeT MaKCUMAJIBHO APAHOPMAJILHYIO JIOTUKY (QHAJIOT yTBEPKIe-
uus 2). Kak u B npenpinynux kiaaccax, B 7' Lg IMEIOTCS «BBIPOK ICHHBIE>
maTpuipbl. Anajgorom S3 Oyner Takas Marpuia u3 1Lz, 9To KaxKaas U3
ee onepanyit Boinosmsier yeaosue f(z1,...,x,) € {1,3}. Anamorom Bj,
marpunbt u3 T Ly, tne f(z1,...,z,) € {0,1}, u Bce HEdNIEMEHTAPHbIE
dOPMyYIIBI IPUHUMAIOT TOJIBKO HEBBIIEICHHBIE 3HAYEHUsI, OY/IeT MaTpU-
na, B Koropoit f(x1,...,z,) € {0,2}. Unrepecuo, uro marpuna u3 T'Lg,
riae f(x1,...,xy) € {1,2}, He aBnsercs BoipoxjeHHoi. OHa n30MoOpdHa
maTpure M, KOTOpYIO MBI OMPEIE/TNIN BBIIIE.

o HacTosero MoMeHTa MBI PACCMATPUBAJINA MATPUIIBI B (DUKCHU-
POBaHHBLIX s3bIKax. Ha mpumepe — W <— MBI YBUJEJN, YTO BLIOOD S3bI-
Ka, JIJIsT KOTOPOTO MBI CTPOUM KJTACCHYIECKNE MATPHUIILI, UTPAET 3HAUN-
TEJILHO GOJIBIIYIO POJIb, YeM B JIByX3HAUYHOM ciydae. Hampumep, kiacc



36 JILFO. JleBsirkun

8K b* okazbiBaercs nzomopden Kiaccy 8K b, TOJIBKO e€C/ii B IEPBOM HC-
[TOJIb3YETCsI — KaK OJIHa 13 0a30BbIX oneparuil. ITosroMy, XoTs ycaoBust
crapgapraoctn Poccepa—Tiopkerrta u ymgoOHBI, OHM HE ITOAXOMAT JIJIst
00IIIero OMMCaHusl MHOTO3HAYHBIX MATPHI] KJIACCUIECKON JIOTMKH WU
T L-marpun. B pa6ore [11] npe/jiozkeH ajbTepHATHBHBII MOAXO0J] — MaT-
PHUIIBI, 331aI0IMHe KJIACCHIECKOe OTHOIIEHUSI CACIOBAHMS, OMUCHIBAIOTCS
B TEPMHHAX 3aMKHYTBIX KJIACCOB (DYHKIIMIA:

e Ecin k-sHauHast MaTpuia MOpOXKIAET KIACCHIECKOE OTHOIIEHNE
CJIeJIOBaHUsI, TO BCE €€ OllePalliil COAEPIKATCA B IIPEIIIOTHOM KJIacce
Py, coxpamstioneM IByX9acTHOE pa30nenre MHOYKECTBA-HOCUTEIA.

e Ecim marpuita M mopoxXaaeT KIacCHIeCKOe OTHOIIEHNE CJIeI0Ba-
HUs, TO KJIACC €€ OIepallfii He CONEPXKUTCsS HU B OJHOM U3 IIPO0O-
Pa30B LPEJIIOJIHBIX KIACCOB PPy OTHOCHUTEIHLHO MaTPUYHOIO IOMO-
MopduzMma n3 M Ha IBy3HaUHYIO ByJsieBy Marpuity.

DTO maeT HaM HEOOXOIUMbIE U JOCTATOUHBIE YCJIOBUS, KOTOPBIM
JIOJIZKEH OTBEYATH KJIACC OIepalinii, YTOObI Ha €ro OCHOBE MOXKHO OBLIO
[IOCTPOUTH MHOT'O3HAYHYIO MATPUILy KJIACCUIECKOi joruku miu 1 L-ma-
tpuity. Ho Bo3MOKHO /11 cHOPMYyIMPOBATD AHAJIOTUYUHBIE YCJIOBUS, KO-
TOPBIE TIO3BOJISIT OLPEJIETUTD, SBJISIETCS JIH HEKOTOpas MaTpuiia (pyHK-
OTMOHAJIBHBIM PaCHInPEHHUEM K.HaCCI/ILIGCKOﬁ?

Herpyano cdhopmynupoBaTh J0CTATOYHOE YCJIOBUE: MATPHUIA SAB-
Jisiercst (DYHKIMOHAJIBLHBIM PACIIUPEHUEM KJIACCUYIECKON JIOTHKHU, €CJIU
KJiacc ee 0a30BBIX OIEPAIMil COJEPKUT KaK IOJKJIACC, BBIITOIHSIIONIHI
[IpUBEJIEHHBIE BBIIIE YCJIOBUS, TaK U 110 MEHBIIEH Mepe OJHY OIEePAIUIo,
HApYTIAONYIo mepBoe n3 uux. OHako Mmuorne mpuMmepst n3 Jactu I mo-
Ka3bIBaIOT, UTO B OOIIEM CJIyUae 9TO HE TakK. B TO BpeMsi KaK MATPHIIBI
3 8 Kb iBHBIM 00pa30M CTPOSITCST KAK BBIIOJIHSIIONINE JOCTATOYHOE YCIIO-
BUe, jyist marputl, Ps, £3 u Bs HaM IPUIIJIOCH JIOKA3BIBATH HaJau4Ine Gop-
MYJIUPOBOK, beHKI_[I/IOHaJIbHO 9KBUBAJIECHTHBIX NCXOJAHBIM, IEMOHCTPUDY A
BBIPA3UMOCTH TEX MJIM UHBIX OIEepaIuii.

Xora A. Kamuukuit mpeaioKnI aJropuT™, KOTOPIH ITO3BOJISET 110~
CTPOUTH BCe (PYHKIUU 33J]AHHONH MECTHOCTH, BBIPA3UMbBIE MOCPEICTBOM
HekoToporo Habopa dyukuuii [25], kak nokazan H.P. Emenbsuos [16],
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B k-3naunoit joruke npu k > 2 3a7ada 0 BRIPA3UMOCTU (DYHKIIUN Tepe3
dyHKIMM onrpejiesieHHol cucteMsbl sibjisiercst N P tpynnoit 3amaqeit. Coie-
JIOBaTEIbHO, TAKOW YKe TPYAHOCTHIO 00JIa/IaeT U 33/1a4a O COOTBETCTBUU
KJIacca olepaIuii MaTPUIlhl JOCTATOTHBIM YCJIOBUSIM, ITPUBEIEHHBIM BbI-
mre. Bompoc o 6ojiee mpocTOM KpUTEpUM, KOTOPOMY TOJ?KHBI COOTBET-
CTBOBATH OIIEPAIIUU MATPUIIBI, 9TOOBI OHA SBJISIACH (PYyHKIIMOHAIbHBIM
pacIImpeHneM KJIaCCUIECKO, OCTAETCSI OTKPBITHIM.
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Devyatkin Leonid Yuryevich
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12/1 Goncharnaya Str., Moscow, 109240, Russian Federation
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This paper constitutes the second part of the duology dedicated to many-valued
matrices of the classical propositional logic regarded as a tool of construction and
analysis of non-classical logics. There are many pairs of three-valued matrices which
differ only in classes of designated values present in the literature. However, the
majority of them induce non-classical consequence relations with respect to either
one and two designated values. At the same time, there are matrices of non-classical
logics, obtained from matrices of the classical logic by contraction or expansion of
the class of designated values. The principal part of the paper is devoted to the
two classes of matrices. The first class consists of matrices which would induce the
classical consequence given D = {1,2}, but are regarded as having D = {2}. The
second class is obtained by assuming D = {1,2} in matrices inducing the classical
consequence for D = {2}. For the matrices in question I prove the maximality (in
the strong sense) of paraconsistency or paracompleteness of logics they define, as well
as analogues of Glivenko or Dual-Glivenko theorems. The matrices in classes under
consideration form lattices with respect to functional embeddability relation. Some
matrices obtained from matrices of the classical logic through modifications of their
classes of designated values are shown to have equivalent formulations as functional
extensions of matrices of the classical logic.

Keywords: many-valued logics, logical matrices, paraconsistency, paracompleteness
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This presentation discusses the opportunity of improvement of technical means of
hybrid temporal logic through the introduction of time intervals. In the procedure of
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Introduction

In standard (‘Kripkean’) semantics for temporal logic the truth-values of
statements are correlated with some points in time. So we can translate
from natural language to the formalized one, for example, the proposition
“it’s snowing” as p, having in mind that it at different times has got
different truth-values. Now, pay attention to the fact that there are
judgments expressed in natural language which are true only in one
particular time. For example, the judgment “it is five o’clock 4 December
19147 is true (i.e., now “was true”) at five o’clock 4 December 1914

'Recall that this is the date of birth of the founder of temporal logic Arthur
Norman Prior, who has made also a substantial contribution to establishment of
hybrid logic.
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and is false during all other times (before and after the specified time).
For a possibility of conversion from natural language to the formal
language namely of such statements, i.e. the accounting of a highly
specific characteristics of the logical form of thought is designed hybrid
temporal logic.

In the hybrid logic a special kind of propositional letters is
introduced. These letters are called nominals. The proposition designated
by a given nominal expresses the judgment which is true only in
one particular time. Thus the nominal designates some term which is
correlated with a certain time. Another technical detail is the so-called
satisfaction operators. Now the thought that the judgment “it’s snowing”
is true at five o’clock, 4 December 1914, or, closer to the natural way
of speaking, “at five o’clock, 4 December 1914 it’s snowing”, can be
presented on a formalized language of logical analysis well in a certain
way; for example: @,p. Here the nominal a stands for “it’s five o’clock,
4 December 1914”) and the ’ordinary’ propositional p stands for “it’s
snowing”; the ingredient @, is the satisfaction operator. (Of course, in
full the description of the design world point you need to specify the
spatial coordinates; for example, for the new Zealand city Masterton the
latitude and the longitude, respectively, are: 41°17'20”S, 174°46'38"E; as
for the third coordinates, that is, when choosing the centre of the Earth
as a starting point, it is approximately equal to the value of the radius
of Earth, 6371 km.)

In general, if a is @ nominal, and ¢ is any (well-formed) formula,
then we will call the formula @, a satisfaction judgment. In addition
to nominals and satisfaction operators, in hybrid logic we use the so-
called delimiters [1 and | which enable us to construct formulas of form
Ly @gp and J @ 4. Delimiters bound an occurrence of nominals: a
delimiter of the type [ carries out quantification of time moments like a
universal quantifier and the delimiter of the type | acts like an existential
quantifier. More precisely: [y, @4¢p is true in some possible world w if
and only if whenever a nominal a applies to it the formula ¢ the formula
is true in relation to this world w; |, @4 is true in some possible world
w if and only if ¢ is true in relation to this world w and the nominal a
is applies to the world w.
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1. An improvement of technical means of hybrid
temporal logic

It is possible, on the basis of the A.A. Markov’s work (1932) [13])?, to
offer a way of definition for a nominal interval. Let  and y be two world
(space-time) points, and « is earlier than y; we denote this asymmetrical
and transitive relation by z<y. We introduce the notion of chain: if x
and y are the world points and (1) zo, 21, 22, 23, ..., Zpn is such a
finite sequence that (2) * = z9 < 21 < 22 < 23 < ... < zn, = y, then
the sequence (1) is the chain between x and y.

Each of oriented pairs (zj.1, 2i), 1 = 1, 2, 3, ..., n which satisfies
the condition zj.q1 < zjis called a link of the chain. Further, introduce the
postulate of finiteness: the chain between any two points may not contain
arbitrarily large number of links. Note that the introduction of such the
postulate of finiteness is, of course, the recognition of the discreteness of
time. Recall, however, that according to the V.A. Kotelnikov’s theorem
(1933) [12], a function, the range of changes which is limited to a certain
frequency F., can be fully represented by the sequence of its readout
values that follow each other with the following time interval: 1/2F..

Next, introduce an atomic relation. Let (1) zi.1 = 2zi0 < 2zi1 <
Zi2 < 2i,3 < ... < Zim(@) = Zi wherei = 1, 2, 3,..., n are n chains
between all successive (1). If in doing so there is at least one element
m (i) which different from 1 among n integers we say that the chain (4)
T = zo,0 < 20,1 <X 20,2 <X 20,3 <X ...= Zom(0) = 2%1,0 = 21,1 =
21,2 < 21,3 < ... < Z1,m(1) < Zz2,0 = 22,1 < 222 <X 223 <X ...
Zam(2) = %i,0 < 2,1 <X Zi2 < 2,3 < ... =< Zim@) < +-- = Zn0 <
Zn,1 < Zn,2 < Zn,3 < ... = Zpm(n) — Y is obtained from the chain (1)
by means of its refinement. Obviously, if the postulate of finiteness has
been introduced, the procedure of refinement cannot last forever. So we
come to the concept of a saturated chain. A single-link saturated chain
is a chronus and an arbitrary saturated chain is a chronusean chain.

Let z<y. With the postulate of finiteness, natural numbers,
representing the number of chain links between x and y form a limited

2The author of this article was acquainted with the translation of the Markov’s
work thanks to his teacher and Markov’s pupil, N.A. Shanin (in the late 1980s); the
translation was made by R.I. Pimenov.
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set. And so among them there is the largest number that represents the
maximum number of links in the chains between  and y. And you can
define a positive integer function: o(x,y) is defined if and only if x<y;
o(z, y)= 1 if and only if the pair (z, y) forms the chronus.

Thus, the relation ‘earlier than’, satisfying the postulate of
finiteness, induces a metrics of time intervals. We got a natural measure
for time intervals: number o(x, y) is a measure of the interval (z, y).
And if the world points @ and b are nominals and, together with it,
are the end points of the line formed by the other world points, which
are also the nominals we obviously get an interval-nominal or a nominal
interval. (Note that the delimiter of the type [ is not a thing like that:
it’s not bringing us to the metrics of time.)

Note that to use the discrete time structure is quite realistic,
in terms of cognitive processes. For example, research performed by
J.M. Stroud [18], and research performed by R. Efron [2] have shown
that the minimum perceived quantum of simultaneity of two events
is 60-100 msec. Currently the opinion that the perception of time
is discrete, reinforced by numerous experienced data, is widespread
([19]). It seems that the mechanism that causes the discreteness of the
perception of time can be explained by the ‘theory of the scanning alpha
rhythms’, which was proposed by the outstanding American-born British
neurophysiologist and robotician W. Grey Walter [3]. Alpha-rhythm is a
scanning mechanism of the brain and due to the dissemination of wave
excitation on the bark of the big hemispheres. Such a ‘scanning’ is carried
out in the rhythm of 80-120 ms. In between waves of the excitation brain
cells are not active. So between the two outbreaks of alpha-activity the
temporal order does not matter.

2. An improvement of approaches to the modeling of
planning and strategy management

Following the ‘Priorean paradigm’ of understanding of logic (see
her detailed presentation in: [14], I first tried to combine various
qualifications logical form of thoughts, especially emphasizing the
importance of the temporal qualifications, and, secondly, relied on the
model of the discrete time (see [5-8]).
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It is possible to show how in the framework of the Priorean
paradigm we can improve approaches to the modelling of planning and
strategic management. We have done it in some articles (see [9-11]).
The articles deal with an analytical account of the H. Simon’s
conception of ‘bounded rationality’ (see [16-17]) and make a substantial
addendum to it. It concerns the famous ‘Condorcet’s paradox’ and the
impossibility of building a ‘flawless’ regulatory code. Further, these deal
with some considerations of possibilities to apply the means of non-
classic logic (temporal, deontic, alethic modal, epistemic, hybrid logic
and logic of agency) for improvement of formalized representation of
planning procedures. Ways of improvement of afore-mentioned model
are employing M. Raynor’s experimental data (and theoretical ideas)
connected with the ‘strategy paradox’ are suggested (see [15]).

The structure of plan of our actions related to the achievement of
some objective may be presented by means of a tree temporal structure
(or ‘branching time’) that is used in the semantic development of
temporal logic. A constructed tree structure, of course, will not be
‘perfect’. Every branching and total number of them it is possible
to determine only approximately. Limitations of our rationality are
conditioned by many factors: (1) the lack of complete information about
a set of alternatives; (2) the complexity of the calculation of alternatives
and, as a result, the inability to them all; (3) the uncertainty of the effects
to be expected from each alternative. We will also always remember
the time factor and the principle ceteris paribus, i.e. positing that the
factors which, as we suppose, do not change during the time when
interesting for us situation takes place may be ignored. In psychology,
the provisions of this kind are described with using the concept of ‘the
level of claims’. Psychological and epistemological aspects of the named
principle successfully set out by D. Kahneman: WYSIATI, i.e. “What
you see is all there is” (see [4, pp. 85-88]).

So it is not possible to speak not only about creating optimum, i.e.
generally the best strategy: we cannot ensure even satisfactory strategy,
i.e., best of the many alternatives that we watch, and we can have only
the strategy, which meets certain goals and criteria at a certain level.
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In the branching points of the structure, we meet with the
‘Condorcet’s paradox’ (see [1]). It may happen, for example, that three
alternative continuations of the plan (‘the branches of the tree’) A, B and
C which are valued, for example, again, in respect of three parameters,
are such ones that the first of them is better than the two others in
respect of the first characteristics, the second — in respect of the second
and the third — in respect of the third. The proportion of this kind of
possible ‘deadlocks’ is quite considerable — about from 5.6% to 8.8%.
This is the so-called ‘Condorcet’s effect’. Obviously, we have to use some
additional considerations. For example, considering that since none of
the alternatives is worse than the other, to select it. But, notice that we
do not know what ‘the road ahead’.

Raynor, with very representative data (obtained in his work in the
consulting firm), noticed that the most successful companies often have
more in common with companies that failed and no longer in business,
than they do with companies that have managed merely to survive. The
successful companies, as well as many of the failed ones, aimed to be
leaders in their industries and market segments. The former made it.
The latter did not. The ‘strategic trees’ of companies-losers are not
worse than ones of successful companies; both those and others may
be equally ‘great’. Often, the only discernible difference between the two
is the element of luck (or bad luck). In other words, it often happens
so, that the strategy of the ‘lucky’ is much more similar to the real
objective course of events than a strategy of ‘loser’. You can even say so:
it happens that the strategy most likely to have success also most likely
to be a failure.

Importance of the hybrid logic for the analyzed here theme of
formalization, i.e. of introducing clarity into descriptions of procedures
of planning activities, is quite obvious. In fact, using these funds, we
‘bind’ our plan to the real calendar (and the real clocks). In addition,
the use of intervals can overcome some technical difficulties relating to
the construction of function of distribution of random variables related
to the points of branching ‘strategic tree’. This question requires special
consideration and is linked with the fact that the probability of any
particular value of a continuous random variable equal to zero.
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We don’t want to end our consideration on the ‘somber note’.
Strategies must, by definition, be based on our best assumptions about
the future, but that future will change in ways that we did not foresee.
In real life events will happen that we never anticipated and to which
we must react. For ‘doing nothing’ is also a strategy. Raynor reminds a
thought of Louis Pasteur that in science luck favors the prepared mind,
which is looking for her. Let us add this idea by the Russian saying: “Ah!
Misfortune has no mater”®. Or by English one: “Hope for the best and
prepare for the worst”.
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Eaernve JImumpuesrv, Cmuprosot,

6vL0a10UWE20CA CNEUUAAUCTIG 6 0BAACTIU NORUYMECKOT, CEMAMMUKU,
NOCBAULAEMCA

B sroii craThe, mpomoskaomeil pabory, nmposoaumyio B [1], m3ywaercs mpobiema
TaBJIMIHOCTH [-JIOTMK BACHJILEBCKOTO THNA (IIPOIO3UIMOHAJIBHAS JIOTUKA HA3BIBAET-
cs1 TabJIMYHOM, €CIM OHA MMeeT KOHEUYHYIO XapaKTEPUCTUYIECKyIo MaTpuiy). OCHOB-
HOII pe3ysbTaT, NOJYyYEHHBI B HAHHON CTAThE: JJIf BCAKUX LEJIBbIX HEOTPULATEIb-
HBEIX 9HCEN X M Yy, TIePBOE U3 KOTOPBIX MEHbIIe BTOPOTO, JOTUKA Iy ) Tabmu+dHa
(kJ1acc BCeX TAKUX JIOTUK SIBJISIETCS] GECKOHEUHBIM IIOJIKJIACCOM KJjacca BceX [-Joruk
BaCUJIbEBCKOTO TuIa). lIpemraraeMoe NCCIe0BaHre OCHOBAHO HA MCIIOIb30BAHUH PE-
3yJIBTATOB, HOJIyYE€HHBIX B [1], 1 HA IpUMEHEHNU ABTOPCKOW KOPTEXKHON CeMaHTUKH.
st mocTrKeHust yKa3aHHOTO OCHOBHOI'O PE3YJIbTaTa Mbl TOKA3bIBAEM, KaK I10 IIPOU3-
BOJIBHBIM IT€JIBIM HEOTPHUIIATEIBbHBIM YHUCIaM M U N, YAOBJIETBOPAIOIINM HEPABEHCTBY
m < m, cTpouTcd Jorudeckast Marpuna M (m, n), Koropas sABIETCA KOHEIHOM Xapak-
TEPUCTUYECKOI MaTputieit IOruku Iy, ny. IlocKoIbKy HOCUTEIb JIOTrHIeCKOil MaTPUIlbI
M(m,n) ectb HEKOTOPOE MHOXKECTBO 0-1-KOpTEXKeil, ceMaHTHKy, 6a3MPYIONLyIOCa HA
9TOM JIOTUYECKON MaTPHIE, €CTECTBEHHO HA3bIBATh KOPTEXKHOI ceMaHTHKOM. BakHoe
3aMevaHue: CTaTbd IyOJuKyercs B JiBa npuema. llepesr BaMu mepBasi 9acThb CTATbH,
BTOPYIO 9aCTh CTATHU IJIAHUPYETCsT OMyOJNKOBATH BO BTOPOM HOMepe «Jlormueckmx
ucciaenoBanuity 3a 2017 rom.

Kmouesvie caosa: I-moruxa Iy, »y(m,n € {0,1,2,...} u m < n), ABy3Ha4YHas CeMaH-
tuka I-moruxu I, »y(m,n € {0,1,2,...} wm < n), KOpTexKHas CEMAHTHKA [-7T0ruKm
Itmny(m,n €{0,1,2,...} nm <n)

'Pabora sermosmena npu noggepxke PIH®, rpant Ne 16-03-00224a.

©Ilonos B.M.
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Ienb paboTel — JOKA3aTEJBLCTBO TOTO, YTO IS BCAKUX TAKHX IIE-
JIBIX HEOTPHIATEIBHBIX YHCET X U Y, UTO X <y, Jioruka I(y vy Tabianana.
C 3100l HEenpIo 346Ch MOKA3aHO, KAK 110 IPOU3BOJILHBIM LEILIM HEOTPH-
HATEJBLHBIM YHCIAM M U 1, YIOBJICTBOPSIONIUM HEPaBEHCTBY m < T,
crpouTcst jorudeckas marpuna (m,n), KoTopas sBISETCS XapaKTe-
pHUCTHYECKOH MaTputieit moruxu I, . CeManTuky, 6asupyrontyiocs Ha
noruueckoii marpuie I(m,n), Ha3bIBaeM KOPTEXKHON ceMaHTHKOl. B
JIAHHOM KOHTEKCTE BBEICHHE TEPMUHA, «KOPTEXKHAsA CEMAHTHKA» MOTH-
BUPOBAHO TEM, UTO HOCUTEJIb JIOTHIECKOit MaTpuisl N(m, n) ecrb HEKO-
Topoe muo)kecTBO 0-1 -koprexkeit. Kak u B padore [1]|, KypcuBabie OyKBBI
(MHOTIA € UHJIEKCAMHE ) JIATUHCKOI'O U IPEYECKOro ai(aBuTOB 0003HAYAIOT
napaMeTphl, a IpsMble OYKBBI (TaKyKe NHOT/A C MHICKCAMI) YKA3aHHbBIX
aJipaBUTOB UCIOJIb3YIOTCS B KAYECTBE CBA3AHHBIX MEPEMEHHBIX.

Hawm morpebyercs cranmapTHO OpeaesieMblii TPOIIO3UITNOHAIHLHBIT
sI3bIK L, asaBuTy KOTOPOro IPUHAJIEKAT B TOYHOCTH CJIEIYIOIINE CHM-
BOJIBL: D1, P2, D3, - - . (IIPOLO3UIIMOHA/IbHBIE lepeMeHHbIe st3bika L), &, V, D
(buHapHbIe JJOrMYeCcKre CBA3KN s13biKa, L), - (yHapHas JIormaecKast CBsi3-
Ka si3blKa L), JieBasi U npaBasi KpyrJible CKOOKU. MHOKeCTBO BCEX MIPOIIO-
SUIMOHAJBHBIX ITEpEMEHHBIX s13biKa L obosHavaeMm uepes Propr. Ompe-
nesierne L-cpopmysibl ubayKTHBHO: (1) Besikasi IPOIIO3UIIMOHAJIbHASL T1e-
pemenHasi si3bika L ectb L-opmyna, (2) eciu A u B spisitorcst L-
dopmynamu, To (A&B), (AV B), (A D B), nu (—A) asisiorcs L-
dopmynamu, (3) HEuTO Apyroe He siisiercst L-dbopmysoit. Keasusiie-
MeHTapHO# L-dopmyiioit HasbiBaeMm L-hopMyily, B KOTOPYIO HE BXOJIUT
HU OJiHa OMHapHast JIoruvdeckas cBsa3ka s3bika L. aunoit L-opmysibt Ha-
3bIBAEM, KaK 3TO IPUHATO, YUCJIO BCEX BXOXKJEHUT CUMBOJIOB &, V, D, =
B 9Ty L-bopmyiy. Acuo, uro g Besakoit L-popMysibl CyIecTByeT €IH-
CTBeHHas JyiMHA 3T0# L-hopMysibl U 9TO JTMHA BCAKON L-popmysibl
€CThb IIeJI0e HeoTpunareabHoe uncyiao. ObozHadaeMm JauHy L-hopMysbl
gepe3 h(A). YeaoBumes 0b603HAIATH Yepe3 A OTOOparKeHne MHOYKECTBa,
{1, 2,...} BCeX IEJbIX MOJOKUTEILHBIX YUCE]T B OJHOIJIEMEHTHOE MHO-
xkecTBo {—}.

COIJIAIIEHUE 1: mst Besixoit L-popayrsr A —0(A) ecrs A.
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COIVIALIEHUE 2: mjsa Besakoil L-dopmyiabl A W [Jist BCAKOTO Iie-
moro  monoxkurensuoro uwmcia d —Y(A)  ects  coxpamenme s
(A(d)...(A(1)A)...).

SAMEYAHUE 1: mjist Besikoit L-dpopmyitbl A U J1jTst BCSIKOTO TIEJIOTO TTOJIO0-
surenproro anciaa d =% (A) u =l4(A) aemsores L-bopmyman.

SAMEYAHUE 2: MOXKHO JOKa3aTb, YTO IJjisi BCIKoro A m Jist Besi-
KOT'O IIeJIOr0 HEOTPUIATEILHOrO dYncjaa k:A ecTb KpasmajieMeHTap-
Hasg L-dopmyna aiauHbl Kk Torga M TOJILKO TOrja, Korma A ecrb
— [k (q) JIJIsT HEKOTOPOM IPOIO3UIINOHAJIBHON TepeMeHHON q s3bIka L.

Jlorukoit Ha3LIBaEM HEITYCTOE MHOXKECTBO L-opMyJt, 3aMKHYTOE OT-
HOCHUTEJIbHO IpaBmyia modus ponens B L © OTHOCATEILHO MIPABUJIA IIPO-
HO3UIMOHAJIBHO} 10j1cTaHOBKY B L (110CIe/iHee IPABUIIO €CTh IIPABHIIIO
nosicTaHoBKY L-opmyitbl B L-opMyIry BMECTO ITPOIIO3UITMOHAJIBHON Tie-
peMeHHoit s3bika L).

Crenys [1], mokazkem kak 1o yiobbivm x u y u3 {0, 1, 2,...w} oupee-
astercst ucauciaenne HIy oy ruib0epTOBCKOTO THIIA U MHOXKECTBO [y vy.
C 910ii 11e31BI0 yeIoBUMCs, 9TO v U [ npuHagyexkar MHoxkecTBy {0, 1,
2,...w}. dAspik ucuucnenuss H Iiqpy ectb L. AxcuOMaMM MCUUCIICHUSE
HI gy siBnsiorcs Bce Te n TOJABKO Te L-popmysbl, Kaxmas U3 KOTO-
PBIX UMeeT XOTst Obl OJINH U3 CJIEYIONUX JBEeHAIATH BUIOB (31€ch A,
B u C — L-dopmyibl):

B)D((B D C)>(A D (), (II) (A D(AV B)),
(IV) (A > C)o((B o C)o((A \/B)
V) ((A&B)D A), (VI) ((A&B)D> B), (VII) ((C D A)
)D(C D(A&B)))), (VIII) ((A (B D C))>((A&B)D> C
((A&B)D> C)D(A D(B D (), (X) (((A o B)D A)D A),
(XLa) ((=D)D(D D A)), tme D ecrtb L-opmysia, KoTopasi He
SABJIIETCs KBazuaeMentapuoit L-dopmystoit qmner < «, (X11,3)
((E D(—(A D A)))D(—FE)), tue E ectb L-dbopmyra, KoTopas He
SIBJISIETCST KBa3W3JIeMeHTapHol L-dopMystoit mmHbl < 3.

Ucuncnenne HI, gy umeer euHCTBEHHOE IPaBuiio — modus ponens B L.
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B [1] mamer ciemytomue onpeneennst: (1) onpenenernme H I, g-10-
Ka3aTeIbCTBa JUIMHBL 1 (N €CTh TeJI0e TOJIOKUTETbHOe ducio) L-dop-
Myset A — onpesientenne 1 B [1], (2) onpenenenne H 1, gy-ToKazaTebcTBa
L-cbopmyner A — onpesenienne 2 B [1], (3) onpenenenne HI, g)-BbiBoma
JUIMHBL 1 (N €CcTh IieJloe TOJIOXKUTEIbHOe YUCJIO0) U3 MHOKecTBa M
L-dopmyn L-bopmynsr A — onpenenenune 3 B [1], (4) onpenesnenue
HI, pg-BBONA M3 MHOKecTBa M L-cbopmysn L-bopmyssr A — onpeje-
nenne 4 B [1], (5) onpenenenne L-cbopmyel, nokasyemoit B HI, gy, —
oupeseserne 5 B [1]. DTu onpeesennst craHIapTHBL U 3/1eCh HE TIPUBO-
JISATCSL.

COIJIALUEHUE 3: cieayst pabore [1], ycimoBumest o Tom, uro (1) mis
Besgkoro muOXkKectBa K L-bopmyn m ayis Beakoit L-dopmynsr Fo3a-
MUCH <<KI—H[<Q7[3>F>> €CTh COKpAIIEHNEe JJI «CYIIECTBYeT HI<Q7B>—BIDIBO,H‘
n3 muokectBa K L-dopmyn L-dopmynst F», a amucek « g Tiap F» ectnb

)
cokpaenue Jijist «cymectsyer HI i, g)-nokazarensctso L-cbopmyiint F».

Benen za [1] obosmauaem 1epes I, gy MHOMeCTBO Beex L-chopmyi,
nokasyembix B H1(, gy. CTepeoTnmmoe M0KasaTelbCTBO TOTO, UTO JIIs
Besknx X 1y u3 {0, 1, 2,.. . w} I 1y ABIsETCA JIOTHKO, 3/1€Ch He MPUBO-
. Mrcbopmarust 0 ToM, KaKOTo pojia JJOTHKOM ABIAeTcs Iy, T/Ie T I
y upuHa Iekar MuoxKecTBy {0, 1, 2,...w}, IpK TeX WM MHBIX YCJIOBHU-
X, HAKJI/[bIBACMBIX Ha & 1an/u y, umeercs B [1]. Crenys [1], naspisaem
[-yoruKoit BaCHIBEBCKOrO THIA TaKylO JIOTUKY [r v, UTO T W Yy HpH-
najieskar Muoxkectsy {0, 1, 2,...w} u npu srom = # 0 wm y # 0.
Ouesuino, uro jyist Besikux X uy u3 {0, 1, 2,...w} BepHO ciepytomiee:
ecn X <y, T0 1y ecthb [-mornka BacuibeBckoro tuma. Onmpasch Ha
yrBepxkaenne Y7 u3 [1], MOXKHO JI0Ka3aTh, 4TO KJIACC BCEX JIOIHK, KA¥K-
Jasl U3 KOTOPBIX €CTh I<x7y> JIst HeKOTOPbIX Takux X ny u3 {0, 1, 2,.. . w},
410 X < Y, OECKOHEYEH.

s jjoka3aTebeTBa TAOJIUIHOCTH MHTEPECYIONUX HAC JIOTUK I10-
TpebyeTcs ABy3HAUHAS CEMAHTUKA TUX JIOTUK, KOTOPYIO MBI IIOCTPOUM,
UCIIOJIB3Ys Pe3yJIbTaThl paboThl |1]. YemoBumest, 9To gamee Besme m u n
SIBJISIIOTCS T€JIBIMU HEOTPUIATEJIbHBIMHA YUCJIaMA U M < N.
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ONPEAENEHUE 1. [y, ,,)-NIPEJONEHKOl Ha3bIBaeM OTOOpazKeHNe MHOZKE-
CTBa BCEX KBa3m3dJeMEHTApPHBIX L-(popMyJi, JUIMHA KaXKJI0M U3 KOTOPBIX
< n, B muoxecrso {0, 1}.

ONPEAENEHUE 2. I, ,)-OUEHKOH Ha3bIBaeM Iy, ,)-TIPEJIONEHKY VU, BbI-
MOJTHSIIONIYIO JIJIs BCSKOM KBasmasieMeHnTapHoil L-bopmymnnr Q ciemyio-
mee yeaosue: ecan m <h(Q)< n n v(Q)=1, to v((—Q))=0.

ONPEAENEHUE 3. I, ) -O3Ha4MBaHUEM TIPU [(,, ,)-OllEHKE HAa3BIBAEM
takoe orobpakenue f MHOxkecrBa Bcex L-cdopmyn B Mmuoxkectso {0,1},
YTO BBIMOJIHSIIOTCSI CJIEJLYTOIIUe YCIOBUST:

(1) mus Besikoit KBasmaseMeHTapHON L-bopmysbl A, qymHa KOTOPOi
<n, J(A)= 0(A);

(2) musa Besikoit KBasmaseMeHTapHON L-bopmysel A, jqymHa KOTOPOi
>n: f((=A))=1 rorma u TosbKo TOrA, Korga f(A)=0;

(3) JUTsT BCAKOM L-popMysibl A, He SIBJISTIOIIENCS KBAa3WJIEMEHTAPHON
L-dopmynoii: f((—A))=1 rorma u Tonbko Tora, korja f(A)=0;

(4) st Besikux L-popmyn A u B:
f((A&B))=1 rorga n Toasko Torma, korga f(A)=1u f(B)=1,
f((AVB))=1 rorma u roasko Torga, korga f(A)=1 wm f(B)=1,
f((ADB))=1 rorga n Tonapko Torma, korga f(A)=0 nm f(B)=1.

SAMEYAHHUE 3. MoxKHO J10Ka3aTh, 4TO JJIst BCAKOLL I, ,y-OLEHKH V Cy-
IECTBYET €JIMHCTBEHHOE [, ,,)-O3HAYMBAHNUE TIPU V.

CorJIAlEHUE 4. Yepes @ﬁm’m oboznataeM I, ,y-O3HaUMBaHUE NPH

I my-onenKe v.
JIEMMA 1. Jlnsa seskoit L-cbopmyibl A u jyjist Beskolt 1y, ny-OlenKu v
m6o O™ (A)=1, mubo ™™ (A)=0.

CrepeoTHIlHOe J0KA3aTEIBCTBO JIEMMBI 1 3/1eCh HE IIPHBOJIIM.
PykoBojcrysich paboroit [1|, namum onpeenenue (4) u onpenesre-
uue (5).
OnPEAENEHUE 4. Haspisaem A u I, ,,)-obmesnaunmoit L-dopmyioti,

€C/IH JIst BCAKOM [y, y-OTeHKH Vv (Dém»n) (A)=1.
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Pasywmeercs, Begkas [, p)-oOmesnaunmas L-copmyna ABIseTCs
L-dbopmyioii.

OnPENENEHUE 5. losopum, uro A I, n-crepyer uz M (wu u3
M Iy, ny-ciegyer A), ecqm BpImosHsAIOTCA Tpu ycnosus: (1) A ectnb
L-dopwmyna, (2) M ecrb muOX)KecTBO L-bopmys, (3) st Besikoit

I (3 ny-OLIEHKN V BEPHO, 1TO €C/IH CDS,m’n):I nns Beakoit L-cpopmyiier B

u3z M, o CDS,m’m(A):l.
TEOPEMA 1. Jlns Bcaroro mHoxkectBa M L-bopMmysr u st BCAKOI

L-dpopmysier A: M FHIW 5 A rTorma um TONBKO TOrAA, Korja A
L my-cnenyer us M.

)

Teopema 1 siBJIsIeTCS IPOCTBIM CJIEJICTBUEM TeOpeMbl 7 paboTsl [1].
A 1eKBaTHOCTD BOCIIPOM3BE/ICHHOM 3/16Ch JIBY3HATHON CeMAHTUKH JIOTUKH
Iy ny yCTAHABIEBACT CIEyIONTAs TeOpeMa 2, ABJIAIOMAACS CJIeICTBIeM
reopeMbl 9 paborsr [1].

TEOPEMA 2. [lnga Besxott L-cbopmynst A: A € Iy, ) TOTJIa U TOIBKO
Torja, Korjga A ectb I, ,y-obmesnauumas L-popmyia.

[Tpu nokazaresbCTBE TADIUIHOCTH HHTEPECYIOIIUX HAC JIOTUK OyIeM
UCIIOJIL30BATh MPEJJIOKEHHBIE aBTOPOM KOPTEXKHBIE CEMaHTUKU, aJCK-
BaTHBIE 3TUM JioruKaM. [locTponM KOPTEXKHYIO CEMaHTHUKY, aJIEKBATHYIO
JOTUKE Ly .-

OMNPEJEJIEHUE 6. (m,n)-KOpTe) ecTh Takoe orobpazkenne X MHOXKe-
crea {1,..., n, n+1} B MmuO)kecTBO {0,1}, 9TO /17151 BCAKOTO [EJIOr0 YHCIIA
tecmm+1<i<n+1luX(i) =1, o X(i+1) = 0.

OMPEJEJEHUE 7. ['oBopuM, 9T0 @ ecTh k-ThIil wieH (m, n)-koprexa X,
ecn k €{1,..., n, n+1} u a=X (k).

SAMEUYAHUE 4. Pasymeercs, cyIecTByeT eIMHCTBEHHOE MHOXKE-
cTBO Bcex (m,n)-KopTrexkeil W €IMHCTBEHHOE MHOMKECTBO BCEX TAKHX
(m,n)-kKopTexKeil, NEPBBIl WIeH KaxKJI0ro U3 KOTOPBIX €cTh 1 (mepBoe
U3 9TUX MHOXKeCTB obozHauaem depes Ciy,, n), a BTopoe — 1epes D, n ).

ONPEJEJ/IEHUE 8. Boiiesennsrit (m, n)-Koprex ecTb (M, n)-KOPTEXK n3
Dy
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ONnPEAENEHUE 9. Hopmasmbubiit  (m,n)-KOpTexX  e€cTb  Takoii
(m,n)-koprezk X, 9TO JIsi BCSKOIO IIEJIOTO IOJOKUTEJBHOIO HUC-
ma i, koropoe < n+1, X (1)# X (i+1).

OnPEAENEHUE 10. Egunuasstii (m,n)-KOPTEK eCTb HOPMAJIbHBII
(m, n)-KoOpTexK, IepBbIii YJeH KOTOPOro ecTh 1.

OnPEAEJNEHUE 11. Hyznesoit  (m,n)-KopreX ecrb HOpPMAaJIbHBbIII
(m, n)-KopTex, IepBbIii 4jeH KoToporo ecth 0.

SlcHo, 9TO CyNIECTBYIOT €JIMHCTBEHHBII €MHUIHBIN (1, N)-KOPTEXK
U eJMHCTBEHHbI HyJIeBoi (m,n)-koprex. Ilepewiii u3 srtux (m,n)-
KopTexeit obo3HaaeM 1epes 1, ), a Bropoii uepes 0, . Zlcno rakxe,
9TO JIJISI BCAKUX (m, n)-koprexkeit X u Y cyliecrByer eJIMHCTBEHHAs YIIO-
psiTOUeHHAsI Tapa, MePBBIA WIeH KOTopoit ecTh X, a BTOpoir — Y.

ONPEAENEHUE 12. [lnst Beskux (m,n)-xkoprexkeit X u Y: Z ecrb
& (1, n)y-HATIADHIK yTOpsiotuenHoil maper (X, Y) Torja m TOJMLKO TOTA,
Korja BepHo cienyiomee: (Z = 1, ), X(1)=1, Y(1)=1) wm (Z =
0y, X(1)#1 mmr Y (1)#1).

OnPEAENEHUE 13. st Besikux (m,n)-xkoprexxeit X u Y: Z ecrb
V (m,n)-HATIADHIK yTopsmouentoit mapel (X,Y) Torja M TOMbKO TOTTA,
Korjia BepHo cieyiomee: (Z = 1y, »y, X(1)=1 wm Y(1)=1) wm (Z =
ONPEAENEHUE 14. ns Beskux (m,n)-xoprexeit X u Y: Z ecrb
D (m,n)-HATIAPHUK yTIOpgiouenHoil mapst (X, Y) Torja u TOIBKO TOTjA,
Korfa BepHo cieyiomee: (Z = 1y, »y, X(1)=0 nm Y(1)=1) nm (Z =
ONPEAENEHUE 15. na Begroro (m,n)-koprexka X: Z  ecTb
“(m,n)-HATAPHUK (M, n)-KopTexka X TOrJa M TOMLKO TOTA, KO/
Z ecthb Takoe orobparkenne MHoxkecTBa {1,..., n, n+1} B MHOKeCTBO
{0,1}, uro Bepusl ciegytomue yrBepxkuenusi: (1) Z(1)=X(2),...,
(n) Z(n)=X(n+1), (n+l,a) Z(n+1)=1, ecm X(n+1)=0, (n+1,b)
Z(n+1)=0, ecm X(n+1)=1.

SBAMEYAHUE 5. Ilomsitno, wro s Beakux (m,mn)-koprexeil X u
Y: moboit &, ) -HanmapruK yropsgodennofi mapbi (X,Y) apmsercs
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orobpaxkennem muHOX)ectBa {1,..., n, n+1} B MHON)KecTBO {0,1}, IO~
00it V(3 ) -HAIIADHUK YIIOPSIJIOUEHHOMN I1apbl (X,Y) saBasiercst 0T06-
paxenuem MHOxkectBa {1,..., n,n+1} B muOX)ecTBO {0,1}, JII0GOIH
D (m,ny-HAAPHUK yTIOpsiouentofi mape (X, Y) sBisercst oTobpazennem
muOKecTBa {1,..., n, n+1} B muoxkectso {0,1}, mo6oit =1y, ,y-HATIAPHIK
(m, n)-xoprexka X sBiseTCs oTOOparKkenneM MHoxkectsa {1,..., n,n+1}
B MHO)KecTBO {0,1}.

BAMEYAHUE 6. Pasymeercsi, uro cymecrByer (a) €JIMHCTBEHHOE MHO-
JKECTBO BCEX YIOPSIOYEHHBIX TPOEK, KarKjaasd N3 KOTOPBIX HMEeT
sug (X,Y,Z), tne X u Y samusiiorcs (m,n)-Koprexkamu, a Z €CTb
& (1, n)y-HATIADHUK yTOpsiziovennoit napwt (X, Y), (6) exuHCcTBEHHOE MHO-
JKECTBO BCEX YIIOPSJIOUEHHBIX TPOEK, KayKJasd U3 KOTOPBIX HMEET
Bun (X,Y,Z), tne X u Y saBisiorcs (m,n)-koprekamu, a Z ecTb
V (m,n)-HATAPHUK yTIOpsimotuentoit mapet (X,Y), (B) eanHcTBeHHOE MHO-
JKECTBO BCEX YIOPSJIOUEHHBIX TPOEK, KayKJasg W3 KOTOPBIX HMeeT
Bug (X,Y,Z), tne X u Y aBngiorcs (m,n)-koprexkamu, a Z ecTb
D (m,ny-HAAPHUK  ymopsodentoit maper (X,Y), (r) emmncTsennoe
MHOYKECTBO BCEX YIOPSJIOYCHHBIX IIap, KasKJasg M3 KOTOPBIX HMEET
sun (X, Z), tne X ectb (m,n)-Koprex, a Z ecTb —(p, n)-HAIIADHUK
(m, n)-koprexa X.

COTJIAIIEHUE 9. MHOKeCTBO BCeX YIOPSJIOUEHHBIX TPOEK, KayKasl U3
koropeix umeer B (X, Y, Z), rue X u Y saBusiorest (m, n)-Koprexkamu,
a Z ectb &, ny-HANAPHUK yHOpsiovdennoi napol (X,Y), obosnataem
uepes & (. ) -

COrJIAIIEHUE 10. MHOXKeCTBO BeeX yNOpsiIOYEHHBIX TPOEK, KazKIast U3
koropbix umeer B (X, Y, Z), rie X u Y sapusrorcst (m, n)-Koprexxamu,
a Z ectb (m,n)-HAIADHUK YNOPSAIOYEHHOH mapel (m,n), obo3HaUYaeM
gepes Vi ) -

COTJIAIIEHUE 11. MHOKeCTBO BCeX yIOPSIOYEHHBIX TPOEK, KayKias U3
koropeix umeer B (X, Y, Z), rae X u Y saBusorest (m, n)-Koprexamu,
a Z ecTb & Dy, )-HATIADHUK yHOpsgouentoi mapst (X, Y'), obosnataem
4epes D (m n)-
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COTJIAIIEHUE 12. MHOXKECTBO BCEX YIOPSIIOYEHHBIX MMap, KaxKaas U3
koropbix umeer Bux (X, Z), rme X ecrb (m,n)-koprex, a Z ecTb
(m,n)-HAIIADHAK (m, n)-xkoprexa X, ob03HaYaeM UYepe3 “m,n)-

JIEMMA 2. s Beskux (m,n)-koprexkeit X u Y ¥ JiJIsT BCAKOTO Z: €c-
m Z ectb &y, p)-HAIAPHUK YIIOPSATOICHHON T1aphl (X,Y), To Z ecrb
(m, n)-KOpTEK.

JoxkaxkeMm jeMmy 2.

(1) X nY sasusorcs (m, n)-KoprezkaMu (JIOILyIIeHue).

(2) Z ectb &y, py-HamapHuK ymopsodennoit mapet (X,Y) (mormy-
II[CHIE).

3) (Z= 1<m,n>7 X(1)=1,Y(1)=1) nm (Z = 0(m,n>a X(1)#1, Y (1)#1)
(u3 (2), mo onpeenenuto 12).

(4) Z =1y mma Z = 0,y (13 (3)).
Pasymeercst, 910 (5) 1(ppny 1 Oy )y ABIASIOTCS (M, N)-KOPTEAKAMHE.
(6) Z ectn (m,n)-koprex (n3 (4) u (5)).
Cuumas jronyienue (2) u 0600m1ast, moIydaem, ITo
(7) mus Besikoro Z: ecu Z eCTh & (1n,n)-HAIIADHUK YTIOPsIIOYEHHO T1a~
pol (X,Y), o Z ectb (m, n)-Koprex.
Cuunmas momymienue (1) u 0600mmasi, 3aBepIaeM JI0KA3aTeIbCTBO JIEM-

Mbl 2. JlemMma 2 mokazana.

JIEMMA 3. s Beskux (m,n)-koprexeit X u Y u i Besakoro Z: ec-
T 7 eCTh V(y, ,y-HalApHUK ymopsaouertoi napbt (X,Y), To Z ecth
(m, n)-KOpTexX.

JlokazarebCcTBO JIeMMBI 3 aHAJIOTHYHO JIAHHOMY BBIIIIE JIOKA3aTE b
CTBY JIEMMBI 2.

JIEMMA 4. ns Besikux (m,n)-koprexeil X u Y u jyist Besikoro Z: ec-
m Z ecTb Dy, py-HAApHUK yTopsinodentoit maput (X,Y), To Z ectb
(m, n)-KOpTex.
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Jloka3aTeabCTBO JIEMMBI 4 aHAJJOTUIHO JAHHOMY BBIIITE JTOKA3ATE b
CTBY JIEMMBI 2.

JIEMMA 5. [list Besikoro (m,n)-xkoprexka X u Jist BCakoro Z: eciu Z
€CTH —(p, n)y-HATAPHHUK (1M, n)-KopTexka X, TO Z ecThb (m, n)-KOPTex.

JlokaxkeM JjieMMy 5.

(1) X ectb (m,n)-xkoprex (jomyienue).

(2) Z ectb =y, py-HATAPHEK (M, n)-KOpTexka X (J0mMyIenne).
Ouupasich Ha yrBepxkaenus (1) u (2) u onpesesnenue 15, mosydaem, 9410

(3) Z ectb Takoe orobpaxkenue MHOKecTBa {l,..., n,n+1} B
muokectBo {0,1}, «ro BepHbI ciemyomue yTBepxIeHus: (1)
Z(1)= X(2),...,(n)Z(n)= X(n + 1), (n+l,a)Z(n+1)=1, ecin
X (n+1)=0, (n+1,b) Z(n+1)=0, ecsim X (n+1)=1.

(4) X ectb Takoe orobparkenne MHoxkecTBa {1,..., n,n+1} B MHOXKe-
crBo {0,1}, uro jyist Beskoro 1esioro ducia i: ecoim m+1< i < n+1
u X (i)=1, ro X (i+1)=0 (u3 (1), no oupenenennto 6).

i ecTb 1eJI0€ YUCJIOo (JIOMmyIIeHue).
m+1<i<n+1luZ(i)=1 (nouyueHnue).

m+1<i<n+1 (u3(6)).

Z(i)= X (i+1) (u3 (3), (5) u (7)).
i<nwmi=n (u3(5) u (7).

)
)
)
8) Z(i)=1 (u3 (6)).
)
)
)

s Besxoro mestoro it ecm m+1 <1 < n+1n X(i)=1, To
X (i+1)=0 (u3 (4)).

(12) i < n (mouymenue).

(13) i+1<n—+1 (u3 (12)).
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(14) m+1 < (m3 (7).

(15) m+1<i+1 (u3 (14)).
(16) m+1<i+1<n+1 (us(13) u (15)).
(17) X(i+1) =1 (u3 (8) u (9)).
Pasymeercss, 1o (18) i + 1 ecTh mesioe e,
(19) X(i+2) =0 (u3 (11), (16), (17) u (18)).
(20) Z(i+1) =0 (u3 (3), (13) u (19)).

Cuumas sonyienue (12), mosrydaem, 9to

21) ecm i <n, 1o Z(i+ 1) =0.
22) i = n (nomymuieHue).
23

Z(n) =1 (u3 (8) u (22)).

Z(n)=X (n+1) (u3 (9) u (22)).
25) X (n+1)=1 (u3 (23) u (24)).
Z(n+1)=0 (3 (3) u (25)).
Z(i+1)=0 (13 (22) u (26)).
Crmvast omymere (22), HOJTyHaeM, 4To
(28) ecom i = n, To Z(i+1)=0.

(29) Z(i+1)=0 (3 (10), (21) u (28)).

Cuumas jronyienus (6) u (5) u 06061mmast, moaydaemM, 4ro
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(30) muist Besikoro nesioro yucaa i: ecmum+1 <i<n+1wu Z(i)=1, o

Z(i+1)=0.

(31) Z ecrp orobpakennme mmoxectBa {1,..., n,n+1} B MHOXKeCTBO

{0,1} (m3 (3)).
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(32) Z ectp (m,n)-xoprex (u3 (30) u (31), mo onpesenenuo 6).

Cummag jouymenue (2) m (1) m obobmiasi, 3aBepiiaeM JOKa3aTesb-
CTBO JeMMBI b. Jlemma 5 jokaszaHa.

JIEMMA 6. [list Besikux (m, n)-koprexkeit X u Y cyIiecTByer e IMHCTBEH-
b1 & (1, ) -HATIAPHUK yTIOp#ATOUenHof napsr (X, Y).

JokaxkeMm jemmy 6.
(1) X nY saBisorcst (m, n)-KoprezkaMul (JIOILyIIIeHue).
(2) X(1)=1uY(1)=1 (nouymenue).

(3) Lim,n) €cTb &y, p)-HaTAPHUK yTIOpsTOUenHof napst (X, Y) (u3 (1)
u (2), 1o onpesesnenuio 12).

4) Cymecryer &, ) -HATAPHUK yrmopspodentoit maper (X, Y) (u3
(m,n)

(3))-
Cuumas jomyienue (2), moydaeM, 4To

(5) ecrm X (1)=1 u Y/(1)=1, To cymectsyer &, ,)-HAADHUK ylOpsi-
nmodennoit mapst (X, Y).

(6) X(1)#1 umn Y (1)#1 (momyuienue).

(7) O¢m,ny €cTb & (s, »y-HATAPHUK yTIOpsiOUenHol mapsl (X,Y) (u3 (1)
u (6), o omnpesesenuio 12).

8) Cymecrsyer & -HanapHUK yrnopsaodeHHoit mapol (X,Y) (u3
(m,n)

(7))
Cummas nomymenne (6), mosrydaeM, ITO

(9) ecmm X(1)#1 mmm Y (1)#1, To cymectsyer &y, n)-HaAPHUK yIIO-
psiiouennoii napst (X,Y).

10) CymectByeT &y, py-HaTApHUK yHOpsmodentoi mapsl (X, Y) (u3
(m,n)

(5) u (9)).
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(11) Z1 u Zy sBasiorcs & (ym,n)-HAIIADHUKAMHU  YTIODSIOUEHHOI [apbl
(X,Y) (nouymenue).

(13) (Z9 = Limmy, X(1
Y(1)#1) (u3 (1) n

B cBere yrBepxaennit (12) u (13) sicHo, 9TO BepHBI CJIEAyIOINE YTBED-
xuennst (14) u (15).

=1, Y(1)=1) wm (Z2 = 0
11), no onpezenenuio 12).

), X(1)#1 nm

m,n

(14) Eciim X(1)=1u Y (1)=1, To Z1 = Zs.

(15) Ecam X (1)#1 wm Y (1)#1, To Zy = Z>.

(16) Z1 = Z (u3 (14) u (15)).

Cunmas momymienue (11) u 06061ast, morydaem, 9To

(17) nust Bestkux Zq u Zg: eca Zq v Zg sIBJSTIOTCST &<m’n>—HaHapHI/IKaMI/I
ynopsiodenHoii napsl (X,Y), 1o Z1 = Zs.

B cBere yrBepxkiennii (10) u (17) sicho, uro

(18) cymecTByeT eMHCTBEHHBIN &y, ,)-HATAPHUK yTIOPSTOUEHHOMN TTa-
pol (X, Y).

Cuunmas nonymenue (1) u 06061mast, 3aBepiiaeM JI0Ka3aTeIbCTBO JIEMMbI
6. Jlemma 6 moxasaHa.

JIEMMA 7. s Beskux (m, n)-koprexkeit X u Y cyniecTByer e/ [MHCTBEH-
HBIH V (py, ) -HATIAPHUK yTIOpgTouentoft napsr (X, Y).

MO2KHO IOCTPOUTH AOKA3ATEILCTEO JIEMMBI 7, AHAJJOTIYHOE JTAHHO-
My BBIIIIE JIOKA3aTEILCTBY JIEMMBI 6.
JIEMMA 8. st Besikux (m, n)-koprexkeit X 1 Y cymniecTByer e [MHCTBEH-
HBIH Dy, ) -HATIAPHUK yTIOpsATotentoit mapsr (X, Y).

MoxxnO IIOCTPOUTH NOKa3aTEJILCTBO JIEMMbI 8, aHaJIOTUYIHOE JTaHHO-
MY BbBIIIE€ JTOKa3aTEJIbCTBY JIEMMbI 6.
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JIEMMA 9. [lns Beskoro (m,n)-kopTexka X CyIIECTBYET €IMHCTBEHHBII
T (m,n)-HATTAPHUK (M, n)-KopTexa X.

HoxazkeMm JeMmy 9.
(1) X ectb (m,n)-xoprex (jomyiienue).

Pasywmeercs, uro (2) maoxkecrso {(1, X (2)),...,(n, X(n+1)),(n+1,1)}
u muoxkectBO {(1,X(2)),...,,X(n+1)),(n+1,0)} asusorcs oTrobpa-
JKeHusiMu MuOXKecTBa {1,..., n, n+1} B muoxecrso {0,1}.

fAcno, uro (3) X (n+1)=0 mwmm X (n+1)=1.

(4) X(1)=0 (mouymenue).

Omnmpasics na yreepkenus (1), (2), (4) u na onpeesrenne 15, mosrygaem,
q9TO

(5) muoxkecreo {(1,X(2)),...,(n,X(n + 1)),(n + 1,1)} ecrs
= (m,n)-HATIAPHUK (1M, n)-KopTezka X.

(6) CymecTByeT —y, ,y-HamapruK (m, n)-koprexa X (u3 (5)).
Cuumas jronyiienue (4), mojydaem, 4To
(7) ecom X (1)=0, To CymeCTBYeT —(y, n)-HATIADHUK (1M, n)-KopTexka X .

(8) X(1)=1 (momyrmenwue).

Omnmpasico na yreepxkiaenus (1), (2), (4) n ma ompezenenne 15,
[OJIyYaeM, 9T

(9) muoxecrso  {(1,X(2)),...,(n,X(n + 1)),(n + 1,0)} ecrp
= (m,n)-HATIADHUK (1M, n)-KopTezka X.

(10) Cymiectyer =y, n)-Hamapuuk (m,n)-xkoprexka X (u3 (9)).

Cuunmas somyiienue (8), orydaeM, 9To

(11) ecmm X (1)=1, To cymecTBYeT —, »)-HAIAPHUK (M, n)-KopTexa X.

(12) CymectByeT =, n)-Hamapauk (m,n)-xkoprexa X (3 (3), (7) n

(11)).
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(13) Z1 n Zy aBasmiorest =y, n)-HaTApHEKaMHA (M, n)-KopTezka X (jommy-
IeHNe).

(14) Zy # Zy (momymienue).

Omnwupasich Ha yrBepkenusi (13) u (14) u na oupegenenne 15, nosyvaem,
49TO

(15) cymecrsyer Takoe i w3 {1,..., n,n+1}, uro Z1(i)# Z(i).
Myers (16) i € {1,..., n,n+1}, Z1(i)% Za(i).

(17) i€ {1,..., n,n+1} (m3 (16)).

(18) Z1(i)# Za(i) (u3 (16)).

(19) i€ {1,...,n} mmi=n+1 (u3 (18)).

(20) i € {1,..., n} (nonymerme).

(21)

Z1(i)= X (i+1) u Z2(i)= X (i+1) (u3 (13) u (20), mo oupenerennio

(22) Z1(i)= Z2(i) (u3 (21)).

Yreepxaenue (22) nporuBopeunt yrBepKaenuto (18). CiemoBaresbHo,
nesepHo Jonymenue (20). Urax, (23) mesepuo, uro i €{1,..., n}.

24) i =n+1 (u3 (19) u (23)).

25) X (n+1)=0 (nomymerme).

1(n4+1)=1 u Zy(n+1)=1 (u3 (13) u (25), o oupenenenuo 15).
L) =1 u Zo(i)=1 (us (24) u (26)).

L(0)=2Za(i) (13 (27)).

YrBepxkaenne (28) nporusopeunt yrepkaenuio (18). CremnosaressHo,
HeBepHO Jonymienue (25). Urax, (29) mesepro, uro X (n + 1) = 0.

(24)
(25)
(26) Z
27) 2
(28) Z

(30) X(n+1)=1 (u3 (3) u (29)).
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(31) Zi(n+1)=0 u Z3(n+1)=0 (u3 (13) u (30), mo oupenerennio 15).
(32) Z1(i)=0 u Z3(i)=0 (u3 (24) n (31)).
(33) Z1(i)= Za(i) (m3 (32)).

Yreepxkenue (33) nporuopeunt yrBepxkieruto (18). CiemoBaresbHo,
uesepHo gomymienne (14). Urak, (34) Z) = Z».
Cuumas monyienue (13) u 0606miast, morydaem, 4To

(35) must Besikoro Zq W I BCAKOTO Zg: eciun Zi u Zg SIBISIIOTCS
= (m,n)-HATIApHIKaMHI (M, n)-KopTexa X, To Z1 = Zs.

Omnwupasice Ha yrBepxkienus (12) u (35), mosydaem, 4to
(36) cymecTByeT eMHCTBEHHBIH —(yy, n)-HATIADHUK (1M, n)-KopTexka X.

Cuumas jonyiienue (1) u 06061masi, 3aBepiiaeM JJOKa3aTeIbCTBO JIEMMbL
9. Jlemma 9 mokazaHa.

JIEMMA 10. &y, ) ecTb Ounapuag onepanust Ha iy, .

Hoxaxkem jgemmy 10.

CorytacHO CTaHAPTHOMY OIIPE/ICJICHUIO ONHAPHON Olepanuu Ha 3a-
JIAHHOM MHOKECTBE, JIJIsl JI0KAa3aTe/bCTBa JIeMMbl 10 J0CTATOYHO JIOKa-
saTh ciemytonme yreepxaenns (A), (B) u (B)2.

A) &,,.ny BRITFOUAETCS B JekapToBO mpoussenerue Cy,, ny X Crunny X
(m,n) (m,n) (m,n)
C m,mn)>’
(m,n)
B) ansa seakux X u Y u3 Cy,, ,y cymectByer Takoit Z, aro (X,Y,7Z) €
(m,n)
&<m,n>>

(B) mna sesknx X, Y, Zy n Zo: ecmn (X, Y, Z1) € &ppy 1 (X, Y,
Z2> S &(mm), 10 Z1="29.

20mpe/iesienne, 0 KOTOPOM MJIET Pedb, TJIACHT, YTO f eCTh GUHADHAS ONEPAIMs HA
MHOKecTBe M, ecin BBIIOJHSAIOTCS caepytomye yeaosus (1), (ii) u (iii): (i) f Bxoroga-
ercs B iekapToBo npoussenenne M X M x M, (ii) ans Beakux x n'y uz M cymecrsyer
TaKoii z, uro ( X, y, z ) € f, (iil) ;s Beakux X, y, 21 U 2z2: ecau { X, y, z1 ) € f u (X,
Y, z2 ) € f, TO 21=22.
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Hoxkazkem yrBepxaenue (A).
(1) a € &y ) (HOTMymEHHE).
Omnnpasic Ha yrBepx/aenue (1) u coramenne 9, mosydaem, 4To

(2) a upuHAJJIEKUT MHOXKECTBY BCEX YIOPSJIOYEHHBIX TPOEK, KarK-
nast u3 koropeix mmeer Bux (X,Y,Z), rme X u Y sBusorcs
(m, n)-xopTexkamu, a Z ecTb &y, ,)-HATAPHIK YTIOPSTOIEHHOI Ma-
pet (X, Y).

(3) Cymecrsytor X, Y u Z, Bomodasitomue yeaosue: a = (X, Y, Z), X
u Y aBisgioTes (m,n)-Koprexkamu, Z ecTb &y, ny-HalapHIK yTio-
psiouennoii mapet (X,Y) (u3 (2)).

[Iycrs (4) a = (X,Y,Z), X u Y asasorcs (m,n)-Koprexxamu, Z €CTh
& (1, n)-HATIADHIK yTIOpsiotenHol maper (X,Y).

(5) a=(X,Y,Z) (u3 (4)).
6) X u Y asisiorcs (m, n)-gkoprexamu (u3 (4)).

m,n)-HATAPHEK yTiopstovenHoii napst (X,Y) (u3 (4)).

(
(7) Z ectb &
(8) Z ecrb (m,n)-koprex (u3 (6) u (7), mo semme 2).

Omnwupasice na yrepxkienus (6), (8) u 3ameuanue 4, mosydaem, 4To
(9) X, Y uZ € Clppy-

B cBere yrBepxkienust (9) sicHO, 4TO

(10) (X, Y, Z) € Cirny X Clmny X Clmmy-

(11) a € Cynpy X Cimpy X Cim gy (13 (5) 1 (10)).

Cuumas ponymienne (1) u 06obiast, moJydaem, 9To

(12) ms Beskoro a: ecit & € & py; TO @ € Oy X Oy X Oy -
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Ommpasic ma yrBepikienme (12) u  ompeleseHne TeOPETHKO-
MHOYKECTBEHHOTO ~ BKJTIOUEHHS, TOJIY9aeM, 9TO & () BKIOUaETCH
B C(m,n) X C(m,n) X C(m,n}

Yreepxaenue (A) mokasaHo.

Hoxkaxkem yrBepxaenue (B).

(1) X,Y € Cyy ) (momymenme).
Ounpasic Ha yrBepx/aenue (1) u 3amevanue 4, moaydaem, 9To
(2) X uY asasiorcs (m, n)-KOpTeKaMu.

(3) CyuecTByer e MHCTBEHHBII & (1n,n)-HALIADHUK YTIOPSAIOMEHHOM 1A~
pot (X,Y) (u3 (2), mo emme 6).

[ycrs (4) Z ectdb &y, p)-Hamapuuk ymopsimouentoii mapst (X,Y).
Pasymeercs, uro (5) cyiiecrByer eIMHCTBEHHAsl —YIHODsIOYEHHAs]
TpoOiiKa, MEPBBII WjaeH KOoTopoit ectb X, BTOpoit — Y, Tpermit — Z.

B cBere yrBepxkuennii (2), (4), (5) u cormarmennst 9 sCHO, 4TO
(6) <X7K Z> € &(m,n)
(7) Cymecrsyer takoit Z, aro (X,Y,Z) € & pny (13 (6)).

Cunmast nonymenne (1) u 0606mast, 3aBepiaeM JOKa3aTeIbCTBO yTBEp-
Kienus (B).
Yreepxaenue (B) mokazamo.

Hokazkem yreepxuenue (B).
(1) (XY, Z1) € &y 1 (X,Y, Z2) € &y (mOMymienue).
Omwmpasice Ha yTBepKuenue (1) wm coramenue 9, MOaydIaeM, 9UTO
(2) X u Y ammsmorcss (m,n)-koprexamu, Z1 ecTb &y, n)-HATAPHUK

ynopsiaodentoit mapet (X,Y), Z3 ectb &, y-HAAPHUK yTIOPSAIO-
gennoit napst (X,Y).
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Omnwmpasich Ha yTBep:KIcHUE (2) U UCIOIB3Ys JeMMy 6, ToJIydaeM, ITo
(3) 2y = Zo.

Cuumas jonyienus (1) u 0606miast, 3aBepuiaeM J0Ka3aTeIbCTBO yTBEP-

xkuenus (B).

YrBepxkaenne (B) mokazamno.

Jlemma 10 mokazana.

JIEMMA 11. V(y, ») ectb Ounapuag onepanust Ha Cy, .

Ucnonp3ysa nemMmy 3 1 ieMMy 7, MOXKHO TIOCTPOUTDH JTOKA3aTETLCTBO
JieMMbI 11, aHaJIOTUYHOE JAHHOMY BBIIIE JJOKA3aTEIbCTBY JieMMbl 10.

JIEMMA 12. Dy, n) ectb Ounapuag onepanust Ha Cy, .

Ucnionbays stemmy 4 u jieMMy 8, MOYKHO HOCTPOUTD JIOKA3aTEIHCTBO
JieMMbI 12, anajiormaHoe JJaHHOMY BBIIIE JIOKA3aTeNbCTBY JeMMbI 10.

JIEMMA 13. =, ) €cTb yHapHas onepanust Ha Cly, ) -

HoxazxkeMm jJeMmy 13.

CoryacHo CTaHIAPTHOMY OIpPEIETCHIIO YHAPHON Omepanun Ha 3a-
JIAHHOM MHOYKECTBE, JIJIsI JIOKA3aTeJbCTBA JIEMMBI 13 JOCTATOYHO JIOKa-
saTh cieytonme yreepxaenus (A), (B) u (B)3.

(A) —(m,n) BEIMOUAETCA B JleKapToBo iponsseenue Ciy, ny X Cly pny,
(B) nna seaxoro X us Cyy, ) cymecTsyeT Taxoit Z, 910 (X, Z) € = py,

(B) ms sesxux X, Zy u Zo: ecin (X, Z1) € 2y 1 (X, Z2) € Ty
TO Z1 — ZQ.

Hokazkem yrBepxenue (A).

(1) a € = (Tomymenmue).

3Omnpenernenue, 0 KOTOPOM HJIET pedhb, TACHT, UTO f eCTh YHADHAS OTIePAIAs HA
MHOKeCTBe M, €C/iu BBITOIHAIOTCS caexyomue yeaosus (1), (i) u (iii): (i) f sxmoga-
ercst B iekapToBo npoussenenne M x M, (ii) must Beskoro x u3 M cymecrByer Takoi
z, a0 (X, z) € f, (iil) mist BesiKux X, 21 U zg: ecnn (X,z1) € f u (X,22) € f, T0 21 = 22.
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Omnwmpasice na yrBep:xkaenue (1) u cormamenne 12, mosydaem, 9To

(2) a npuHAJIEKUT MHOYKECTBY BCEX YIOPSIOYEHHBIX AP, KaXK1asi U3
koropbix umeer Bui (X, Z), rae X ecrb (m,n)-Koprex, a Z eCThb
(M, n)-HaapHUK =y, n)-KopTeka X .

(3) Cymecrsytor X u Z, Bemomasitontie yeaosue: a = (X, Z), X ecTb
M, N)-KOPTEXK, a Z €CTb =, py-Haapuuk (m,n)-koprexa X (u3
(m,n)

(2)).

[ycrs (4) a = (X, Z), X ectb (m,n)-Koprex, Z ecTb = (y, n)-HATADHUK
(m, n)-koprexa X.

(5) a=(X,2) (u3 (4)).

(6) X ecrn (m,n)-xopresx (13 (4)).

(7) Z ecth =y py-sanapuuk (m,n)-xoprexa X (13 (4)).
(8) Z ectb (m,n)-xoprex (u3 (6) u (7), 1o memue 5).

Omnnpasic Ha yrBepkjenus (6), (8) u 3ameuanue 4, mosydaeMm, 4TO

(9) X,Z € Clpny.
B cBere yrBepxkienust (9) sicHO, 4TO
(10) (X, Z) € Cpmny X Clanmy-
(11) a € Cnpy X Cimpy (13 (5) 1 (10)).
Cunmag nomymenne (1) u obobimast, mosydaeM, ITo
(12) mis BeAKOrO a: ecitt & € 2y pys TO & € Oy X Oy -

Ommpasicb Ha  yrBepkKienue (12) wu  ompejeseHre TEOPETUKO-
MHOYKECTBEHHOI'O  BKJIIOYEHUsl, IIOJIydaeM, HUTO T, n) BKJIIOYAETCS B
Clmmy % Cm,n)-

YrBepxkaenue (A) 0KazaHo.

Hokazkem yreepxienue (B).
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(1) X € Cpy py (mOMymIeHHTE).
Omnnpasich Ha yrBepx/enue (1) n 3amedanue 4, mosaydaem, 9To
(2) X ectb (m,n)-KopTex.

(3) CymecTByeT eIMHCTBEHHDIH 1y, ,y-HATapHUK (M, n)-KopTexa X
(13 (2), 1o sremme 9).

[ycts (4) Z ecTb =y, p)-HATAPHEK (1, n)-KopTexka X .

Pazymeercs, aro (5) cymiecTByeT eMHCTBEHHAsI YHOPsiJIOUEHHAs MAPA,
[IePBBII YieH KOTOpoit ectb X, BTOpoit —Z.

B cBere yrBepxkiennii (2), (4), (5) u coryamenus: 12 sicHo, 4To

(6) (X, Z) € ~(mny-
(7) Cymectpyer Takoit Z, ato (X, Z) € =,y (13 (6)).

Cuumas sonymenne (1) u 06061masi, 3aBepiaeM J0Ka3aTeJbCTBO yTBEP-
xkuenus (B).
Yreepxkuenue (B) gokasano.

Hoxkaxkem yrBepxkenue (B).
(1) (X, 21) € 2y 1 (X, Z2) € 2y (MoOTIyTHEHTE).
Omupasich na yreepxaenue (1) u cornamenue 12, nojydaem, 4ro

(2) X ectb (m,n)-KOpTekK, Z1 €CTb —(y, »)-HAIAPHEK (1M, 1)-KOPTeKa
X, Z3 ecTb =y, py-HAAPHUK (M, n)-KopTexa X.

Omnwmpasich Ha yTBep:KIAcHUE (2) U UCIOAB3Ys JIeMMy 9, moJIydaeM, ITo
(3) Zy = Zs.

Cunmas onymenus (1) u 0606mrast, 3aBepuiaeM J0Ka3aTeIbCTBO yTBEP-
Kienus (B).
Yreepxaenne (B) mokazamno.

JlemMma 13 mokazana.
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Pasymeercs, cyiecTByeT eJMHCTBEHHAS YIIOPsIOYEHHAs] Y€TBEPKA,
IIEPBLII YJIEH KOTOPO’ €CTh &<m7n), BTOPO# — V (p ny, TPETUH — Dy 1y, &
YETBEPTBIH — 7, 1), ¥ CYIIECTBYET €JIMHCTBEHHAS YIIODsAI0eHHAs TPOTi-
Ka, IIePBLIA YiIeH KOTOPOH €CTh C’<m7n>, BTOpPO#A — D<m,n>, a TperTuff —
<&<m,n>7 v(m,n)a (m,n)s _‘(m,n)>'

SAMEYAHHUE 7. B cBere Toro, 4To MHOKECTBO D ), ) BKIIOUAETCS B MHO-
KecTBO Cl nys @ &)y Vimomys Dlmyn) B “m,n) — OHEPAIME HA MHOMKe-
CTBE C(m,n)a ACHO, {TO <C<m,n>7D(m,n)a <&<m,n>7 v(m,n): im,nys _'<m,n>>>
SABJIACTCS JIOTUYECKON MaTpulieit.

COrJIALIEHUE 13. Jlorudeckyro MaTPUILY (Ctmmy> Dimomys
(& momy> Vimn)s Dmom)> “myny)) ObosHawaem wepes M(m,n) uw Ha-
3bIBAEM (1M, N)-MaTpUIIEii.

COrJIALIEHUE 14. Pesyjibrar mpuMeHeHWs OLEpanuii e u3 {&<m’n>,
Vimmy> D(mm)} K ymopanodennoit mape (X,Y’) smemenTos MHOXKeCTBa
Clm,ny 0bosHauaeM depes (X oY), a pesyabTaT IPUMEHEHHs OTepaIui
“(m,ny K 31ementy X muoxkectBa Cy, ) 0003HATAEM Tepes 7y, n) (X).
OnPEAENEHUE 16. Hasbiaem 9(m,n)-onenkoii (miam oneHkoil B
M (m, n)) orobparkeHne MHOKECTBO BCEX IIPOMO3UINOHAILHBIX IIEPEMEH-
HbIX A3bIKa L B Clpy -

OnPEAENEHUE 17. HassiBaem 9M(m, n)-o3naunsaruem npu N(m,n)-
OIIEHKE ) TaKOoe OTODparkeHme g MHOXKeCTBa Beex L-pOopMysT B MHOKECTBO
Cm,n), ITO BBIIOJTHSIOTCS CIIEJIYIOTIIE yCTOBUS:

(1) st BesiKO# TPONOBUIMOHAJIBHO HepeMeHHON ¢ s3bika L g(q)=

p(a);
(2) amst sesxux L-chopays A u B:
(A&B))=(9(A)& m,n) 9(B)),
(AVB))=(g(A)V (m,m) 9(B)),
( (m.n)
(

ADB))=(g9(A)D 9(B)),

|

A)):_'<m,n> (g(A))
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BAMEYAHUE 8. MoxHO J0Ka3aTh, 4TO 1711 Besskoil M(m, n)-omeHkn p
cymecrByer eauucTsennoe I(m, n)-o3HadnBanue IpH p.

COrJIALIEHUE 14. O6o3nagaeM depes | ]f,m’m?)ﬁ(m, n)-03HAIMBAHIE [IPH

)

M (m, n)-olieHKe p, a Pe3yJbTAT MPUMEHEHUs | |,<gm’n K L-dopmyne A

)

m,n
obo3HaYaEM UYepes |A],<) .

OnPEAEJEHUE 18. HassiBaem A 9(m,n)-obmesnaanmvoit  (miu
obmesnaunmoit B M(m,n)) L-bopmysoit, ecam st BCSKOIA
M (m, n)-oreHKn p |A|,<)m’n> € Dy n)-

OnPEAENEHUE 19. Tosopum, uro A M(m,n)-caenyer uz M (wau us
M 9M(m,n)-crenyer A), eciu BbinosHsiioTcst Tpu yeaosus: (1) A ectb
L-bopmyma, (2) M ecrb muOxecTBO L-bopmys, (3) juist BCSIKOI
M (m,n)-omenkn p Bepmo, wro ecan |Blel™™ € Dy A5t BesiKOi
L-bopmyist B uz M, to |Ale™™.

ONPEAEIEHUE 20. Haspisaem v-g-koprexkeM (T v ecTb Iy, ,)-OTeHKa,
a ¢ ecThb IIPOIO3UINOHAJILHAS ITePEeMEHHAasI si3blka L) Takoe orobpazkeHne
¢ muoxkectsa {1,.. ., n,n+1} ma mmoxecrso {v(-l(q)),..., v(=""1(g)),
v(=M(q))}, wro mna Beaxoro i w3 {1,..., n,n +1} ¢(i)= v(=1"1(q)).

SAMEYAHUE 9. [TousTHO, 4TO JIJIst BCAKOM [ (m,n)~OTEHKH V U JIJIsI BCAKON
[IPOIIO3UITNOHAJIHLHOM IIepeMeHHO ( sI3bIKa L CyIecTByeT eIMHCTBEeHHbII
V-Q-KOPTEXK.

COIJIALIEHUE 15. YcioBuMcsi 0o6o3HaUaTh v-¢-KOprexk (rje v ecrb
Iy, py-OTIEHKA, & ¢ eCThb MPOIO3UITMOHAIbHAS TIepeMenHas s3bika L) we-
pe3 (v-g-cort).

JIEMMA 14. nsa Bcskoit [ (m,n)~OLLEHKU V ¥ JIJIsl BCAKOH IPONO3UINO-
HaJIbHOIT TIepeMeHHOl q s3blka L (v-g-cort) ectb (m,n)-KopTex.

Hokaxkem jiemmy 14.
(1) v ectb Iy, ,y-OleHKa (JIOTyTIEHNE).
(2) ¢ ecTb mpoOIO3UIMOHAIbHAS [IepeMeHHast s3blKa L (omyIenue).

(3) (v-g-cort) ectb v-g-xoprex (u3 (1) u (2), no cornamenuto 15).
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(4) (v-g-cort) ectb oTobpazkenue muoxkectsa {1,..., n,n+1} B MHOXKe-
creo {v(=(q)),..., v(=I""(q)), v(=""())} (m3 (3), mo ompese-
nenmio 20).

Pazymeercsi, o (5)-(q),..., =[*~U(q), =l"(q) aprsorcs kBazmoe-
MeHTapHbIME L-dopMynamu, JinHa KazKI0ii 13 KOTOPBIX < n.

(6) v ectdb iy, py-mipenonenka (w3 (1), o ompeesenmio 2).

(7) v ecTb oOTOOpayKeHHE MHOMXKECTBA BCEX KBa3UJIEMEHTAPHBIX
L-dopmyn, mamHa Kaxkioit u3 KOTopeix < n, B MHOkecTBO {0,1}
(u3 (6), mo oupenesenuto 1).

(8) U((_'[())])(Q>)€{071}7' © v(_‘[n_l](Q))E{()?l}’ v(_‘[n}(Q))e{OJ} (H3 (5)
u (6)).

Omnwmpasich Ha yTBep:KcHue (8), MoIydaeM, ITo

(9) muozxectso {v(—=%(q)),..., v(=""(q)), v(=I"(¢))} BrmoOUaeTCa B
muoxecrso {0,1}.

B cBere yrBepxkennii (4) u (9) sico, uro

(10) (v-g-cort) ectb oTobpazkenue muoxkecrsa {1,..., n,n+1} B MHOKe-
creo {0,1}.

i eCTb IIeJI0€ YUCJIO (JIOMyIIeHue).
m+1<i < n+1 u (v-g-cort)(i)=1 (momymenue).

(11)

(12)

(13) m+1<i < n+1 (u3 (12)).
(14) (v-g-cort)(i)=1 (u3 (12)).
(15)

(v-g-cort) (i) = v(=""(q)) (u3 (1), (2), ¢ ncnomb30BaHIEM OmpeIe-
nenusi 20 u corsamenus 15).

(16) v(=l""1(g))=1 (u3 (14) u (15)).

(17) m <i—1<mn (u3 (13).
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Acwo, uro (18) h(=—1(q)) =i — 1.

(19) m < h(==Y(g))< n (a3 (17) u 18)).

(20) v((===(g)))=0 (u3 (1), (16) u (19), mo onpeneenmo 2).

Pazymeercs, aro (21) (==1~1(q)) ects —ll(q).

(22) v(=(q))=0 (u3 (20) u (21)).

Onwupasics na yrBepxkaenue (11) u (13), nomygaem, 1aro

(23) i+1€ {1,..., n,n+1}.

(24) (v-g-cort)(i+1)=v(=l1(q)) (u3 (1) u (2), no onpenenenuo 20 u 1o
coriameHuio 15).

(25) (v-g-cort)(i+1)=0 (u3 (22) u (24)).

Cunmas momymenue (12), mosmydaem, 9To

(26) ecmn m+1<1i < n+1 n (v-g-cort)(i)=1, ro (v-g-cort)(i+1)=0.

Cunmast gonymmenue (11) u 06061mast, mosydaeM, 9To

(27) mist Besikoro nesioro umedta i: eciu m+ 1 < i < n+ 1 un (v-g-
cort)(i)=1, To (v-g-cort)(i+1)=0.

(28) (v-g-cort) ectnb (m,n)-koprex (u3 (10) u (27), mo onpenerenuto 6).

Cumnmag gonymenus (2) u (1) u 0bobirast, 3aBepiiaeM JT0Ka3aTeIbCTBO
JeMMHbI 14.
Jlemma 14 nokazana.

[IpomonkeHne cTaThbu IJIAHUPYETCS K IIYOJUKAIIMU B CJIELYIOIIEM
HOMepe «Jlormuecknx MccaeI0BaHIy.
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In this article, continuing the work carried out in [1], the problem of tabularity of
the I-logics of the Vasiliev type (propositional logic is called tabular if it has a finite
characteristic matrix). The main result obtained in this article: for any non-negative
integers x and y, the first of which is less than the second, the logic I, yy is tabular (the
class of all such logics is an infinite subclass of the class of all I-logics of the Vasiliev
type). The proposed study is based on the use of the results obtained in [1], and on the
use of the authors’ “cortege semantics”. To achieve the above main result, we show how
on arbitrary nonnegative integer numbers m and n, satisfying the inequality m < n,
is constructed logic matrix 9t(m, n), which is the finite characteristic matrix of logic
Iim.,ny- Since the carrier of the logical matrix 9t(m,n) is some set of 0-1-corteges,
the semantics based on this logical matrix is naturally called the cortege semantics.
Important note: the article is published in two parts. Before you the first part of the
article, the second part of the article is planned to be published in the second issue
of “Logical Investigations” for 2017.

Keywords: I-logic I(y, ny(m,n € {0,1,2,...} and m < n), the two-valued semantics
of the I-logic I(m. »y(m,n € {0,1,2,...} and m < n), the cortege semantics of the
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In the paper, we reconsider a precise definition of a natural deduction inference
given by V. Smirnov. In refining the definition, we argue that all the other indirect
rules of inference in a system can be considered as special cases of the implication
introduction rule in a sense that if one of those rules can be applied then the
implication introduction rule can be applied, either, but not vice versa. As an
example, we use logics 14 ), 0, € {0,1,2,3,...w}, such that Iy ¢y is propositional
classical logic, presented by V. Popov. He uses these logics, in particular, a Hilbert-
style calculus HI, 5, ,8 € {0,1,2,3,...w}, for each logic in question, in order to
construct examples of effects of Glivenko theorem’s generalization. Here we, first,
propose a subordinated natural deduction system N1, gy,, 8 € {0,1,2,3,...w}, for
each logic in question, with a precise definition of a NI, gy-inference. Moreover, we,
comparatively, analyze precise and traditional definitions. Second, we prove that, for
each o, f € {0,1,2,3,...w}, a Hilbert-style calculus HI, gy and a natural deduction
system NI, g are equipollent, that is, a formula A is provable in HI, gy iff A is
provable in N1, gy.

Keywords: precise definition of inference, indirect rule, implication introduction rule,
natural deduction, quasi-elemental formula, subordinated sequence

Introduction

In [10], V. Popov presents logics I, g and Hilbert-style calculi
Hlnpy,o,p € 0,1,2,3,...w, for these logics, such that Iq) is
propositional classical logic. He uses them in order to construct examples

!The author is supported by Russian Foundation for Humanities, grant 16-03-
00749 “Logical-epistemic problems of knowledge representation”.
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of effects of a generalization of Glivenko theorem. So, the purpose
of the present paper is to present, within the framework of [8, 9], a
subordinated natural deduction (abbreviated passim as ‘ND’) calculus
N1, p, for each logic in question, with the precise definition of an
N1, g-inference, following the works of V. Smirnov [12, 14]. We, also,
show the equipollentness between a Hilbert-style calculus HI, g) and a
ND system NI, gy, for each a, 8 € {0,1,2,3,...w}, that is, a formula
A is provable in HI(, gy iff A is provable in N1, 3.

Following [10], we fix a standard propositional language L over an
alphabet {p, p1,p2,...,(,), &, V, D, ~}. A notion of a formula of language
L is defined as usual. (Passim by ’a formula’ we mean ’a formula of
language L’.) A formula is said to be quasi-elemental iff no logical
connective &,V, D occurs in it ([10]). A length of a formula A is said
to be the number of all occurrences of the logical connectives in L in A.
Letters A, B, C, D, E with lower indexes run over arbitrary formulae.
Letters I, A with upper and lower indexes run over arbitrary finite sets
of formulae. Letters o and 3 run over {0, 1,2,3,...w} passim.

In [10], V. Popov presents a Hilbert-style calculus HI, 3. The
language of the calculus is the language L mentioned above. We follow
(and, for more details, refer the reader to) [10] in describing a Hilbert-
style calculus HI, g). A formula is an axiom of H I, g) iff it is one of the
following forms: (I) (AD B)D> (B> C)D> (AD (), (II) AD (AVB),
(Ill) B > (AVvB), IV) (AD>DC)D> (BD>C)D ((AvB) DC(O)),
(V) (A&B) D A, (VI) (A&B) D> B, (VII) (C > A) D> ((C > B)> (C>
(A&B))), (VIII) (AD (B> C)) D ((A&B) D (), (IX) ((A&B) > C) D
(AD(BD20), X)((A>B)D> A D>A), XLa) =D D (D D A),
where D is a formula which is not a quasi-elemental formula of a length
less than «, (XIL,S) (F D =(A D A)) D —F, where E is a formula which
is not a quasi-elemental formula of a length less than 5. Modus ponens
is the only inference rule of the calculus.

Definitions of an inference in HIy 3 (abbreviated as HI g)-
inference) and a proof in H Iiqpy are given in the standard way for
a Hilbert-style calculus. Notions of the length of an inference and the
length of a proof as well as the notion of a theorem are defined as usual.
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In [10], the following fact is particularly highlighted: Iy is
propositional classical logic, where I(g ) is the set of formulae provable
in HIy 0. This fact implies both schemata A D (B > A) and (A D (B D
C)) D ((AD> B) D (A D (C)) are theorems of HIy ) and, therefore, of
each Hilbert-style calculus HI, g),, 3 € {0,1,2,3,...w}. So, we, non-
constructively, point out the standard deduction theorem holds for each
calculus in question.

The paper is organized as follows. Section 1 presents a ND system
N1 py with both precise and traditional definitions of an NI, g)-
inference. In Section 2, the Hilbert-style calculus N1, g and the ND
system N1, g are shown to be equipollent. The final section concludes
the work and outlines the future research.

1. ND systems NI g

Let us set up a subordinated ND system NI, g and give a precise
definition of a NI, gy-inference. The language of the system is, again,
the language L mentioned above. There are two kinds of rules in the
system. Here is the list of the rules of the first kind (sometimes called
direct). The rules of the second kind (sometimes called indirect) are
defined with the precise definition of an inference below.

A&;B &ell A&éB &el2 j(éf; &m
i\/ml i\/m1 w Del
AV B AV B B

D,-D

Tinl(a), Where D is a formula which is not a quasi-elemental
formula of a length less than a.

The necessity of a precise definition of NI, gy-inference is illustrated
with V. Smirnov’s thesis: “. .. By natural deduction systems we shall refer
to logistic systems with a special notion of an inference. In these systems,
an inference is more complex object than just a sequence of formulae or a
tree-like of formulae. Due to this property of natural deduction systems,
a definite object entitled a formal inference corresponds to both direct
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and indirect ways of argument” [12, p. 96, both the translation and the
italics are ours|.

In defining both a NI, g-inference u its length, we, with
modifications, follow V. Smirnov [12, p. 116-118], [14, p. 245]|. Letters
n u ¢ with indexes denote NI, gy-inferences, a letter v with indexes
denotes parts of NI, gy-inferences, and a letter h denotes the length of
an inference.?

An precise definition of N1, g)-inference and a definition a height
of N1, gy-inference

1. A is an inference ¢ of A from a set of premises {A}, and h(c) = 1.

2. If nyis an inference from I and A is a formula, then 7 is an inference
v of A from {A} UT, and h(v) = h(n) + 1.

3. If n is an inference from I', n contains Aj,..., Ay (kK = 1,2) and
B is inferred from Ay, ..., Ag via one of the rules &g1, &ei2, &in,
Vinl, Vin2, De and Tinl(a)s then g is an inference ¢ of B from T,
and h(t) = h(n) + 1.

4. If n is an inference of B from {A} UT and 7 is J,, where v is a
part of 7, starting from the last premise A in 1 until B itself,? then
2l

,4|le is an inference ¢ of A D B from I', and h(:) = h(n) + 1.
>

5. If n is an inference of B from {A} UT and 7 is -, where B is
C, Ais C D D, v is a part of n, starting from the last premise
v
C D D in n until C itself, then ‘Z‘l is an inference ¢ of C from T,
and h(t) = h(n) + 1.
6. If n is an inference of B from {A} UT and 7 is 4, where B is

—(A D A), A is E, where E is a formula which is not a quasi-
elemental formula of a length less than § and ~; is a part of 7,

2In every case, the precise definition specifies which part of a NI, py-inference
is under consideration. The reason we introduce a special letter to run over parts of
inference is that, in general, as we will see, a part of an inference is not an inference.

3Tt is the last occurrence of B in 7 that is under consideration. In what follows,
we will omit this specification everywhere, except clause 7.
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starting from the last premise E in 7 until =(A D A) itself, then
8!
lv1 is an inference ¢ of =F from I, and h(t) = h(n) + 1.

7. If n is an inference of B from {D;} U {D2} UT and 7 is %, where
B is C and « contains Dq V Do, 71 is a part of 7, starting from
the last premise D; in n until C, 72 is a part of 7, is a part of n,

v
|71

[v2
C

starting from the last premise Dy in 1 until C itself, then is an

inference ¢ of C' from T', and h(:) = h(n) + 1.4

The core of modifications is as follows. An essential modification
deals with V. Smirnov’s suggestion that any discarded part of a N1, g)-
inference is a NI, g-inference. (A discarded part of an inference is
marked with a horizontal line from the left.) This is not the case if a
part of a NI, g)-inference contains a formula that is not a premise and
is inferred from the formulae which this part of a NI, g-inference does
not contain. For example, in the clause 4, a part 1 may contain a formula
that is inferred from some formula contained in a part v (and v may be
an inference, itself). So, 41 is not an inference while - is. Sometimes,
V. Smirnov applies a notion of an auziliary inference (or a subderivation)
to such sequences of formulae as ;. The name of this notion obviously
reflects the idea that such an inference plays a secondary role, and can
be considered only with respect to the ’key’ inference. However, we can’t
find it satisfactory that an auxiliary inference is shown not to be a kind of
an inference. At last, minor modifications deal with evaluating a height
of NI (a’@—inference in D¢ and Vg rules as well as with evaluating the
height of a N1, g)-inference that now cannot be equal to 0.

Clause 4 (5, 6, and 7, respectfully) of the above definition is a
formulation of an indirect rule of Dy, (D p,—in2(s), and Ve, respectfully).
We pay attention (and exemplify it below) to the fact that clauses 5-7 are
special cases of clause 4. (In case of clause 7, the situation is a little bit

“Clause 7 may have alternative formulations: 1. v3 occurs between ; and ~a; 2.
71 reorders with 25 3. D1V D2 occurs below a part 7; etc. This analysis goes beyond
the scope of the paper.
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more complex than in the other cases because it allows simultaneously
discarding two parts of an inference, not one part. It is the reason why
we choose clause 7 in the example below.) By the fact that a rule, say,
Dp, is a special case of a rule D;, we mean that if one can apply D, in
the inference then one can apply D;,, either, but not vice versa. To be
sure, we don’t mean D), is derivable via Djj,.

There different notation formats for a subordinated inference in ND
systems [12, p. 119-126]. We will use so called Jaskowski-Quine notation
in [2].5

Let us consider the following sequence of formulae:

1. A D C — premise.
2. B D C' — premise.
3. AV B — premise.
4. A — premise.
5. C — Dg: 1,4
6. B — premise.
7. C — D¢ 2,6

In accordance to clause 4, we have an inference of C' from premises
ADC,BD>C, AV B, A, and B. Thus, we are legitimate to proceed
with an inference of B D C from premises A D C, B D C, AV B, and
A:

A D C — premise.
B D C' — premise.
AV B — premise.
A — premise.

C — D 1,4

|6. B — premise.

|7. C — D¢: 2,6

8. BODC — D 7

U N

5In the literature, a subordinated inference is sometimes called a linear-type ND
or a Fitch-style ND [11]. A subordinated inference differs from a tree-like inference
presented by G. Gentzen [5]|, where, roughly, no formula is used more than once in
the inference as a premise.
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On the other hand, in accordance to clause 7, an inference of C from
premises A D C, B D C, AV B, A, and B contains a part, starting from
the last premise A until C' (steps 4-5), and a part, starting from the last
premise B until C' (steps 6-7), as well as it contains AV B which contains
in no parts mentioned above. Thus, we are legitimate to proceed with
an inference of C' from premises A D C, B D> C, and AV B:

1. A D C — premise.
2. B D C — premise.
3. AV B — premise.
|4. A — premise.

|5. C — D¢ 1,4

|6. B — premise.

|7. C—D2g:2,6

8 C — Vi 7

As a result, we see the complexity of a notion of an inference in
ND systems leads to the fact that a sequence of formulae turns out to be
different inferences of the same formula from different set of premises.
Discussing this fact (which is impossible for the other conventional proof
systems like Hilbert-style calculus, sequent-style calculus and tree-like
ND system) and its consequences is not a topic of the paper. We are
fully aware, however, that the fact that a precise definition of an inference
leads to some ambivalence seems to be absurd. But we strongly believe
that the reason of this fact is caused by the nature of indirect argument,
itself, which have been being under suspicion in the development of
logic.6

On the other hand, the difference between direct and indirect
rules has become more evident. A direct rule is applicable provided an
inference contains formula (formulae) which is (are) above the line in a
formulation of this some rule. One can apply a direct rule to any formula;
it is not necessary for the formula to be the last one in this inference.
For example, in applying &1 or some other direct rule, A&B (the one

5Tt is well-known that intuitionists have been criticizing the general version of
reductio ad absurdum, a type of indirect argument.
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that is above the line) is not necessary the last formula of the inference,
i.e., it is not necessary that this inference is an inference of A&B from
(possibly, empty) I

The situation is not the same in case of indirect rules. An indirect
rule is applicable, too, provided there is an inference of the formula which
is above the line in the formulation of this rule. The crucial difference
is that it applies to the last formula in an inference only. (Note, at any
moment, there is only one formula that is the last one in an inference.)
For example, in applying D;y, a formula B (the one that is above the
line) is, necessarily, the last one in an inference, i.e., it is a must that
there is an inference of B from a non-empty set of premises I', where A is
a member of I'. In the example above, we see that one has different
options in applying indirect rules in the same way one has different
options in applying direct rules. However, it is impossible for a sequence
of formulae to be an inference of two formulae: such a possibility is
allowed by so called traditional formulation of some indirect rules (in the
next subsection it holds for the traditional formulation of V¢;). Sometimes
negation introduction rule is formulated, roughly, as follows: if there is an
inference of both formulae A and —A from the last premise C' then there
is an inference of a formula —C' [1, p. 140], or ‘to be applied, an indirect
rule -, requires two auxiliary inferences ', A+ B and I'; A - =B’ [13, p.
66]. In general, one can’t determine another inference (so called ‘auxiliary
inference’) ‘inside’ a given inference. Let us, again, say that discussing it
goes beyond the scope of this paper.

In the end of this section, let us present so called the traditional
formulations of both indirect rules and of an inference.” In the rules
below, a formula A (A D B or E) is the last premise. In —,9(g), a formula
F is, additionally, a formula which is not a quasi-elemental formula of a
length less than §. In this subsection, by ‘inference” we mean ‘N1, g)-
inference’.

"For the sake of simplicity and without loss of generality, we don’t present
a traditional formulation of V¢ and refer the reader to, for example, [6]. Note,
sometimes, the traditional formulation of the indirect rules includes the derivability
symbol ‘+ [1].
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[A]B [AD BJA [E]-(B D B)
ey R S
An inference is said to be a non-empty finite linearly ordered
sequence of formulae Cy, Cs,. .., Cj, satisfying the following conditions:®

e Each C; is either a premise or is inferred from the previous formulae
via a rule;

e In applying D;,, each formula, starting from the last premise A
until A O B, the result of this application, exclusively, is discarded
from an inference;

e In applying D p, each formula, starting from the last premise A D B
until A, the result of this application, exclusively, is discarded from
an inference;

e In applying —;,2(g), each formula, starting from the last premise
FE until =F the result of this application, exclusively, is discarded
from an inference.

Given an inference C1,C5,...,Cy with Ay, Ao, ..., A, being non-
discarded premises and with the last formula Cj being graphically
identical to B, we say this is an inference of B from premises
Ay, Ag, ..., Ay If a set of formulae I' contains A4, As, ..., A, and there
is an inference of B from premises Aj, Ao, ..., A, then we say there is
an inference of B from a set of formulae I" |2, p. 129-130].

2. Metatheory of a ND system

We proof the following

THEOREM 1. T' Fyprapg A & T bnpap A, for each o, €
{0,1,2,3,...w}.

8Here is (of course, incomplete) a list of (text)books reproducing the traditional
formulation one way or another: [1]-[4], [6], [15], [16]. On the other hand, we are fully
aware that textbooks’ authors are, mostly, driven by pedagogy trying to ‘not go deep
into theoretical subtleties of all kinds’ and following the principle ‘to tell the truth
and only the truth, but not all the truth’ [2, p. 11, 12].
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Proof =. Proof is by the method of complete induction on a height
s of an arbitrary HI, g)-inference of A from re

The scheme of complete induction is as follows: (P(1)&Va(Vy((y <
z) D P(y)) D P(x))) D VaP(z).

Let P(s) denote a sentence “if there is a H I, g)-inference of a height
s of A from I' then there is a N1, gy-inference of A from I".

Then the scheme looks as follows: ((if there is a HI, gy-inference
of a height 1 of A from I" then there is a N1, g -inference of A from I')
&Vs(Vt((t < s) D (if there is a HI(, gy-inference of a height t of A from
I then there is a N1, g)-inference of A from I')) D (if there is a H1(, g)-
inference of a height s of A from I then there is a NI, g)-inference of
A from T'))) D Vs(if there is a HI, g)-inference of a height s of A from
[' then there is a N1, gy-inference of A from I').

The base case is trivial according to the definitions of inferences in
both HI(‘%@ and NI(a,ﬁ)~

We prove the inductive step: Vs(Vt((t < s) D (if there is a HI(, -
inference of a height ¢ of A from I' then there is a NI, g)-inference of
A from I')) D (if there is a HI(, g)-inference of a height s of A from T’
then there is a N1, gy-inference of A from T")).

For modus ponens is an inference rule in both HI, g and N1, g,
it is enough to show that every HI, g-axiom is provable in NI, gy.
We confine ourselves to proving two specific HI, g-axioms: axiom
(XLa) =D D (D D A), where D is a formula which is not a quasi-
elemental formula of a length less than «, and axiom (XIL,3) (E D
—(A D A)) D —~E, where E is a formula which is not a quasi-elemental
formula of a length less than 3.

FNI(O@B) -D D (D D) A)
|1.-D — premise

|2. D — premise

H3 A “inl(a)- 1,2

4. DDA — Dip: 3
5-DDO(DDA) — Dip: 4

9We recall the standard definition of a length of an inference in a Hilbert-style
calculus.
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FNIg s (ED(ADA))D-E

1. E D —(A D A) — premise

||2. E — premise

[3.7(ADA) — D 1, 2

4. —in2(8)" 3

5. (ED-(ADA)D-E — Djp: 4

Proof <. Proof is by the method of complete induction on a height
n of an arbitrary NI, g)-inference of A from T.

The scheme of complete induction is as follows: (Q(1)&Vx(Vy((y <
z) 2 Q(y)) 2 Q(x))) D VrQ(x).

Let Q(n) denote a sentence “if there is a NI, g)-inference of a height
n of A from I then there is a HI, g-inference of A from I'"”.

Then the scheme looks as follows: ((if there is a NI, g-inference
of a height 1 of A from I' then there is a HI, gy-inference of A from I')
&¥n(¥q((g < n) D (if there is a N1, g)-inference of a height ¢ of A from
I" then there is a H I, g)-inference of A from I')) D (if there is a N1, g)-
inference of a height n of A from I' then there is a HI, g)-inference of
A from T')))D Vn(ifthereisaN I, gy-inference of a height n of A from I'
then there is a HI(, gy-inference of A from T").

The base case: h(n) = 1. According to clause 1 of the definition of
a NI, pg-inference, a NI, gy-inference n of a height 1 of A from a set
of premises I' looks as follows: A is an inference from {A}:

1. A — premise.

This inference corresponds to the following H I, g)-inference of A from
a set of premises {A}:

1. A — premise.

We prove the inductive step: ¥n(Vq((q < n) D (if there is a NI, g)-
inference of a height g of A from I' then there is a H I, g)-inference of A
from I')) D(if there is a N1, gy-inference of a height n of A from I' then
there is a HI, gy-inference of A from I')). According to clauses 2-7 of
the definition of a NI, gy-inference, a N1, g)-inference n of a height n
of A from a set of premises I' looks as one of the six following cases:
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Case 1 (2" clause of the definition of a N I o p)-inference): Xl,,
where 7’ is an inference from a set of premises I'' and I' is {A} UT".

1'\/

n. A — premise.

For h(n') < h(n),! one can, by the inductive hypothesis, build up a
H1I, g-inference from a set of premises I'. Then a HI, g -inference of
A from a set of premises I' looks as follows:

F/

n'. A — premise.

Case 2 (3" clause of the definition of a NI (a,8)-inference):
;7‘/,, where 7' is an inference of C from a set of premises IV, n/
contains Aq,...,A; A is inferred from Aq,..., A, via one of the rules
&ella &6127 &in7 Vinl, Vin2, Del, and “linl(a)*

Subcase 2.1.: 1 contains =D and D; A is inferred from —D and D
via “n1(a), Where j <n—1and m <n—1.

r

jD

m. D

n—1.0C

n. A 1) Jym

Let ' be an N1, p)-inference of C' from T, n} be an N1, p)-inference
of D from I, and 7, be an NI, pgy-inference of D from I', where
h(n}) < h(n') and h(n,) < h(n'), by the definition. The fact that
h(n')<h(n), implies that h(n}) < h(n) and h(n,) < (n), and, by the
inductive hypothesis, one can build up the following H1I, gy-inferences:

0By the definition, h(’l‘/) =h(n') + 1.
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a HI, gy-inference of D from I', a HI, g)-inference of D from I, and a
H1I, p-inference of C' from I'. Then a HI, g)-inference of A from a set
of premises I' looks as follows:

r

j.=D

m'. D

n —1.C

n'.~D D> (D > A) — HI, gy-axiom (XI,a)
n’+1. A — modus ponens: j',m’;n’ (two times)

Subcase 2.2.: contains A& B; A is inferred from A&B via &1,
where m <n — 1.

r

m. A&B

n—1..0C

n.A— & :m
Let 0’ be an N1, p)-inference of C' from I' and 7} be an N1, p)-inference
of A&B from T', where h(n}) < h(n'), by the definition. The fact that
h(n") < h(n), implies that h(n]) < h(n) and, by the inductive hypothesis,
one can build up the following HI, g)-inferences: a HI, gy-inference of

A&B from I', a HI, gy-inference of C' from I'. Then a H I, g)-inference
of A from a set of premises I' looks as follows:

I
m'. A&B
n—-1.C

n'. (A&B) D A — HI, g)-axiom (V)
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n’ +1. A — modus ponens: m/,n’

Subcase 2.3., where 1’ contains B&A; A is inferred from B&A via
&9, is treated analogously to subcase 2.2.

Subcase 2.4.: ' contains B and D; A is B&D and is inferred from
B and D via &;y,, where f <m, j<n—1,and m <n — 1.

I
j.B

m. D

n—1.C

n. B&D — &;p: j,m

Let n" be an NI, gy-inference of C' from I, 'l be an NI, gy-inference
of B from T, and 72 be an N1, py-inference of D from I', where
h(ny) < h(n') and h(n,) < h(n'), by the definition. The fact that
h(n') < h(n), implies that h(n;) < h(n) and h(n,) < h(n), and, by the
inductive hypothesis, one can build up the following HI, g)-inferences:
a HI, gy-inference of B from I', a HI, g)-inference of D from I', and a
HI, gy-inference of C' from I'. Then a H I, g)-inference of B&D from I'
looks as follows:

r

f'. Ay — any HI, g-axiom

f'+1. B> (A1 D B) — HI, g -theorem
f'+2.D > (A1 D D) — HI p-theorem
i B

j'+1. Ay D B — modus ponens: '+ 1,7’
m'. D

m’ +1. Ay D D — modus ponens: [ +2,m/



A Precise Definition of an Inference. . . 97

n—-1C

n'. (A1 D) B) D) ((Al D) D) D) (A1 D) (B&D))) — HI<Q,5>—axiom
(VII)

n’ + 1. B&D — modus ponens: j+ 1, m+1’, f/, n’ (three times)

Subcase 2.5.: 1) contains B; A is BV D and is inferred from B via
Vin1, Where m < n — 1.

T
m. B
n—1.C

n.BVD —V;1:m

Let ' be an N1, gy-inference of C from I" and 7} be an N1, gy-inference
of B from T, where h(n}) < h(n'), by the definition. The fact that h(n') <
h(n), implies that h(n}) < h(n) and, by the inductive hypothesis, one can
build up the following HI, g)-inferences: a HI, g)-inference of B from
I, a HI, gy-inference of C' from I Then a HI, g-inference of B V D
from a set of premises I' looks as follows:

I
m'. B
n—1.C

n'. B> (BV D) — HI g-axiom (II)
n’ +1. BV D — modus ponens: m/,n/

Subcase 2.6., where 1 contains D; A is BV D and is inferred from
D via V2, is treated analogously to subcase 2.5.

Subcase 2.7.: ' contains B D A and B; A is inferred from B D A
and B via D¢, where j <n —1,and m <n — 1.



98 V.0O. Shangin

r
j. B> A
m. B
n—1.C

n. A — Dy j,m

Let 1’ be an N1, p)-inference of C' from T, n} be an N1, p)-inference
of B D A from I', and 7} be an NI (a,p)-inference of B from I', where
h(ny) < h(n') and h(n}) < h(n'), by the definition. The fact that h(n) <
h(n), implies that h(n}) < h(n) and h(n,) < h(n), and, by the inductive
hypothesis, one can build up the following HI, gy-inferences: a HI, g)-
inference of B O A from I', a HI, g-inference of B from I and a
HI, p-inference of C' from I Then a HI, gy-inference of A from I’
looks as follows:

r
J.BoA
m’ B
e

n’. A — modus ponens: j',m’

Case 3 (4" clause of the definition of a N I (o p)-inference). A is
B D> C and a NI, g-inference n of a height n of B O C' from I' looks

-
as follows: B\%C, where ;) is a NI, g-inference ¢ of C' from {B} UT,

>
~1 is a part of ¢, starting from the last premise B in ¢ until C, itself, and
m<n—1.

r

|m. B — premise
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In—1.C
n.BD>C —Dmin—1

For h(t) < h(n), one can, by the inductive hypothesis,!' build up a
H1I, g)-inference of C' from {B} D I'. Then a HI, g -inference of B > C
from I' looks as follows:

r
m’. B — premise

n—1.C
n’. B D C — deduction theorem: m/,n’ — 1
Case 4 (5" clause of the definition of a NI, g-inference). A
gl
N1, gy-inference 7 of a height n of A from I' looks as follows: IX , where

W is a NI, g-inference ¢ of A from {A D B} UT, 71 is a part of ¢,
starting from the last premise A D B in ¢ until A, itself, and m < n — 1.

r

|m. A D B — premise

In—1. A
n.A—Dp:n—1

For h(:) < h(n), one can, by the inductive hypothesis, build up a HI, -
inference of A from {A D B} UT. Then a HI, gy-inference of A from I
looks as follows:

r

m’. A D B — premise

HHere and in the cases below, we stress the fact that we proceed from one inference
to another inference, not from a part of an inference to another inference. So, the
inductive hypothesis of the theorem is applicable.
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n'—1. A

n’. (A D B) D A — deduction theorem: m/,n’ — 1
n'+1. (ADB) D> A) D> A— HI p-axiom (X)
n’ + 2. A — modus ponens: n’,n’ + 1

Case 5 (6" clause of the definition of a NI, g)-inference). A is —F,
where E is a formula which is not a quasi-elemental formula of a length
less than 8, and a NI, gy-inference 1 of a height n of —F from I" looks as

5

follows: | , where 5 is a NI, gy-inference ¢ of ~(A D A) from {E}UT,
-E ’

v1 is a part of ¢, starting from the last premise F in ¢ until (A D A),

itself, and m < n — 1.

r

|m. E — premise

..
’Tl — 1. —|(A D) A)
n.—|E — _'inQ(ﬂ) tn—1

For h(t) < h(n), one can, by the inductive hypothesis, build up a HlIp)-

inference of —(A D A) from {E}UT". Then a H I, gy-inference of A from
I' looks as follows:

r
m/. E — premise

n' —1. —|(A > A)

n'. E D —(A D A) — deduction theorem: m’,n’ — 1
W+ 1. (ED—(A> A)) D ~E — HI, g-axiom (XIL,)
n’ 4+ 2. A — modus ponens: n’,n’ + 1

Case 6 (T clause of the definition of a N1, gy-inference). a N1, g)-
gl Y

inference n of a height n of A from I' looks as follows: :71 , where 7} is a
72 A

N1, g)-inference ¢ of A from {D}U{B}UT, v contains DVB, 1 is a part
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of m, starting from a premise D in n until A, 5 is a part of 7, starting
from the last premise B in 1 until A, itself, and f < g,¢9 < j,7 < n—1.12

r

f.DVB

]g D — premise
A
|7+ 1. B — premise

In—1. A
n.A—Veg: fijn—1

First, let us consider a NI, g -inference ¢ of A from {D} U{B} UT.

r

:f...D vV B

g -D — premise

j A

j+ 1. B — premise

n-1 A
By the construction, ¢ contains the following NI, g)-inferences: ¢; of
DV B from I, 13 of A from {D} UT', and ¢3 of A from {B}U{D} UT.

For h(1;) < h(v),!? for each i from {1,2,3}, one can build up a
HI\, g)-inference of DV B from I, a HI, g)-inference of A from {D}UT,

120n alternatives of this case see the footnote to the 7" clause of the definition of
an NI, gj-inference.

3 Unlike the other cases, this case requires the inductive hypothesis holds true for
a NI, g)-inference of any length less than the length of ¢, not only for a NI, g)-
inference of a length h(:) — 1.
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and a H I, g-inference of A from { B}U{D}UI'. Then a H I, gy-inference
of A from {D}U{B} UT looks as follows:

r
f'.DVvB
g'. D — premise
j. A
j'+ 1. B — premise
n—1. A
So, a HI, gy-inference of A from I' looks as follows:

r

/. DVB

g’ D — premise
jA

j'+1. B — premise
W1 A

n'. B D A — deduction theorem: j/ + 1,7/ — 1
r

f".DVvB

g’. D — premise

j'. A

j” 4+ 1. D > A — deduction theorem: g”, ;"

j"+2. (D> A) D((BD>A D(DVB)DA)— Hlgp-
axiom (IV)
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J"+ 3. A— D f7, 7"+ 1,5" + 2 (three times)

The Theorem implies a Corollary: for each o, € {0,1,2,3,...w}, a
Hilbert-style calculus HI, gy and a ND system NI, gy are equipollent,
ie., Aisa HIy pg-theorem iff A is a NI, g)-theorem.

Final remarks

In the paper, for each logic, Iin ), @, € {0,1,2,3,...w}, such that
Ii0,0) is propositional classical logic [10], we, continuing the series of
works [8, 9], present a subordinated ND system NI, 3. Moreover,
each ND system has a precise definition of an inference which is a
modification of V. Smirnov’s approach. Our approach highlights a view
on the implication introduction rule as the genus for the other indirect
rules. Using a Hilbert-style calculus HI, gy, for each logic in question,
presented by V. Popov [10], we show that a formula A is provable in
HI,py iff it is provable in NI, gy. In the future, we point out studying
consequences of the precise definition with an application to complexity
problems [7|. Last, not least, we look forward to formulating proof
searching procedures for these ND systems in the fashion of [3, 4].

Corrections

The paper “Natural deduction in a paracomplete setting” by A. Bolotov
and V. Shangin to have been published in this Journal’s 20*" volume
needs two corrections. First, the 23"¢ entry in the references list should be
replaced with “Popov V. and Solotschenkov A. Semantics of propositional
paracomplete Nelson logic // Integrated scientific journal. V. 8. 2012.
P. 31-32. (In Russian)”. Second, the truth-table definitions for the
connectives of logic PComp in the 2" section must be added with the
following footnote: A. Avron had told V. Popov about these definitions at
the World Congress on Paraconsistency (Ghent, 1997) and then V. Popov
told one of the paper’s authors about these definitions.
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HpI/IpO,Z[a JIOTMYECKOT'o 3HaHUS 1 00OOCHOBAaHUIE
JIOrnM4eCKux CucremM

CmupnoBa Ejena ImurpueBHa
Kadeapa noruku, dunocodcekuit baxysnsrer, MI'Y umenn M. B. Jlomonocosa.
119991, Mocksa, I'CII-1, JlomonocoBckwuit mpocrekr, . 27, kopir. 4.

B crarpe paccmarpuBaercs mpobsiema 060CHOBAHMSI JIOTWMKH, MPUPOIBI ATIOTUKTIIE-
CKOTI'O 3HaHUs, IIPU 3TOM AKIIEHT JleJIaeTCsA Ha BBIABJIEHUU HJeaJIbHBIX CYIIHOCTEH 1
CBsI3€l, JIeZKAIUX B OCHOBE JIOTHYECKUX CHCTeM. Pa3BrBaeTcss HeCTaHIAPTHBIN 0000-
AT TTO/IXO/T K IIOCTPOEHUO0 CEMAaHTHK, OCHOBAHHBIN Ha TPEJICTABICHAN 0bIacTel
u aHTHOG/IACTEH BBICKA3bIBAHUN (IIPOMO3UIUT) Yepe3 MHOXKECTBA COOTBETCTBYIOIIUX
BO3MOXKHBIX MHPOB, JIOIIYCKAIOIINX Pa3/IMIHbIE COlepKaTeIbHbIE NHTepIpeTanun. Ba-
pBUPOBaHNE YCJIOBHUI, HAK/IAIBIBAEMBIX HA OTHOIIEHUST MEXK/Iy OOJIACTSIMHU W aHTHOO-
JIACTAMHU BBICKA3bIBAHUN, MO3BOJIAET PA3JIMYUTh HECKOJIBKO BHU/IOB OTHOIIEHUH THIIA
JIOTUYECKOTO CJIEJIOBAHUS. BhIIessaoTcsa qBa TUIIA TEOPETUKO-TIO3HABATEIBHBIX IIPE-
IOCBLIIOK, OT KOTOPBIX 3aBHUCAT JIOTMKH, — IIPEIINOCBLIKH, CBA3aHHBIE C KOHIICITY-
aJbHBIM aIapaTOM MMO3HAIOMIETO CYObEKTa, U OHTOJIOTHYECKNEe IPEIOChLIKE. B 3a-
KJIFOYUTEJIBHOM pasjiesie 00CY K IAI0TCs MEPCIIEKTUBBI PA3BUTHS JIOTUKU, BO3MOXKHbBIE
TpancOpMAINA ee MPeIMETa U METOIOB.

Karouesvie caosa: jiormyeckasi CeMaHTHUuKa, 060611L&}OHLPIﬁ IIOJAXO/1, IPpUPO/a JIO'UKH,
OCHOBaHUA JIOTUKHA

1. IIpmpoaa JjormyecKoro 3HaHUS

Ha nporskennu Bceit ucropun Gpuaocopuu JOTUKa U MaTEMATUKA Bbl-
CcTynajim obpas3laMy anoJuKTHIecKoro 3uaHus. VcciegoBanue OCHO-
BaHUil, TEOPETUKO-ITO3HABATEILHBIX MIPEIIIOCHLIOK JIOTUKH, JIOTHIECKUAX
dopM U 3aKOHOB, JAeT ONpPEIEIeHHbIH K/II0Y K HOHUMAHUIO IPUPOJIBI 1
OCHOBAHW alOIMKTUICCKOIO 3HAHUS BOOOIIIE.

© Cwmupnosa E.JT.
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Bormpoc obocroBanusi JOruKu, JOTHYECKUX CHUCTEM U 3aKOHOB TEC-
HEHM 00pa3oM CBsi3aH ¢ TPAKTOBKONM MPUPOIBI JJOTHIECKOTO 3HAHUS.
Yro msygaer joruka? ABasieTcst U JTOTUKA HAYKOM O MBIMIJIEHUNA U €ro
zakoHax? Vmeer jin oHa COOCTBEHHBIN OA3MC WU €€ OCHOBAHUS JIEXKAT B
[ICUXOJIOTHU, TEOPHUH MMO3HaHUsI, MeTadpusuke? fBjsieTcst Jin OHa HAyKOI
SMITUPUIECKON U TEOPETUIECKON !

Bnibop oTBeTOB Ha 3TH BOIPOCHI BO MHOTOM CBSI3aH C KPUTUKOMN TICH-
XOJioru3aMa B JIOTHUKE, KOTOprfI ABJIAJICA TOCIIOACTBYIOIIUM HallpaBJIEHU-
eM B jioruke B KoHIe XIX B. CoryracHO MpeacTaBUTEISIM 9TOIO HAIIPAB-
JIEHUsI, JIOTUKA SMIIMPUIECKAs] HAYKa, €€ 3aKOHBI — 3aKOHBI HEKOTOPOIO
€CTECTBEHHOI'0, HPUPOJIHOTO IIPOIECCA IICUXUYECKON JeATETbHOCTH JII0-
Jeii. MpIjieHre ecTh MCUXUIECKUIl IPOIECC U JIOTUKA U3YTaeT 3aKOHBI
u ¢opmbr dToro mporecca. Kak mucas T. Jlumnme, jsoruka ectsb dpusuka
mbinuieHus. [Ipu aToMm ykazaHue Ha TO, UYTO JIOTUKA M3Y4AET 3aKOHBI U
(bOpMI)I IPpaBUJIBHOT'O MBIIJIEHUA, HE MEHAET JIeJia, IOCKOJIbKY IIPpaBUJIb-
HOE MBIILJIEHUE €CTh MBIIILJIEHNE, U JIOTUKA, H3y4ast ero 3aKOHOMEPHOCTH,
SIBJISIETCST IACThIO aMIupuieckoit ncuxosoruu. Coracuo xx. Cr. Mu-
JIIO, JIOTUKa He 000CcODJIEHHAS OT IICUXOJIOTUH, & MO[MUHEHHAs eil HayKa,
OHa €CTb YaCTb WJ/IM BETBb IICUXOJIOTUH, CBOUMHN TEOPETUYICCKUMMU OCHO-
BaHUSIMU OHA IEJUKOM O0s3aHa ICUXOJIOTUH.

B pycie momobHOTO 1M0IX0/1a OOBIYHO MMOMIEPKUBACTCA NUMEHHO Ta-
KOI'O POJia CBsI3b JIOTMKH C IICUXOJIOTHeH. Ba)KHO OTMETHTBH, UTO HpH
9TOM 3aKOHbI JIOTUKHN ITOJIYYIalOT SMIIMPUYIECKOE NCTOJIKOBaHHUE. TeM ca-
MBIM, BOIIPOCHI OODOCHOBAHUS JIOTUKU (DAKTHIECKUA CHUMAIOTCS: U3ydaii,
KaK MPOTEKAET HAallle MBIILJIEHNe, U U3BJIEKAil COOTBETCTBYIOIIUE 3aKO-
HBI KaK 3MIOupudeckre oboOIeHusi. KEcrecrBeHHBIM 00pa30M BO3HUKAET
U cBoeoOpasHasi TPAKTOBKA HOPMATUBHOCTU — JIOTUYECKHME 3aKOHBI HO-
CAT HOPMATUBHBIN XapaKTep IIPOCTO MOTOMY, YTO MbI TaK JIOJ2KHBI MbIC-
JINTh, CJIe/Iysl pupoe Hatrero yma. [lorydaercs, ecjiv 3aKOHBI JIOTUKU —
3aKOHBI HEKOTOPOI'O MPUPOJIHOIO IIPOIECCA ICUXUIECKON 1€ TeILHOCTH
JIEOJIEH, TOT/Ia UX PeaM3allis He HYKIAaeTcsi B si3bike. OHU KUBYT, «IIPO-
MMICAHBI» B CaMOI MIPUPOAE, TMOLO00HO 3aKOHAM (DUBUKM.

Koneuno, obbsicHerne xoma HaAIIEro MBIIIJICHUS caMa 110 cebe BazK-
Hasl, HO He JioTn4deckas 3aja4da. OHa oTHOCHTCH K cdepe ICUXOJIOTHH, K
MBIIIJICHUIO KaK O6’])€KTy n3gy4deHusd IICUXOJIOTUH. BI)IﬂB.H?IeMbIe 3aKOHO-
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MEPHOCTH B 9TOM CJIydae MOT'YT 3aBHUCETDH OT CyObeKTa, BpeMEeH!, HOCUTH
[NPUYUHHBIA XapaKTep, UTO He MPUCYIIE 3aKOHAM JIOTUKU. 3aKOHBI JIO-
UKW, eCTeCTBEHHO, HE 3aBUCAT OT TAKOro poia ¢haxTopoB. bosee Toro,
JIIOTY BIIOJTHE MOTYT MBICJIUTD, HapyIlas 3aKOHLI JOruKu. Kak oTMedast
eme I'. ®pere, HEOOXOAUMBII XapaKTep JJOTUIECKUX 3aKOHOB — 3TO HE Ta
HEOOXOAUMOCTh, KOTOpasl IPUCYINa 3aKOHAM I'DABUTAIIIN

Cka3aHHOE He O3HAYAET, YTO MEXKJy JIOTMKOW W ICUXOJIorueil He
MOXKeT ObITh B3anMmojeiicTBusi. CjieyeT OTMETUTh, 9TO TEPMUH «IICHXO0-
JIOTU3M>» YIIOTPEDJISIeTCsI, ¢ HaIllell TOYKHW 3PeHusi, B JBYX COBEPIIEHHO
pasHbIx cMbicsiax. OMHO JeJ10 — PacCMOTPEHUe JIOTHIECKUX (hOpM U 3a-
KOHOB Kak (pOpM 1 3aKOHOB HEKOTOPOT'O IIPUPOIHOTO IIPOIIECCa, KaK 3aK0-
HOB «bu3uKu MbIrieHnss>. CoBceM Ipyroe — ydeT ONpPEJIe/IEHHBIX yCTa-
HOBOK CyObEKTa, €ro0 METOJIOB MCCJICJIOBAHUN B CIIyUasxX OMPEIeTEHHBIX
JIOTUYIECKUX IIPOIeCccOB. TaKnx, HApUMepP, KaK IMONCK JO0KA3aTeILCTBA,
pemenus 3amad. Ocoboe 3HaAUEHHE UMEET BbISIBJIEHHE POJIM CYObEKTa B
[TO3HABATEILHON JeTeIbHOCTH, B 0OOCHOBAHUN PacCy:KaeHuil. Mbl omm-
paeMmcsl B 3TUX CJIydasX Ha JIOTUKY, HO 3TO He caMa JIOTHKA.

[logByienne JOrUYECKUX CHCTEM, CEMAHTHUKU KOTOPBIX BKJIIOYAIOT
OLIPeJIeJIeHHBbIE XapaKTEePUCTUKU [O3HAIOIIEro CcyObekTa (ero 3HaHue,
YCTaHOBKHU, [IPUHUMAEMBIH UM KOHIIENTYaJbHbI allapar), He MPeJo-
JlaraeT BO3BpaTa, KaK WHOT/IA MOJarafoT, K ICUXOJOTU3MY U SMIUPU3MY.
Qukcalusi OIPEIEJIEHHBIX YCTAHOBOK CyObeKTa, €ro 3HaHUs, KaK, Ha-
IIpUMep, B CJIyYasX SMUCTEMUYECKNX JIOTUK, HE O3HAYAET UCTOJIKOBAHUS
3aKOHOB JIOTUKN KaK SMIIMPUIECKNX 3aKOHOB IICUXUYECKON JIeATeIbHO-
cru Jiojieli. BriIiovuenne ycTaHOBOK CyOhLEKTa B CEMAHTUKY JIOTUYIECKUX
CHUCTEM HE JIeJIAEeT JIOTUKY BETBBIO TICUXOJIOTUM.

Eme oqun moaxom K 000CHOBAHUIO JIOTUKU COCTOUT B TOM, 9TO 3aKO-
HBI JIOTUKHN HE PACCMaTPUBAIOTCA KaK SMIUPUUIECKHAE 3aKOHBI HEKOTOPOT'O
pUPOIHOTrO mporecca. OHU TPAKTYIOTCS KaK 3aKOHBI AIIPUOPHBIE, TPUCY-
[Iye HaIlleMy YMY Wid co3HaHmio. B takoM myxe ompegmesst ux V. Kanr,
roJjiarasi, ITo JIOruKa — HOPMaTHUBHAasl HayKa, IOTOMY YTO Mbl JeHCTBY-
€M COTJIAaCHO HOpMaM, KOTOpbIe ITPUCYINN HalleMy yMy. B Takom cirydae,
daKTUIeCcKn, 3aKOHbBI JIOTUKH MOTYT U3MEHATHCS TOJHKO C U3MEHEHUEM
qeI0BeYEeCKOro yma. VHTepecHO OTMETUTDb, YTO U3BECTHBIN ITpecTaBu-
TeJIb TICUXOJIOTM3MA B JIOTUKE BoHHO DpMaH mojaras, 9TO B IMPUHITUIIE
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3aKOHBI JIOTHKA MOTYT U3MEHSThCsT, HO TOJIBKO €CJIU JIION HAYHYT MBIC-
JinTh no-uHomy. OJIHAKO, C HaIllell TOYKHU 3PEHUsi, U IIPU TaKOM HOJXOJIe
TAKOTO POJia 3aKOHOMEPHOCTH TIO-TTPEYKHEMY OCTAIOTCST IMITUPUICCKIMU
3aKOHAMU TTPUPOJIHOTO MPOIECCa MBIILIEHUST JTFOCH.

Ecin 3aKOHBI JIOTUKY He SIBJISIOTCST 3aKOHAMU, alTPHOPHO TTPUCYTITH-
MM HalleMy yMY, U HE€ ABJIAIOTCA 3aKOHaAMMU IIPHUPOJIHOIO IIpoIiecCa IICHU-
XUIECKON JEATEILHOCTH JIIOJIEH, T. €. 3aKOHAMH SMIUPUIECKAMHI, TOTTIA
KAKOBBI 2K€ OCHOBaHUs JIOTUKHU, OCHOBaHUS JIOTHIECKUX (POPM 1 3aKOHOB?

Bosuuknosenne JIOrMaecKmX CHCTEM CaMOTO Pa3HOTO THIA 0CO00
OCTPO CTaBUT BOIpoc ux obocuoBanus. 1Ipu sToM peusb uiaer ne 06 oboc-
HOBAHUU KAaK JIOKA3ATEIHCTBE WX HEITPOTUBOPEUYNBOCTHU U TIOJTHOTHI, & 00
000CHOBAHWY WMEHHO JIOTUKH, OOOCHOBAHUHU NPUHUMAEMBIX THUIIOB Pac-
CYXKJIeHUil, BBIIETEHUN JOTHIeCKIUX (POPM U CTPYKTYp. B cBoe Bpems
9. I'yccepsb BBICKA3a BaKHEHINY0, ¢ HAIEl TOYKU 3PEHUS, MBIC/Ib:
CBSI3M, JICXKAINE B OCHOBE JIOTHIECKUX 3AKOHOB, HE SMITUPUICCKHE, a MJIe-
aJIbHbIE. DTa UJes ToJIyJIaeT JajibHeillnee PA3BUTHE B CJIyUIae pacCMOTPe-
HUSI OCHOBAHU JIOTMIECKUX CUCTEM Pa3JINTIHOTO THUIA. TakuM obpa3oM,
3aJiada 3aKJII09aeTCS B BBISBJICHUN HICAJIbHBIX CYIIHOCTEH, UICAIbHBIX
CBsI3€ll, JIeXKAIUX B OCHOBE 9THX CHCTEM.

2. O6ocHOBaHUe JOTMYECKUX CHUCTEM: 0DOOIIEeHHbIN
MOIXO/,

Jloruka cBOMMHU KODHSIMHU yXOJIUT B TEOPUIO NO3HAHWS, UMEHHO 3J€Ch
MOXKHO HAUTH OCHOBAaHUS €€ 3aKOHOB, IPABUJI U CTPYKTYp. PaccMmoTpum
9TH OCHOBAHMUSI.

Tak, HA HEKOTOPOM 3Talle PA3BUTHUsI MO3HABATEIBLHON JIesSTEIbHO-
CTH BO3HHUKAIOT Takue (POPMbI MBIIMIEHNsS] KAK ITOHATUS, TPAJUIIMOHHO
XapaKTepu3yoInuecss uepe3 obbéM u cogepkanue. [Ipu sToM 00beMbI
IIOHATUN TPaKTYIOTCA KaK KJIaCCbl, UJACAJIbHbIC O6’beKTbI. OTHOH_IeHI/IH
MeXK/Iy HUMU OOBEKTUBHBI, 9TO OTHOIIEHUS II€PECEUEHUs], BKIIFOUCHUS,
BHEIIOJIO’KHOCTH U T. JI. DTO ellle He caMa JIOTHKa, HO 9TO y:kKe (yHIIa-
MEHT OIPEJEJICHHOr0 THIIA paccy)jaeHuil. OT CBOHCTB 3TUX OTHOIICHMI
3aBUCAT JIOMyCTUMbBIE CIIOCOOBI paccyzkienuii. TaKOBbI OCHOBAHUSI CHJI-
goructuku. CyKJieHusi TOBOPAT 00 3TUX OTHOIIEHUSAX B cdepe obImX
TEePMUHOB, T. €. 00beMOB nouaTuil. [IpaBuia BbIBOJIA MO3BOJISIOT IIEpe-
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XOIUTH OT OJHUX OTHOILIEHUH K APYTUM C COXPAaHEHHEeM UCTUHHOCTHU CO-
OTBETCTBYIOIIUX CYXKJICHUI.

[Topoxkgarorcst 9T uaeabHble 00bEKTHI He JIOTUKOM, a MeTadusn-
KOIA. 9TO TEOPETUKO-IIO3HaBaTe/IbHbIE€ OCHOBaHUA JIOTUK JJaHHOT'O THIIA.
JloJKHBL JIM OHM paccMarpuBaThbest jJorukoi? ToduHo Tak ke Kak Ma-
TEeMATHK MOYXKET PacCMaTpUBaTh, U3ydaTh caMy MATEeMATHKY, ee cdepy,
olepalun, aKCUOMATHKY U T. II., & MOXKET 3aHUMATbCsI OCHOBAHUSIMU Ma-
TeMaTUuKH1, TakK 2Ke U JIOTUK MO2KET 1 JOJI2KEH pacCMaTpuUuBaThb HEe TOJIBKO
YMO3aKJIIOUeHUsI, HO nX ocHOBaHusA. OCHOBAHUS JIOTMKH BIIUCHLIBAIOTCSI
B cdepy JOrHIecKuX HMCCJIEJOBAHUN, HO 9TO HE eCTh caMa JIOTMKA KaK
TaKOBasl.

PaccmoTprm, Kakoro pojia njieabHble 0OBEKTHI JIEYKAT B OCHOBE JIO-
ruk umHoro rtwuma. Haumem ¢ Kjaccudyeckoil JIOMMKM BbICKasbiBaHuil. He
rnocrpoenue u obocHopanue nupunajexxar I. @pere. OcHoBHble, 6a3uc-
Hble, MOHATUsE Ppere — 3T0 MOHATHA OpeaMmera U (yHKuu. IIpeamer
[IpU 3TOM TPAKTYETCs MHUPOKO KaK OOBEKT PacCMOTpeHus. BoiparkeHust
SI3bIKA, OTHOCSIIUECS K IIpeIMeTaM, — 3aBepIIEHHbIe, JeCUIHATHBHEIE, B
TO BpeMsi KaK BbIpaKeHUs (PYHKIIUN He sIBJIAIOTCSA JECUTHATUBHBIMU W
3aBepIleHHbIMA. [IpeyioXKeHnsi, COOTBETCTBEHHO, MPEICTABIISIIOT cO0Oii
JIeCUTHATUBHBIE BhIpaxkeHus. MIx cmbica — uHdopMaliust 06 00beKTe pac-
CMOTPEHUSI, MBIC/Th, BEIparkaeMast IpeJIoYKeHneM, a 0003HAIaeMOe — CH-
Tyallusi, COOTBETCTBYIOIIas 9Toi nHdopManun. Tak mnpemioxkenne «BoJ-
ra Buajsiaer B Kacmuiickoe Mope» 3a1aeT OJHY COOTBETCTBYIOILYIO CHUTYa~
nmio, npejoxkenne «Bosra Bragaer B Cepepublit Jle1oBuThbIil OKeaH» —
JIPyTroe TOJIOXKEHUE JIeJI.

Ecyin oTB/IeUBCsi OT KOHKPETHOT'O CMBICIA KOHKPETHOTO ITPEJJIONKE-
HUsI, TO 9TO ocTaercss oT ero 3uadenus (Bedeutung), or coorBercTBy-
romeil curyanun?! B KadecTBe Takoil CUTyaIluu OCTaeTcs TOT (PaKT, ITO
OHa €CTb HaJIMIECTBYIOIIasd B ILGI;,ICTBI/ITGHBHOCTI/I NN OTCYTCTBYIOIIAAd.
Ho 370 y:ke mHble, abcTpakTHbIE cUTyaluu, obosHadaeMble Opere das
Wabhre u das Falsche. Takum obpasom, B 061aCTH pacCMOTPEHUST TIOSIBJISI-
IOTCsI HOBBLIE HI€aJIbHbIE O0OBEKThI. FECTeCTBEHHO, IIPU 3TOM IIOJ JIeHCTBH-
TEJILHOCTBIO He 00sI3aTe/IbHO MMEeTCsl B BUJY peajibHasl JIefCTBUTEIb-
HOCTD, JaHHas HaM B OLLYIIEHHUX, 3TO MOXKET ObITH JeHCTBUTEILHOCTD,
HallpuMep, MUpa MaTeMaTUKU.
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Tak ke, KaK ¥ B CJIydJae OCHOBAHUN CUJIOTHCTHKH, MEXKIY ITHU-
MU HeaJbHBIMUA OOBEKTAME, CATYAIUSIMU, BO3HUKAIOT OO bEKTUBHBIE OT-
HOIeHNs. B ciydae KIacCHIecKoil MPOMO3UITNOHATLHON JIOTUKU CYTIie-
CTBEHHO OTMETHUTDH, YTO ITHU JBE CUTYAIIMU HECOBMECTHMBI U KarXKJIOMY
[IPEJIIOYKEHUIO0 COOTBETCTBYET POBHO OJiHa M3 3TuX cuTyaruii das Wahre
win das Falsche: ecsiz cutyatinsi He OTCyTCTBYIOIIAsI, TO OHA HAJIMIECTBY-
eT, 1 Ha00OPOT.

DTO 1OKa ellé He JIOMMKa, 3TO ee IPEeIIochblIky. Jlornka HadnHa-
€TCsl TOT/Ia, KOT/Ia MBI BBOAWM JIOTHYecKue (DYHKIINM, 3a/1aBaeMble Ha
9TUX abCTPAKTHBIX 00beKTaX (KOHBIOHKIIUS, JIU3BIOHKIMS U T. JI.). DTO
y2Ke cdepa JIOTUHIEeCKOro, HO ellle He 33/ IaHne JJOTUKN BhICKA3bIBAHUM KaK
TakoBoii. COOCTBEHHO JIOTHKA — 3TO ODOCHOBAHHUE PACCY:KJICHHI, yMO-
3akJIroueHnil. BayKHBIM CTAHOBUTCS OIpeIeIeHNe JOTHIEeCKOTr0 CIea0Ba-
Hus. A majibie 3a0a10TCsi COOTBETCTBYIOIINE IIPABUIA THUIIA, HAIPUMED,
modus ponens, KOTOpbIe ¢ HEOOXOANMOCTBIO 00ECIIETNBAIOT COXPAHEHIE
CJIeIOBAHUS.

OnpenenéHuble OTHOIIEHUSI MEXKIY UAEAJbHBIMI CYIIHOCTSIMU, Ta-
KHUM 00pa3oM, JafoT 6a3y JJjIsi IOCTPOEHUsI JIOTUKU. UTO MEHSEeTCs, KOra
MBI IIEPEXOJMM K JIOTHKAM JIPYroro THIIA, HAIPUMED, MHOTO3HATHBIM !
B kitaccuueckoii jioruke Mbl uMeeM jiesio ¢ curyanusivmu das Wahre (7)) u
das Falsche (F'). A Hesib3s1 /i BBUIEJISITH CATYAIUH 110 KAKUM-TO JPYTUM
xapakrepucTukaM?! Hampumep, MOXKHO BBECTH CHUTYAIMIO, KOIJIA HEH3-
BECTHO, HaJM4YecTByeT oHa min He HajudecTByeT. C. KiuHu Takyto cu-
TYaIuio O3HaYaJI KaK %, HO OTMeYaJI IIPU 9TOM, UYTO OHa MPUHITUIIHAILHO
ormyaercst ot curyanuit T u F, cymecrByomux (Wim He CyIIECTBYIO-
mux) o0bEKTUBHO. B citydae e BBIJEICHUST TOJOKEHUS U MOSBJISIETCS
MOMEHT CyObeKTUBHOCTH, OTHOCSIINNCS K 3HAHWUIO, mojaranuio. [lepen
HaMU JIBE€ BOZMOXKHOCTH: JINOO MOy 4aeM TPEX3HATHYIO JIOTUKY, BHLIEIsIsT
% KaK TPEThE CAMOCTOSITEJIbHOE 3HAYECHHE, JIUOO IIPEJI0sKEHUsI, OTHOCSI-
muecss K CATYAIlUU U, PACCMAaTPHUBAIOTCS KaK WHICTEPMUHUPOBAHHBIE,
9TO HPUBOJAUT K JIOTMKE ¢ HCTUHHO3HAYHBIMU IIPOBAJIAMHU.

[Tpu npemraraeMoM HaMK HECTAHIAPTHOM, OOODIIAIONIEM IOIX0IE K
ITIOCTPOEHUIO CEMAHTHUK B KAUeCTBE UCXOAHBIX, UIeaTbHBIX 00bEKTOB BBO-
JATCSI KJIACCHI BO3MOYKHBIX MHUPOB, IPEIACTAB/IAIOMNX cOo00# obacTu u
aHTHOOJIACTU BBICKa3biBaHuii (propositions). Mupbl MOryT MHTEpIpETH-
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pPOBaThCsl IPU TOM PA3JIMYHBIM 0OPA30M: KaK IIPUHUMAEMbIe YCJIOBUSI,
MPETIOCHIIKI WJIA CUTYAInn. VCXOMHO MpONO3UIIMOHAIBHBIM MTEPEMEH-
HBIM (COOTBETCTBYIOIINM IIPOCTHIM BBICKA3BIBAHISIM ) IPUIICHIBAIOTCS He
UCTUHHOCTHBIE 3Hadenus 1T u F', a objacTu m anTHOOJIACTH, KOTOPBIE
BBOJATCA HE3aBUCUMO JpyT oT apyra. I[lycrs W — upunnmaemoe mHo-
JKECTBO BO3MOXKHBIX MUPOB, & (¢ — (DYHKIUsI, IPUITHCHIBAIOIIAA TPOIIO-
BUIMOHAJIBHBIM [IEPEMEHHBIM OBJIACTH U aHTUOBJACTH, COOTBETCTBEHHO.
O6J1aCcTh TIPEJJIOZKEHUsT P €CTh KJIACC MUPOB, B KOTOPBIX OHO MCTUHHO,
kJjacc yeaosuii, ero Bepudurupyonwx (T (p), tae ¢T'(p) € W). An-
THOOJIACTH BBICKA3BIBAHUSI P €CThb KJIACC MOJIOKEHWH, yCJIOBUM, (hajb-
cudurnupyomux, onposeprawonmx ero (pF(p), rue ¢F(p) € W). Tlox
OIIPOBEPTAIOIIMMU MOXKHO MOHUMATH MPOCTO (haabCuUIUPYIONIIe ero
[OJIOYKEHUSI, & MOYKHO MOHUMATDL ITU IMOJIOXKEHUS B UHTYUITHOHUCTCKOM
JlyXe, KOTJ[a eCThb aJrOpuTM™M onpoBep:kennst. OCHOBaHUS KJIACCHIECKOi
JIOPUKHU TIPEJCTABIIAIOT OO0 YacTHBIN Cydaii 0600IIAIONIEero mMoIxo/Ia.

Omupe/iesienre yCI0BUil HCTUHHOCTH BbICKA3BIBAHUIN TIPUHUMAET BYI:

A ucruHHO B Mupe w; (IIPU YCJIOBUM W;), €.T.e. STOT MHUDP IIPHHA-
JeKuT obsacTy BeicKasbiBanus A, T. e. Hem (A, w;) < w; € ¢T(A).

AHAJIOrNYHO BBOAUTCS TMOHATHE JIOKHOCTU BBICKA3BIBAHUSI, HE3aBH-
cumbIM obpasom: JI (A, w;) & w; € pF(A).

IIpunuceiBanne ITPONO3UIMOHAIBHBIM EPEMEHHBIM KJIACCOB BO3-
MOYKHBIX MUPOB IPHUJAET JIOTUYECKUM CBSI3KAM HHTEHCUOHAJILHBIA Xa-
paKTep, 9To BEJAET K 0OOOCHOBAHUIO MHTEHCUOHAJBHBIX JIOTHK.

VeoBue TPUIUCHIBAHUST TPEIUKaTa UCTUHHOCTU BBICKA3HIBAHUIO
PEJISITUBU3UPOBAHO OTHOCUTEJIBHO OIPEIEJIEHHBIX 00CTOSITETHCTB, YCJIO-
Buil. B paccmorpenne hakTHIeCKU BKIIOYAIOTCH OIPE/IEIEHHBIE ACIEKThI
KOTEPEHTHOM KOHIENINA UCTUHHOCTU, U U3BECTHAs cXeMa Tapckoro —
x € VctuaHo < p — MeHsIeT CBOIl BUJI, IePeCMaTPUBAETCS.

OTHOIIEHUST MEXKLy UCXOAHBIMUA WMJICAJIBHBIMA OObeKTaMu — 0bJIa-
CTSIMU U AHTUOOJIACTSIMA — MOT'YT ObITH pasubiMu. ObJiacTu u aHTHObI A~
CTH MOTYT ObITH BHEIIOJIOXKHBIMHU, & MOI'YT II€PECEKAThCsI (BBICKA3bIBAHUE
A MoxeT BepudUIMPOBATLCA U B TO YK€ BPEMSsI OIIPOBEPraThCsl, YTO CJIy-
JKUT OCHOBOIi ITAPAHEIPOTUBOPEUNBBIX JIOTHK ). VX 00beuHeHe MOKET
HE UCYEPIIBIBATH BCe MHOKECTBO BO3MOXKHBIX MUpoB W (B cityuae, Korjia
YCJIOBUS HE TOATBEPXKJIAIOT U He ompoBepraiorT A, 4To jJeTepMUHUDYET
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COOTBETCTBYIOIIE CEMAHTUKN C NCTHHHO3HAYHBIMU IPOBAJIaMU) U T. II.
[IpunnMmaeMble OTHONIEHUS MEXK/Iy OOJIACTAMU M aHTHOOIACTIME 00Y-
CJIABJIMBAIOT B CBOIO OYepe/lb IPUHSITHE (UM HEIPUHSITHE) JIOMMIeCKUX
[MPUHITAIIOB HEIIPOTHBOPEYHSI U MCKIIOYEHHOTO TPETHETO.

Paccmorpum ycsioBust:

(1) T(A)NpF(A) =2

(2) T (A)UpF(A) = W.

[Tpunsrne nian orGpacblBaHNE STUX YCJIOBHIT J€TEPMUHUDYET CEMaH-
TUKN pazjudHoro Tumna. [Ipu npunsrtun ycsiosuit (1) n (2) mMbl nmeem
CTaHAPTHYIO CeMaHTHKY; IpU HpuHaTHH yeiaosus (1) m orbpacsiBannm
(2) — ceMaHTUKY ¢ UCTHMHHO3HAYHBIMU MPOBAJAME; IIPU OpuHATUN (2)
u orbpacsBanun (1) — JBOACTBEHHYIO €if CeMAHTHKY C IPECHIICHHBIME
onenkamu. Haxowner, geTBEéprolil ciydait — orbpaceiBanue (1) u (2) ga-
eT CeMaHTHKY DEeJIEBAHTHON JIOTMKH [IEPBOTO YPOBHsi. 1Ipu 9TOM BayKHO
OTMETHUTH, YTO PEYb IOKA HJET O METOIOJOINIECKUX HPEIIOCHIIKAX JI0-
I'MYECKUX CHCTEM M UX CEMaHTHK, & HE O CAMHUX CUCTeMAaX, UX [paBHJIaxX
U 32KOHAX.

B cBoto ouepeip, Besenne nonsituii obacreii u anTnobaacreil mos-
BOJISIET BMECTO €JIMHCTBEHHOIO, KJIACCHYECKOrO IIOHSATHS JIOTHYECKOIO
CJIeJIOBAHMs BBECTH IEJIBII KJIACC OTHOIIEHUI THIA CJIe/IOBaHUS, HE 3a-
Tparusast npu oM ycaosust (1) u (2) (em. [6, c. 264]).

Takum 06pa3oM, P JAHHOM [OJX0/Ie KOMOMHIPOBAHKE JIBYX He3a-
BUCHMBIX YCJIOBHI JIeT€PMUHUPYET THIIbI JIOTUK, THIIBI IIPABIII BBIBOJIA —
9TO HPUHIMAEMOE OTHOIICHUE CJIEJOBAHMS B COYCTAHUN C MPUHATHEM
(orbpaceiBannem) yeaosuii (1) u (2), . e. B coueranun ¢ duxcalyeii
OTHOIICHNN MeXK1y obsacTaMH aHTHOOIacTAMU. VIMEHHO STH MOMEHTBI
OLPEJIEIISIIOT IIPUHSITHE IIPABUIL, HAIIPUMED, THIIA modus ponens nin npa-
BIIA, JIE/1y KA.

Dopmasmzaryeil BBJICHHBIX OTHOIIECHUI CJIe/IOBAHUS, B 3aBUCHMO-
cru ot ycaosuit (1) u (2) (em. [6, rir. VI, § 3]), MoryT BBICTYIIATH IIEPBO-
ypoBHeBble dhparmentsl jgorukn Kimuu (ornka Xao Bana), aoiicTen-
HOIH eif Jloruku — Jioruku mapajiokca Ilpucra, soruku Jlykacesnua (nim
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coBmaaomuii ¢ Heio dparment jgorukun RM), peneBanthoit jgoruku, a
TaKKe KJIACCUIECKasl JIOTMKA BbICKA3BIBAHUIA.

Eie ogun BarkKHBIN BOIIPOC — 9TO BOIPOC 006 HCTOKAX MHIETEPMUHU-
pyeMocTr BbICKa3bIBaHUi. B pamkax o0o0Imaomnero moaxoma, oJraroma-
Pst TOMY, 9TO BBICKA3bIBAHUSIM [IPUIICHIBAIOTCS TEIIEPb HE CUTYAIUN WJIH
[TOJIOZKEHUS JIe1, & 00JIaCTH U AaHTUODJIACTH, T. €. KJIACChI MUPOB, TIOSIBJISI-
€TCsT BOBMOXKHOCTh MHTEPIPETUPOBATH BOSHUKHOBEHUE WHIETEPMIHUPO-
BAHHOCTH BBICKAa3bIBaHUN 0cOObIM 0Opa3zoM. BmecTo Toro, arobbl ciiemyst
zajioykeHHo# Kimnm Tpagumum BBOIUTE 0COOYIO CHTYAIINIO U B KAIeCTBE
TPEeThero 3HadYeHWs HpeJJIoYKeHuil Hapsiy ¢ curyamusymu 1 un F', wH-
JETePMUHUPOBAHHOCTD BBICKA3BIBAHMI MOXKHO OOOCHOBBIBATDL Yepe3 OT-
CYyTCTBHE COOTBETCTBYIOIIUX BEPUMDUIUPYIOMINX U OMPOBEPTAIOIINX X
ycsioBuii. HekoTopoe yTBepKaeHne A MOXKeT B IPHUHIUIE OBITH HE TOM-
TBEPKIaeMbIM U He onpoBepraeMbiM, korja ¢1(A) = @ u oF(A) = .

[Ipu mamem 06OOIIAIONIEM IIO/IX0/I€ BBICKA3LIBAHUS MHIETEPMUHU-
POBAHBI TIOTOMY, YTO UM HE COOTBETCTBYIOT HHU O0JIACTH, HU aHTHOOJIA-
CTH, 9TO OOJiee COOTBETCTBYET IPOIlecCy Io3HaHus. Hampumep, TaKOBbBI
yTBep:KJieHusi 00 MieabHBIX 3/IeMeHTaX B cMmbicie |'mibbepra. OHu He
[TOJTy YAI0T ICTUHHOCTHON OIEHKH B OTJIMIHUE OT JIEeHCTBUTEIbHBIX BBICKa~
3bIBaHUI MaTeMaTuKU. Takyio »Ke TPaKTOBKY JOMYCKAeT yTBEPKIEHUE O
MHOKECTBE BCEX HOPMAaJIbHBIX MHOXKECTB, UCIIO/Ib3yeMoe B (DOPMYJIHPOB-
ke napajokca Paccena. Ero mcTuHHOCTHAST OTEHKA MPUBOIUT K ITPOTH-
Bopeunio. Bee/ieHne BbICKa3bIBAHWI C ITyCTBIMU TEPMUHAMH ( «KPYTUIBIiA
KBaJ[paT» U T. II.) TAKXKe HPUBOJIUT K IPOTUBOPEUUSIM HJIU HAPYIIIEHUIO
3aKOHOB JIOTHKH.

EcrecTBeHHO, MCTOYHUKOM HUHJIETEPMUHUPYEMOCTH MOTYT BBICTY-
[IaTh U WHBIE OOCTOSATEIBCTBA — HEBBIOJHUMOCTD MIPECYTIIO3UIUN BbI-
CKa3bIBaHUil, HeCOOI0IeHne 00JIaCTH IeHCTBHUS IpeuKaTa u T. 1. B 1mo-
CJIeJIHEM CJIydae BOSHHMKAIOT IpejtoxKenus Tuia «lle3apb mpocroe dmc-
J10%», «Jlobpomeresb Tpeyroabaay, «JLyx 3e/ieHbliiy.

3. Jloruka u oHTOJIOrHmYecKue InIpeaInoCblJIKMN

PaCCManI/IBaH OCHOBaHUA JIOTUIECCKUX CUCTEM, CJIEAYET pa3JIMIaThb JABa
TUIIa TEOPETUKO-IIO3HaBATEJbHBIX IIPEAIIOCHIJIOK, OT KOTOPLIX 3aBUCAT
JIOTUKH. ]BO-HepBbIX7 9TO MPEAIIOCBIIKH, CBA3aHHbIC C KOHIIEIITYaJIbHBIM
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aIlapaToM I[IO3HAIONIEr0 CYObeKTa: ¢ NPUHUMAEMBIMU MMOHATUSIMU WC-
THHHOCTH, JIO?KHOCTH, JIOTHYECKOI'0 CJIEJIOBAHNs, OTPUIAHUS, CYKICHUS
U T. JI., KOTOPBIX MbI y?Ke KaCAJMCh BbIle. Bo-BTOPBIX, 3TO IPEIIOCHLI-
Ki (HA30BEM WX IIPEJIIOCBIIKAMHI OHTOJIOPMYECKOIO Xapakrepa), HaJja-
raeMble Ha XapakTep O0bEKTOB YHUBEPCYMa PACCMOTPeHUst (Halpumep,
BooOpaxkaeMmble MUDPBbI BacuibeBa, Wjid ujcajbHbIE U JICHCTBUTE/IHHBIE
00bekThl v ['mbbepra, Main BO3MOXKHBIE MUPLI B CEMaHTHKAX MOJIAJIb-
HBIX CHCTEM).

Kazasocs 651, torndeckue (popMbl 1 3aKOHBI HE 3aBUCAT OT XapaKTe-
pa 0OBbEKTOB pacCMOTPEHHUsI, OHM YHUBepcasbHbl. KaHT, HampuMmep, mo-
naraji, 9to obmias (dopmasibHast) JOrUKa MMeET JeJI0 JIUIb ¢ HeoOXO-
JUMBIMU U BCEOOIIMMU IIpaBUJIaMU MBIIIJIEHUs] BOOOIIE, OHA HCCIIemLyeT
nx 0e3 pa3nmund OOBLEKTOB, T. €. B OTPBIBE OT MATEPHH, ABJIAIOIIEH-
¢ IPeJMETOM MBIC/IU, U IIOCEMY OHA OTBJIEKAETCA OT BCSKOI'O COLEp-
yKaHus no3Hanus. «OOImas Joruka OTKphIBaeT TOJIBKO (DOPMY MBIIILIe-
HUs, HO He MaTepuio. OHa OTBJIEKAETCS OT BCSKOIO COMEPXKAHUS IO3HA-
Husi» |5, dbparment 1627|. Jloruka JieficTBUTEJbHO He 3aBUCUT OT KOH-
KPETHOI'O II0JIO’KEHNd JeJl B JefICTBUTEIbHOCTH, OT KOHKPETHOI'O COZep-
JKaHUsI IIOCBITIOK. B 3TOM CMBICTIe OHa He 3aBUCHT OT COIEPKaHUS IIO-
3HaHMA, KaK 9T0 1 yrBepKaaa Kant. Jlormka teopermdeckas Hayka, HO
OHA He 3aBHCHUT JIUIIb OT KOHKPETHOI'O COIEPKAHMS [I0O3HAHNUSI, HO MOXKET
3aBUCETH TO THUIOB OOBEKTOB MO3HAHUAA.

K umee 3aBucumMocTu JIOTUKU OT XapakTepa 0OBHEKTOB PacCMOTpE-
HUS TPUXOJUT U3BECTHBIN pyccKuil Jioruk nHadaiga XX B. H. Bacuibes.
BacusnbeB paziinyast 3aKOHbBI JIOTUKY U 32KOHBI METAJIOTUKH. 3aKOHBI JIO-
TUKH 3aBUCAT OT «IMIIUPUI», HO HE B CMBICJIE TICUXOJIOTU3MA W SMITUPU3-
Ma. OHE HOCAT SMIUPUIECKUN XapaKTep B TOM IIJIAHE, ITO OMPEIe/IsIIOT-
CsI XapaKTepoOM TO3HABAEMBIX OOBEKTOB, UX «OHTOJIOTHEH». VI3MEeHAThCS
OHHU MOTYT C UBMEHEHHEeM TUIIOB 00beKTOB paccMoTpenus. [lo amasiorun
C HE3BKJIMJIOBOII reoMeTpueil, T/ie OTKPBIBAETCS UHOW MUP NeoMeTpHude-
CKUX OO0BEKTOB, MOABJAIOTCH O0OBEKTDHI, HE OTBEYAIONINE MTOJIOXKEHUAM U
TeopeMaM IBKJIUJIOBON reoMeTpun (TPeyroJbHUKH, CyMMa YIJIOB KOTO-
poix Menbie 180°, mepecekaronecs: mapaJiie/ibHble TIPSMble U T. JI.),
B MHUpE «BOOOparKaeMoil» JIOTMKHU MOABJISIIOTCA 0COOble 0OBLEKThI, HEe OT-
BeYaloIre 3aKOHaM KJaccu4uecKoit jiornku. JlomyckaroTcest 00 beKThI, 00-
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JaJIAloIIe HeCOBMeCTHMbIME cBoiicTBamu P u nonP. Torma mrsa mHux
BEPHBIM OKa3bIBaeTcst noJioxkenue: (s ectrb P & (s ectb nonP). B Bo-
obpazkaeMoil JIOTHKe BO3HUKAIOT TPU BHUJA CYZKJEHUI: [I0JIOKUTEJbHDIE,
OTPHIIATETbHBIE U CYKJIEHUS IPOTHBOPETIUSI.

B caydae BBesieHust yKa3aHHOTO BUia 00bEKTOB HAPYIIAIOTCH KJIac-
CHUYeCKHUe 3aKOHBI HEIIPOTUBOPEUHS U UCKJIIOUEHHOTO TpeThero.CoracHo
BacunbeBy, «Mbl MOXKEM MBICJUTH JIDYTUE MUDDI, Y€M HaIll, B KOTOPBIX
HEKOTOPBIE JIOTUYIECKUE 3aKOHBI OY/IyT UHBIMU, €M B HAIEH JIOTUKE. . . »,
JIOTUYIECKUEe 3aKOHDI B HAIllell BOOOPaXKaeMoil JIOTMKe 3aBUCAT HE OT I10-
3HAIOIIEro CyObeKTa, a 0T XapakTepa Mo3HaBaeMbIX 00bekToB |1, ¢. 57].

B oryimume oT 3aKOHOB JIOTUKK 3aKOHBI METAJIOTUKH CBSI3aHbI C T10-
3HAIONIUM CyOBLEKTOM, ¢ HAIIIMMU TTIOHATUSIME BBIBOJIA, KCTUHHOCTH, JIOXK-
HOCTH, Cy2KJieHust. [103TOMY 3TH JIOTHYeCKne IPUHIMIILI HE MOTI'YT yCTpa-
HSTHCsI, OHM MPUCYIIA JTIOOOMY JIOTMYECKH MPABUIBLHOMY MBIIIICHIIO
HE3aBUCHMO OT XapakKTepa OObEeKTOB IOo3HaHMsI. MeTajgormka oTpaka-
€T TOJIBKO TIPUPOJLY MO3HAIOIIETO cyObekTa. [103ToMy «MeTaoruka ecrhb
JIOTWKa, TPUTOIHAST JJIsT KaxKJI0TO0 MHUPAa, KakK ObI CBOEOOPA3HO HU OBLIO
YCTPOiicTBO 06beKTOB 3T0oro Mupay |1, c. 115|. «Cyxkaenue ne Moxker
OBITH OJIHOBPEMEHHO UCTUHHBIM U JIOXKHBIM». DTOT 3aKOH HECOBMECTH-
MOCTH UCTHHHOCTHU U JIOXKHOCTHU, 10 BacuibeBy, sIBJIsIeTCsl YHUBEPCAb-
HBIM «3aKOHOM abCOJIIOTHOIO PA3rPAHUYEHUs] UCTHHBI U JIXKU», U €ro He
cJIeJlyeT CMEIUBAThH ¢ 3aKOHOM MPOTUBOpeYns. «Bes aroro 3akona HEBO3-
MOXKH& HUKaKasl JIOTHKA. .. TOT, KTO mepecTaj Obl OTJINYaTh UCTUHY OT
JIKH, TOT HepecTasl Obl MBICJIUTH Jorudeckus |1, c. 64—65].

Takum obpaszom, 1m0 BacuibeBy, HPUHIMIILI JOTHKH, CBA3aHHBIE C
KOHIIENTYAJIbHBIM AllIapaToM CyObekTa, abCOTIOTHR U HeM3MeHHbI. Bo3-
HHUKaeT MPUHININAJLHBINA BOIIPOC, Tak Jix 3T0? Builie B cBs3u ¢ 06001ma-
IOIIITNUM ITOJIXOJI0M K CEMAaHTHUKE 6bI.TIO HOKaSaHO, 9To KOHHGHTyaHLHbIﬁ all-
[TapaT IO3HAIOMIEr0 CYObeKTa He SIBJIAETCA abCOTIOTHBIM, HEN3MEHHBIM, U
3aKOHBI .HOFI/IKI/I, CBA3aHHBIE C 9TUM aHHapaTOM7 COOTBGTCTBGHHO, TaKzKe
MOI'YT U3MEHATHCs. Tak, mepecMOTp MOHATUN UCTUHHOCTH M JIOXKHOCTH,
OTHOIIIEHUH MeK/ly HUMU (MeXK/Iy 06/1acTsIMU 1 aHTHOOJIACTSIMU) TIPUBO-
JUT K HECTAHIAPTHBIM CEMaHTHKaM U OOYyCJIaBJIMBAET O0COObIE CIIOCOOBI
paccyKIAeHui, 6a3upyIOMINecs Ha STUX CEMaHTHKAX.
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Paccmorpum erme oamH acmekT CBA3W JIOTUKHA C OHTOJIOTHYIECKU-
MU TPEJINOChUIKAMU — YCJOBHUS IPUMEHEHUsS JIOTHYECKUX CTPYKTYP
7 3aKOHOB. ['myipbepT, paccMarpuBas WCTOKM BO3HUKHOBEHHUS Iapa-
JIOKCOB B TaKOil CTpPOroil M TOYHOH HayKe, KaK MaTeMaTHhKa, CTa-
BUJI BOIIPOC 06 X OCHOBAHUAX. C“II/IT&.HOCB, 9TO OCHOBaHUEM dABJIA-
eTcsl MPUMEHEHNE 3aKOHOB U IIPABUJI KJaccudeckoil joruku. CoorBer-
CTBEHHO /JisT M30aB/IeHUsI OT MapaJiOKCOB HAJO IMOCTABUTH Oapbep Ha
IIyTH IMOPOXKIEHUsI ITPOTUBOPEUNS, M3MEHHUB JIEXKAILyI0 B OCHOBE JIO-
ruky. ['manbepT «mepeBopadmBaeT» 3Ty IMOCJIEIOBATEIHLHOCTD, 3aaBa-
sICb BOIIPOCOM: pa3Be JIOTHMKA HAC KOIJIa-In00 OOMaHbIBaJia, €CJIU MBI
IOpUMEHAJIN €€ K JOJIZKHBIM 06pa30M BBCJCHHbBIM UMJAcaJIbHbIM O6”b—
ektaMm?! Takas ITOCTAHOBKA BOIPOCA IPEACTABISIETCS MPUHITUINAILHO
Ba2KHOM.

Kant nosraras, wro joruka ¢popMaabHas U IOTOMY HE UMEET OTHO-
[IEHNsT K COJIEPXKAHUIO HAIIIErO 3HAHUS. DTO BEPHO, KAK OTMEYAJIOCH BbI-
1€, OTHOCUTEIBHO COJEPKAHUS HAITNX TOCBHLIOK, HO IIPU 3TOM JIOTUKA He
OTOpBaHa OT COJMIEPKAHUS HAIIErO ITO3HAHUSI, OT TUIIOB UIAJTbHBIX 00b-
€KTOB, TTOPOXKIaeMbIX UMEHHO B IIO3HABATEIbHON J1eATeIbHOCTU. | Nib-
6epT mospasIesan nacanbHble OOBEKTHI MATEMATHKN (¥, COOTBETCTBEH-
HO, BBICKA3bIBAHUS O HUX) Ha JIEHCTBATE/bHBIE (IIOJJIMHHbBIE) O0HEKTHI U,
cJle/lysl ero TEPMHUHOJIOTUN, <«UJeabHbIE 3JIEMEHThI». BBICKa3bIBAHUS O
HUX HE MOL'YT OIEHHBATLCsSI KaK MCTUHHBIE MJIM JIOYKHBIE. DTO OOBEKTHI-
dukinm, B IPUHIIAIIE HE PeAJM3yeMble HU B KAKOM BO3MOXKHOM OIIBITE,
Jaxke B cdepe niaeasbHbIX MaTeMaTHIecKuX cymHocTei. M npunaercs
craTyc TpaHCHeHIeHTa bHbIX njeir V. Kanra. 910 00bekThl THIIA Gec-
KOHEYHO YJIaJeHHON TOYKM B MIPOEKTUBHON reoMeTpuH, TPAHC(UHUTHBIX
quces u T. 1. [IpuMeHeHne JIOTHKHU K TAKOTO POJIa 00beKTaM, <A IbHBIM
9JIEMEHTaM», He 0O0CHOBAHO 1 TpebyeT Olpe e IeHHbIX «3arPaIuTe/ TbHBIX
Mep».

Takum o6pazoMm, TpuMeHEeHNEe 3aKOHOB JIOTHKH CBSI3aHO C TUIIOM BBO-
JUMBIX B YHUBEPCYM TEOPUHU UICAJbHBIX 00bEKTOB. B 9TOM cirydae Joru-
Ka BBICTYIIAeT KaK CBOeOOpa3Has JaKMycoBas OyMarkKKa, ceTKa, pa3rpa-
HUYMBAIONIAs 9TH MjeajbHble 00bEeKTHI B cepe Toil »Ke MaTeMaTHKU.
BOT O 9eM I'OBOPsAT JIormdecKue mnmapaJIOKChbI.
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4. Jloruka n dpusnocodusi

PaccmarpuBast ¢Bsi3b jlormku ¢ dustocodpueit, caeayeT BbIICTUTH IBa
Kpyra BOIIPOCOB: BOIPOCHI 0OOCHOBAHUS JIOTHIECKUX CHUCTEM, OOOCHOBa~
HUS AllOJMKTUIECKOTI0, HOPMATUBHOI'O XapaKTepa JIOTHYECKUX 3aKOHOB
U TPUHITUIIOB, U BOIIPOCHI POJIU JIOTUKH, «JIOTHYECKUX CETOK» B aHAJIU3E
IPUHITUTAAIBHBIX (HGUTOCOPCKUX TPOOIIEM.

Bormpocsr obocHoBaHMS JTOTUKHA CBOUMEI KOPHSIMHU YXOIAT B MeTadm-
3UKY, TEOPUIO TIO3HAHUS, B OHTOJIOTHIO B IIIMPOKOM CMBICTIE. TaM, KaK MbI
BUIE/IN, POXKIAIOTCS UAeATbHbBIE OOBEKTHI, HIeaIbHBIE CBSI3M, COCTABJISI-
forue 0a3y JIOTHYECKUX OIEPAIUil U OTHOIIECHU.

Kacasicy posu jioruku B anamse puiocodCKuX BOIIPOCOB, HHTEPEC-
HO OTMeTUTh, U410 . ['mapbepT B cBOeM M3BECTHOM MTOTOBOM, 3aBEPIIa-
IOIIEM €TI0 HAyYHYIO JIeATe/IbHOCTD JoKIaje «llosnanue npupossr u Jjio-
TUKa» BO IVIaBY yTIJla UCCJIE€IOBaHUA OCHOBaHUM MaTeMaTUuKH, IIePCIIEKTUB
€e Pa3sBUTUs U POJIA JIOTUKHU CTABUT UMEHHO TJIO0AILHYIO DUI0CODCKYIO
npobjieMy. 3aJ1ady CBOEro JIOKJaja OH BHJWT B TOM, 9TOOBI «OOCYIUTH
crapyio ¢gpmrocodckyio mpob/ieMy, a UMEHHO BBI3BABIIIHI MHOTO CIIPOCOB
BOIIPOC O TOM, KAKO# BKJIaJ[ B HaIlle TO3HAHWE BHOCST, C OJHON CTOPO-
HbI, MBIIILIEHNE, & C JIPYTOi — OIBIT. DTOT CTAPBIil BOIIPOC IPABOMEPEH,
[IOTOMY YTO OTBETUTb HA HEIO — B CYIIHOCTH O3HAYAET YCTAHOBUTH, K
KaKOMY POJIy OTHOCUTCSI BCE HAIlle eCTeCTBEHHO-HAYYHOE [T03HAHUE BOOD-
me. ..» |4, c. 118].

dopmaJsibHas JJOTUKA, KAK MbI BUJUM, BCer/a ObLIa CBsI3aHa, C TTPUH-
nunraabHbIME  butocodpckumu mpodsemamu. C mpeBparineHneM pop-
MaJIbHOH JIOTUKU B CUMBOJIMUIECKYIO B HEMl CTAJI MPUMEHSITbCS CJIOXKHBII
TeXHUYECKUN alnaparT UCUUCIeHUN, a TaK»Ke UCII0JIb30BATHC JTOCTATOY-
HO OoraTble MATEMATUYECKHE CPEJICTBA. B CBSI3U ¢ 9TUM BCTaeT BOIIPOC
O CB43HU JIOTUKHN U MaTEMaTUKHU. HOH&F&IOT HEpeaKOo, 9TO COBpEMEHHasd
JIOTHUKa OTOILIA OT PUI0COPUH, KAK TOBOPUTCH, «YyILIa ¢ (PUIOCOPCKOit
CIIEHBI», CcTaJia 00JIacThbIo pa3paboTok MareMaTukoB. OIHAKO 9TO HE TakK.
Hamporus, cBsa3b dopmasibHoii jjoruku ¢ dpumocodueil crasia 6oJiee TIIy-
OOKO#l 1 MHOTOCTOPOHHEH].

[Ipumenennre MCKyCCTBEHHBIX, (POPMAJIM30BAHHDBIX SI3LIKOB HE yIa-
JISIET JIOTUKY OT PACCMOTPEHUs COJIEPKATENbHBIX JIOTHIECKUX CBS3el 1
OTHOIIECHUM, & CJIYyZKUT CPEJICTBOM, THCTPYMEHTOM PeIIPE3CHTAIUN JIOTH-
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YeCKUX IMPOIEIAYP OJHO3HAYHBIM M cTporuM obpazom. Unaue me crosut
OBl BOIPOC 00 aJIEKBATHOCTU COOTBETCTBYIOMUX popMaausainuit. A KTo
CTPOHUT TaKOro pojia hopMasn3alud, JOIMK WA MaTeMaTUK, HEe UI'DAET
B 9TOM ILJIAHE TPUHIUIUAILHON posiun. VcauciieHust He SBJISIIOTCST «COD-
CTBEHHOCTHIO» MaTemaruku. Eme . @pere ormeuas, 9To npuMeHeHne B
JIOTHKE 0CODOT0 sI3bIKa CUMBOJIOB HE JIEJIACT €€ YaCThI0 MATEMATHKH.

Yro kacaerca tepMuHa «uaocodckasa JOTUKa», TO OH HE WUC-
oJib3yercs: oyiHo3Ha4YHO. Jli0bast jioruka 6a3upyeTcs Ha OIpe/IeIEHHBIX
TEOPETUKO-TIO3HABATEIbHBIX IIPEJIIOChIIKAX, B 9TOM ILJIAHE OHA BCErIa
dumocodpckasi. PuocodCKyio JIOTUKY MOXKHO BBIIEISATH U HA JIPYTOM
OCHOBaHUH. ECin MBI UCIOJIb3yeM B MOCBLIKAX HEHOCPEJICTBEHHO (PUIIO-
codcKue TEepMUHBI U HOHATHs ( «HEOOXOIUMO», «CJIydaiiHO», «BO3MOXK-
HO», «3HAET», «BEPUT», «BCErJIa ObLIO TaK, 9TO» U T. I.) U HA MX CMBIC-
Jlax 06a3upyOTCsS BBIBOJIBI, TOTJA TAKOI'O POJa JIOTUKHU TOIIAIAI0T 0T
TepMuH «DUT0CODCKAS JIOTHKAY.

Kacasich mepcuekTuB pa3BuTHs JIOTUKH, MOXKHO BBIJETUTDH HECKOJIb-
Ko HampasaeHuil. OjHa JUHHUS CBsI3aHa ¢ KOMIIboTepusarueii. Mbl Bu-
JIUM, 9TO B CJIydae MHTYHUITUOHUCTCKOM JIOTMKY UCTUHHOCTH BBICKA3BIBA~
HUsT 0OOCHOBBIBAETCST AJITOPUTMOM IIOCTPOEHUST COOTBETCTBYFOIIETO TI0JI0-
JKeHus Jie1. MO2KHO MPEIIoIOKUTh, 9TO B CJIyUae HOCTPOEHUS ITPOTPaAMM
Oy/eT MPOUCXOIUTH HEUTO aHAJIOIMIHOE, TOJIBKO POJIb aJrOpuTMa OyIyT
UTPATb IPOIPAMMBI — OHHU IIOPOXK/IAIOT HOBBIE 0OBHEKTHI KOHCTPYKTUB-
HBIM IIyTeM 10 mpasujiaM. [1osBSITCS HOBBIE JIOTUKHU, OCHOBBIBAIOIIAECS
Ha 3TuX 3P HEKTUBHO 3aJaHHBIX 00HEKTaX.

PaspaboTka Ha CTBIKE JIOTMKM U MATEMATUKN PA3JIUIHBIX TOIXOI0B
K 3KCITKAIINH TTOHATUST 3(pHEKTUBHOCTH, NCCIeI0BAHNIE POJIU, BO3MOXK-
HOoCcTell u rpanul GopMaJM3aIUil TAKXKE MOIYT BKJIOYATBCS B cdepy
[TOCTPOEHUN SI3BIKOB IIPOIPAMMUPOBAHUSI.

Oco0bIii mHTEpec IpeCTaBjsieT UCIOJb30BaHUE SI3bIKA KaK <«aHa-
JIUTHYECKOTO METO/a». Y TOYHEHHE IOHSITUS BbIPA3UMOCTU (Ompesiesin-
MOCTeﬁ) CBOIICTB, OTHOIIEHUI, ollepaluil B A3bIKaX C TOYHO 3aJaHHON
CTPYKTYPOIl — BBeJIEHNE TAKUX MMOHATUHN, KAK CEMAHTUIECKAS OIPEJICITH-
MocTb («Tr-onpeesuMocTh» ), peKypCuBHasi OLPEIEIUMOCTb, CTAHOBSIT-
Csl CPEJICTBOM BBISABJICHUS XapaKTepoB, 3M@EKTUBHON 3aJJaHHOCTUA CO-
OTBETCTBYIOIIUX CyIIHOCTEH. Tak, ceMaHTUIeCKU HEOIPEeJIe/ UMbl TIpe-
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quKaT (KJIacc) He SABJSETCS PEKYyPCHBHO MEPEUNCTUMBIM U HE sIBIISET-
csl, COOTBETCTBEHHO, aKCHOMAaTH3UPYEeMbIM. PeKypCUBHO OIpeieiuMble B
sI3bIKE IPeIUKAThl U (DYHKIINH PEKYPCUBHBI U 0OPATHO.

Emte onws myTh, CBA3aHHBINA C MEPCHEKTUBON Pa3BUTHS JIOTUKUA —
pacrupenue cdepbl JJorudeckoro. JIoruka ceroaHs BLICTYIIAET HE TOJIHKO
KaK TeOPUsI PACCYKICHUN, HO M KaK OIIPE/IEJIEHHBII aCIeKT II03HABATEIb-
HOHI JeSATEeJIbHOCTA — KAK OCHOBA CXEM ITOCTPOEHUST «KAPTUHBI MUPa».
Bnepseie sty uznero Boiaumnys JI. Butrenmreiin: «J/loruka ne teopus, a
orpazkenue Mupas (2, c. 89, resuc 6.13]. B nosHaBaTespHOl JesiTeIbHO-
CTH MBI BCErJ[a UMEEM JIEJI0 C «KAPTHHAMU MHUPa», C «CETKAMU», Yepe3
KOTOPBIE MBI CMOTPUM HA MUD, & OHU JIOTUIECKNE U UMEIOT JIOTUYIECKUe
ocHoBanus. Jlornka JIeKUT B OCHOBE CXEM IIOCTPOEHUS «KAPTHH MHUDPA».
OcHoBoroJ1araoIe MPUHITAITEL TOCTPOEHUS TO3HABATEIBHBIX CETOK OT-
HOCATCST K cepe JIOTHKA. DTO TO3BOJSIET YTBEPKIATH, UTO JIOTHKA He
TOJIBKO TEOPHUsi PACCYKICHUI, HO U OCHOBA OIPEIEJEHHBIX METO/OB I10-
3HABATEJILHON JIeATEJIbHOCTH.
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Hacrosiiiast pabora rocssiieHa (popMam3anui aHAJTATHIECKOTO TTOAX0/Ia K PEIIEHUIO
3aja4. OOGBIYHO CYMUTAETCsI, UTO 3a/a49a BKJIFOYAET JBE COCTABJISIFONINE — YCJIOBUS U
nesu. YejgoBusa A — 310 TO, 4TO maHO, a ueau B — To, 94To Tpebyercs HAWTH WIu
ocTpouTh. B 9TOM Ciiyyae mpu GpopMaaIbHOM aHAIU3e PEIIeHNe PacCMaTPUBAETCS
KaK HEKOTOpbIN BeIBOJ A F B nenu u3 yciaoeuit 3aja4uu. Takoe InpejicTaBjieHe K-
POKO PACIpOCTPAHEHO, HO CJUIIKOM Y3KO Jjis MPUMEHEHUsI B PeaIbHON MPAKTUKE.
BosbMmeM, HampuMep, 3a7a4dy MOCTPOUTDH YKEJE3HYIO JOPOrY MEXKIY ABYMsS TOPOa-
mu. O4YeBUIHO, YTO CYIIECTBYET MHOIO BapUAHTOB MPOKJIAJIKU JIOPOTU, W YCJIOBUS
peajm3anuy KaxKJI0TO W3 9TUX BAPUAHTOB OYIyT pa3IUUIaATbCs. IJTO O3HAYUAET, UTO
B MOMEHT IIOCTAHOBKHU 3aJ@9Md HET TOYHBIX (DOPMYJMPOBOK HU IEJIM, HU YCJIOBUIA,
9TOOBI €6 MOXKHO OBLTIO TIPEJACTABUTH B CTAHIAPTHOM Bujie. HeoGXomumm TOnoTHITE -
HBIA aHAJUTUYECKHUI 3Tan pemrenus 3aja9u. OH 3aK/II0YAeTCA B MIOCIEI0BATEIHLHOM
YTOYHEHWH LIeJIM U €€ PEeAyKIUu K 6ojiee MPOCTBIM IOMIESIM, KOTOPbIE Ha 3aKJIIO-
YUTEBHBIX IIarax o6pa3yoT COBOKYITHOCTD JOCTATOYHBIX YCJIOBUI PEIIEHUsT 3aa4N.
B npemyraraemoit pabore mocTpoeHO aHAJIUTHYIECKOE UCYUCIIEHNEe, KOTOPOe B OIpejie-
JIEHHO# cTerneHn pOopMaIu3yeT 3TOT MPOIECC.

Kmouesvie caosa: perienne 3a/1a4, JJOTUIECKasT PEIYKIUs, AHATUTHIECKIE TaOIUIbI,
Teopusl OIIpe/ieJICHUN

1. IIpeambysia

BcernomuuM 1Koy ¥ OIHY U3 TUIMUYHBIX 337189 apudMeTHKN, KOTOPYIO B
PA3HBIX BapraHTaX BCEM HAM MTPUXOJMIOCH PEIaTh.

Ectb bacceitn obbemom V' kybudeckux MeTpoB u JBe TpyObl. Yepes
ojiHy TpyOy B HEro mocTymaeT BOJa CO CKOPOCTHIO 7. JIUTPOB B MUHYTY,
a Jepe3 BTOPYIO — BBITEKAET CO CKOPOCTBIO M JIUTPOB B ceKyHIy. Tpe-
OyeTcst OIpeIe/INTh, Yepe3 CKOJILKO MUHYT OacceifH OyaeT HAIIOJHEH 110
KpaesB.

© Ulanax B.N.
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Mpgr coctaBiisiem ypasuenne n X t —m X t X 60 = V' x 1000 u u3 #ero
HaxoauM Bpemst t = V' x 1000/(n —m x 60). 3agaua pemena. Eciau t > 0,
TO OacceiftH HAIIOJTHUTC BOMON depe3 t MunyT, a ecan t < (), TO HUKOTIA.

3asiada 10BOJIbHO paduHUpOBaHHasdA. [IJ1s ee pelleHus TOCTATOYHO
COCTAaBUTH ypaBHEHHE, CBA3BIBAIONICE YKA3AHHDLIE B YCJIOBUU 3aJIa9u Ia-
paMeTphl, U [IOCJI€ STOTO IIPOU3BECTU BBIYUC/IEHUE.

Perenne momobHBIX 387181, HO B OOIIIEM BUJIE, UCCTIEAYETCS B TEOPUN
cunTesa nporpamm [2]. Ecrb onmcanne A(x) npejycsioBuii BbIIOJHEHUS
OpOrpaMMbl, U €CTh ONUCAHUE MOCTYCJIOBUN B(z,y), IpH KOTOPBIX OHA
JIOJIPKHA 3aBepIuThcst. CpercTBaMu HHTYUIIMOHUCTCKON JIOTHKH UITETCST
JokazaTeabcrso popmyisl Vr(A(z) = JyB(x,y)). Ecin nokasarens-
CTBO HAMJIEHO, TO IO €ro IaraM CHHTE3UPYETCsl COOTBETCTBYIONIAS IPO-
rpamMma. DTO BO3MOXKHO OJiaroyiapsi peaju3yeMOCTHOW HHTEPIIPETAINH
MHTYUIIUOHUCTCKON JIOTUKH.

C MomeHTa BO3HUKHOBeHHsI mHTepeca K MckyccrBennomy WHTE-
JIEKTY OTJI€JIbHBIM HAaIpPaBJEHHEM KCCJIEJOBAHUN B €r0 paMKax CTaJIo
anupoBanne Aeiicreuil. OHONR U3 CTaHJAPTHBIX TECTOBBLIX 3a/1a4 siB-
JISleTCsl TUIAHUpOBaHue JieficTBuil B Mupe Kyoukos [8, c. 337-363|, ko-
rIa HAYAJIbHYIO KOH(MUTIYPAIIUO KyOUKOB HEOOXOINMO Ipeodpa3oBaTh B
nesieByio. [Ipu aToM HABOP BO3ZMOXKHBIX JIEMEHTAPHBIX JIEUCTBUIl Orpa-
HudeH. B KadecTBe 9BPUCTUKU MOXKHO BBECTH (DYHKIIUIO PACCTOSHUS OT
TEKYIIEr0 COCTOsAHUSI MUPA JIO IEJIEBOIO U IIPHU IIEPECTAHOBKE KyOHKOB
CTPEMUTHCI MUHUMU3UPOBATL €€ 3HAUEHHUE.

[Tomobubie 3agasn UHTEPECHDBI, HO OYeHb orpanudensl. Havaabnoe u
[IE€JIEBOE COCTOSTHUS B HUX OIMCAHBI ITOJTHOCTHIO U OCTAETCs JIUIb HANTH
IIyTh OT IIEPBOIO KO BTOPOMY B HEKOTOPOM ITPOCTPAHCTBE IIPOMEXKYTOU-
HBIX cocTosiHuii. ['opassio GoJIbINNit UHTEPEC MPEJICTABISIOT 3a1a49u, pe-
IeHne KOTOPBIX TpeOyeT BBIXOJA 38 paMKU U3HAYAJBHBIX YCJIOBUH. DTO
OJIUH U3 OTJIMYUTEJHHBIX IPU3HAKOB TBOPYECKUX 3a/1a4.

Haurewm ¢ mpocToro, BCIIOMHUM, KaK MbI IJIAHUDPYEM JIETHUH OTITYCK.
Henms — xoportio ero mposecTu. Mbl caauMcsa U HaUUHAEM JIyMaTh, Kak
sroro jgoctudb? Ilesb paciiemisiercst Ha ajJbTepHATUBBL. ¥ HAC €CTh BbI-
6Op MEXKTy OTILIXOM JIOMa HA JUBAHE C KHUYKKOM, OTIBIXOM HA JAIHBIX
IpsIKaX, MJISKHBIM OTIBIXOM, OT/IBIXOM HA IIPUPOJIE, AKTHUBHBIM OT/IbI-
XOM, My3efiHbIM U T. JI. Harmu npeainodrenus: onpeaessaior, Kakoi u3 Ba-
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pUAHTOB MBI OyJIeM pacCMaTPUBATDH B MEPBYIO ovdepeib. JlomycTum, MbI
BBIOpaJIU ILI2KHBIA OTALIX. [locse 3Toro Mbl 3a/lyMbIBAEMCs O MECTe, TJIe
ero Jydie Bcero mposectr. OMATh MOSIBIISIIOTCS aIbTePHATUBBI TI0 CTPa-
HAM W 3aT€M II0 FOPOJAM, U OISTh HAINKA MPEIMTOYTEHUS OMPEIECTISIOT,
KaKHe BapMAHTHI MbI OyJIeM paccMaTpuBarTh B HepByI0 odepennb. [locite
TOrO KaK CTpaHa U rOpoJl, BEIOPAHBI, MbI JIOJI?KHBI BEIOPATH TUII Pa3MeIe-
HUS — OTeJIb WIN alapTaMeHTbl. BeiOop ajbTepHATUB OOJIBIION U OCy-
IIECTBJIAETCS. HA OCHOBE IIPEJIIOYTEHU 110 PACIIOIOKEHUIO, TIeHe, 00beMy
npenocTanigeMbix yeayr. Nuadopmariust 06 sToMm H6epeTcs u3 CripaBOIHU-
KOB U CIIENUAJIM3UPOBaHHBIX caiiToB nTeprnera. Ha KoHedHOM 11are Mbr
JOJIZKHBI PEIIUTh, JUO0 caMUM OPOHUPOBATHL MeCTa U aBUAOWUJIETHI, JIH-
60 0OPAaTUTHCS B TYPUCTUYECKOE areHTCTBO. Vcxommas Iesb cBeJaeHa K
IIPOCTBIM JEHCTBUSIM, KOTOPBIE MBI YK€ 3HaeM, KaK OCYIIEeCTBUTh. TaKkuM
00pa3oM, IJIAHUPOBAHUE JAefCTBUI IIyTeM aHau3a CJIOXKHOW U HEI0CTa~
TOYHO UETKO OIPEJIEJICHHON TeJTH CBEJIEHO K IIPOCTBIM JEHCTBUSIM, KOTO-
pble OrpaHUYEHbI PAMKAME YACTUYHBIX OIMUCAHUN TEKYIIEro COCTOSHUS
mupa. Tak ke MBI MOXKEM PacCMOTPETb W JIPYTUe BAPUAHTHI OTIBIXA,
CPaBHUTDL UX U BBIOPATH HAMOOJIEE MPEANOUTUTE/ILHDBIN.

Heobxoanmo obpaTuTh BHUMaHNE Ha BayKHOE OTJINYNE PEITeHNS 3a-
Jad 110 TIAHUPOBAHUIO JAeHCTBHUI, CBA3AHHBIX C NPeobpasosaHuem TEKy-
IIIEr0 COCTOAHUS MHUPA, OT 3a/1a9, KOTOPble MOXKHO Ha3BaTh CMAMUYE-
crumu. B mociaemnux 3amadax MBI CBOAMM KX PEIIeHHE K PEeIeHuio 60-
Jiee TIPOCTHIX 33184 U B KOHETHOM CcUeTe K HAXOXK/ICHUIO 3HaYeHnil Hen3-
BECTHBIX mapaMeTpoB. [locie 9TOro MblI IPOCTO CHHTE3WPYEM peIeHue.
B sajmavax miaHupoBaHUsi JEWCTBUIT MBI TOXKE CBOJIMM PEITEHHUE CJIO0XK-
HBIX 33129 K PEIeHnio 00Jiee MPOCTHIX, HO HA KOHETHOM ITAIIE TPUXOIM
K 3JIEMEHTAPHBIM CATYAIUsIM, KOTOPBIE TIOKA UTO HE UMEIOT MECTa B MU-
pe. U tenepn, 9TOOBI pemmTh TAKYIO 3329y, MbI JOJI2KHBI BBIITOJIHUTH
HEKOTOPLIE JIeCTBHSA, HAIIPAB/JIEHHbIE Ha TO, YTOOBI 3TU 3jI€MEHTapHbIE
CUATyaIlud, K KOTOPBIM MBI CBEJIU 33Jatdy, nMeaun Mecto. Hampumep, Mbl
cBeJIH 33189y 00 OTIBIXE K TOMY, YTOOBI 3a0pOHHPOBATHL MECTa B OTeJIe U
KyIUTH OUJIETHI JIJIsT TTOE3IKU. DTO MbI U JIOJI?KHBI CJIEJIATH, ITOOBI OTIBIX
COCTOSLIICS.

Paccmorpum erie oy TBOpUeckyio 3amady. Houbio Ha Gepery mo-
psI MBI HAIIUIM IyT'YHHYIO Ha BHJI TUp0 (G U XOTUM y3HATH, MOYXKET JIH
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BHYTpHU Hee ObITh CHpsITaHO 3010707 HuKakoro o4eBu HOTO penrenus He
[IPOCMATPUBAETCsI, Ha 3yD He mposepulib. [loaroMy MBI pegynupyem Ha-
JaJbHYIO 33/a9y K IBYM a/JbT€PHATHBAM, KOTODPbIE ITEPBLIMU ITPUIILIN
HaM B ToJioBy. llepBas ajbTepHaTHBa — PACIHIATH M IIOCMOTPETH, &
BTOpasi — CpaBHUTH ¢usndeckue napamerpbl G ¢ mapameTpaMy THPH
Gy B TOM ciydae, ecau Obl OHa JeHCTBUTEILHO ObLIa M3MOTOBJIEHA U3
gyryHa. [lepByto anbprepnarusy BeiOpast llypa Basaranos, Mbl Beibupa-
eM BTOpyio. I3 Bcex mapamMeTrpoB HAaMOOJIBIINI WHTEpPEC IPEeICTaBIsSeT
BeC TUPH, TIOCKOJIBKY HaM U3BECTHO, UTO IJIOTHOCTD 30JI0Ta IMOYTH B JIBA
C TOJIOBUHOM pasa OOJIbIe IJIOTHOCTH YyTyHa, W MMO3TOMY Bec Tupb GG
u G JIOJIKEeH 3aMeTHO OTIn4aThbest. Bec rupu GG JIerKO ONPENE/InTh IIy-
TeM B3BEIUBAHUA. DTO MBI CIEIaTh MOXKEM, Yy HAC O PYKON OKa3aJIiCh
Becbl-0e3MeH. BTopoil Takoit »Ke, HO MOJHOCTHIO UyT'yHHOI T'MpPU Y HAC
uer. ITosTomy Ham ocraercst npubernyTh K Teopun. Bech rupu Gy BbI-
qucysiercs 1o dopmyie Pgg = mao X g = V X pep X g. ILnoTHOCTS 9yTyHA
Peh ¥ YCKOPEHME 36 MHOI'O TATOTEHUSI § MbI IIOMHUM CO IIKOJIbHOI CKAMBbH,
OCTAJIOCH JIMIIE ompeaeanTb oobeM V. Ho kak aTo cuemars? OmgHa ajb-
TepHATUBa — HaOpaTh B KACTPIOJIIO BOJLY JI0 KPAeB, OIIYCTUTH B HEE TUPIO,
cobpaTh B MEH3YPKY BOJY, KOTOPas BBLILETCS U3 KaCTPIOJU, U Y3HATH
obbem V. Ho y mac na Oepery mMopsi HET HU KACTPIOJIH, HU MEH3YPKH.
3HaYnT, 3Ta aJbTepHaTHBa HaM He moaxoauT. Ho ecTb apyras ajbTep-
HaTtuBa. MBI OIISITH TTOJBEITNBAEM TMPIO Ha Oe3MeHe U OIyCKaeM ee B BO-
1y, 9T00BI U3MepuTh Bec Pry, rupu B Boge. CoracHo 3akoHy Apxumena
Pgw = Pg—V X py X g. Orcrona mbl ostyaaem V = (Pg — Paw)/ (pw X g)
U, TIOJICTABUB B IEPBYIO (hOPMYILy, Y3HAEM BOXKIEJCHHOE 3HAUEHUE BECa
Pgo = (Pg — Pgw) X peh/puw, KOTOPOE ¢ TOYHOCTBHIO JI0 TIOTPENTHOCTH
n3MepeHnit Hamero 6e3MeHa copmagaer ¢ Pg.

3ajlaun JIAHUPOBAHUSI OTIIYCKA M IOMCKA 30JI0Ta B UyT'yHHOU I'H-
pe ABJAI0TCH AJeCTBUTEIBHO TBOPYECKUMU, ITIOCKOJIbKY JJISl UX PEIIeHUs
TpebyeTcs BLINTH 3a IPAHUILI TOrO, YTO JAHO H3HadaabHO. [Ipu sTom
[TIOMCK PEIIeHNs He SBJISeTCA OeCCUCTEMHBIM, a 3aK/JII0YaeTCs B yTOTHe-
HUW UCIIOJIb3YEMbIX IIOHATUN U UX IIOCJIELYIONIEH JOrMIeCKON PelyKIUN.
Baaromapst aToMy MBI He yHaJIeMcs OT TEIN CJIydaifHbIM 00pa3oM, a pe-
JIEBAHTHO PACIIAPSIEM II0JIe IOKUCKa BOKpYyr Hee. OYeBHIHO, 3TO CHILHO
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OTJIMYAETCS OT METOJOB CHHTE3a IPOIPaMM U IIJIAHUPOBAHUS JefiCTBUI
B MUpe KyOUKOB.

2. B mouckax meronaa

[Ipobirema 1moncKa PEryJIsIPHBIX METOJOB PEIIeHHsT TBOPYECKHX 3aatd
HMeeT JABHIOK UCTOPUIO. MOKHO BCIIOMHUTL 3HAMEHUTLIE «IIpasuia 0Af
pykosodcmea ymas P. Hexapra [1], rue nepedancisiorcest u 00bsICHIOTCS
[IpaBUjia, KOTOPLIM JOJIKEH CJIEIOBATL YUEeHBIH B cBoell padbore. MoxKHO
BCIIOMHUTD JIeliOHUIIa U ero UIei0 yHUBEPCAJLHOTO UCIUCIEHUST, KOTOPOe
ITO3BOJISITIO OBl €MHOOOPA3HBIM CIIOCOOOM HAXOINTL OTBETHI Ha JIIOObIe
Pa3yMHO IOCTaBJIEHHBIE BOIIPOCHI.

B mame Bpemsi Ha Temy moucka OOIUX METOJIOB PENIEHUs 3aJ1ad
muoro mwmcan [I. Tloitsa. IIIupokyio M3BeCTHOCTH MOJIYYHJIM €r0 KHUI'H
«Mamemamumneckoe omxpwmues [4] u «Mamemamuka u npasdonodob-
note paccyocdenusny [3]. Orrankusasich or uieit lekapra, o obparaer
BHUMAHNE Ha IBPUCTUIECKOE HUCIIOJb30BAHUE MHJIYKTUBHBIX PACCYKJIIE-
HUN ¥ PACCYXKJEHUIl 10 aHAJOTHH, KOTOPBIE OUCHb TaCTO TOMOTAIOT B
IIOUCKE PEIICHUA.

Ota npobisiema uHTepecoasia B.A. Cmupnosa. B craree «Teopue-
CMB0, OMEPBIMUE U A02U%eCKUe Memodv. noucka dokazamesvemeas [7|,
OH XOTEJ <«...O00pamumb SHUMAHUE HG HOBLE BO3MONCHOCTIU UCTLON-
306GHUA NOLUYECKUT MeMOJ08 U Udell 8 UCCAeI08aHUYU UCKAIOHUMEND-
HO CAOHCHOT NPOOAEMAMUKY NOUCKG, OMKEPOIMUA U Meopywecmsas |7,
c. 447], cauras, 9T0 «0dHa U3 yeael HaYKU — cO30aHUE MUNOBHIT MEMO-
008, NO3BOAANOUUL CNAHIAPMHBIM 00PA30M PEWAND UEALE KAGCCHL 30~
dav. B amom ommnoweruy rapaxmepHo coommuoulerue HecmaHoapmmozo,
MBOPUECKO20 U CIMAHIGPMHO20, PYMUHHO20 MOMEHMOE 6 NOUCKGT Peule-
Hua 3adad. Bes naruvus memodos 3adava mooscem buimyd cyaybo meop-
yeckoti. Cozdanue memoda pewerus npespauLeem meopueckyro 3a0ayy
6 cmandapmmuyro. Teopueckas deamesbHocmd nepexrodum om peuerus
camoti 3adavu K co30anuI0 Memodo6 ee pewenud. Imo TapaKkmepHo He
MOABKO OAA NO3HABAMENLHOT, Hayuhol deamenvrocmu. Cosdanue mex-
HUKY, 0pydutl mpyda, MeTHOA02UU OCHOBAHO HA oM dHce “obpaweruy”
meopueckol deamesvnocmus |7, c. 446].
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CTpeMuTebHOE pa3BUTHE COBPEMEHHDBIX TEXHOJIOTUH TPUBEJIO K TO-
My, UTO IOUCK ODOIIMUX METOJIOB PEIeHMs 3aJiad [TEPEMECTUIICS U3 TeO-
PETHUYIEeCKON TIOCKOCTH B MPAKTUIECKYIO. B KadecTBe mMpmMepa MOXKHO
npusectu paboret T. Caaru [5, 6]. OH npeIoKII METO/| AaHAIN3a Hepap-
XUl 1eJieit, KOTOPBIN cpa3y NpuBJEK K cebe pHuMaHme. 3acayra Caarn
3aKJII0YAETCS B TOM, YTO €r0 METO/T MMO3BOJISIET OTHOBPEMEHHOTO YUNUThHI-
BaTh MHOI'ME KPUTEPUH IIPEJIIOYTEHNsI IPH OIlEHKe nepapxuu Ieseii [6,
c. 24-27|, HO B HEM He COJEPXKUTCsI HUKAKUX [PABHJI TOCTPOCHUST CAMIX
nepapxui.

Ha npaxmure e cyuecmayem ycmanosaennot npouedypsvt enepu-
POBaHUA Ueael, KPUMePUes u 6udo8 JeAMeAbHOCTU OAA BKAMOUEHUA 6
uepaprulo uAu dasice 6 boaee obwyro cucmemy. Mo 3a6UCUM OM MeT
yeaetl, Komopoule Mol 8blOUPLEM ONA OEKOMNOZUUUYU CAOHCHOT CUCTILEMDbL.
Ob6viyn0 ama nPpouedypa HAYUHAEMCA C USYUEHUA AUMEPATNYPDL 048 000-
20ULEHUS MOICAAMU, U YGCNO, SHAKOMACH C YYAHCUMU PAOOMAMU, MbL KOK
OvL MPOxToduM “epe3 cmaduro Mo3206020 UMYPMA OAA COCTNABAEHUS Te-
PEUHA BCET KOHUENUUTL, CYWECTNEEHHDIL OAA 30004, HE3ABUCUMO OM, UL
coommowernus uau nopadra |5, c. 20].

Hecmorpst na s10, paborer CaaTn mMOJTyIHIN MTHPOKYIO U3BECTHOCTH
U MHOYKECTBO ITPAKTUIECKUX [TPUJIOXKEHU, ITO TOBOPUT O BOCTPEOOBaH-
HOCTH TaKOTO POJIa UCCIIETOBAHMIIA.

3. OcnoBuas uaest

Ecnu nenb, nin 3amada, onncaHa B BUIE MPEIJIOKEHNsT JOTUKH TIPEIN-
KaTOB, TO ee MOXKHO PeIyIupoBaTh K Habopy mnoaneneii. Ho B bosbma-
CTBe JEHCTBATEILHO WHTEPECHBIX CIYyJaeB IejIb He ObIBaeT OIMHCAaHa Ha-
CTOJIBKO ITOJIHO, YTOOBI JIjIsI €€ PeIleHus] ObLIO JOCTATOYHO OJHON JIMIIh
JIOTUYIECKO peayKiuu. B mepBoHavaIbHOM OIMMCAHUHN 1€/ MOTYT BCTPe-
qaTbCsl TEPMUHBI, KOTOPBIE HYKIAIOTCA B JIOMOJHUTEIHHOM YTOUYHEHUN.
OTO UPUBOJIUT K PACHINPEHUIO SI3LIKA, OIIMCAHNUSA 38,891 HOBLIMU IIOHSTH-
gamu 1 repmudaMu. OHE 100aBJISIIOTCS B SI3BIK HE CJIyYaiiHBIM 00pa3oM,
a UMEIOT TO WJIN WHOEe OTHOIIEHNEe K OCHOBHON IE/IN WJIN €€ TOMIIE/ISM.
JlorudeckuM MHCTPYMEHTAPUEM, KOTOPbBIH ITO3BOJISIET COBMECTUTH
AHAJIN3 TIeJIel C paCIIIPEeHneM PaINnyCca TOUCKa, JTOIMOJTHUTEILHON NHEOP-
MalliK, sIBJIsSIeTCsI Teopus onpeieaeHuii. OupegeaeHus MO3BOJIAI0T YTOY-
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HATH (9KCIUIUIMPOBATDH) IEJIN-TIPEIUKATHI, pa3jaras UX Ha JOTHIeCKH
CBsI3aHHBIE MTOMIIIE/IN, 3aTEM Ha IMO-TIo/Ies i u T. 1. [Ipu sTom momyckaer-
Cs1, 9TOOBI B OIIPEJIEJIAIONIEN YaCTU IPUCYTCTBOBAJIN TEPMUHDI, KOTOPBIE
B OyIyIIeM Tak»Ke MOTPEOYIOT SKCIINKAIIAN.

Ha mare yrounenusi TepMUHOB sI3bIKA ITPOUCXOIUT BMEIIATEIHCTBO
cyobekTuBHOrO (hakropa. OT TOro, HACKOJIBKO YJAIHO BBIOPAHO OIpeie-
JIEHEe TEPMHUHOB, MOYKET 3aBUCETDH YCIIEX B PEIEHUN BCell 3aJladu.

J1J1sT IPOCTOTHI NAJTHHENIIETO W3JI0YKEHUST MBI OIPAHIMINMCS KOHE'-
HBIMU MPEIMETHBIMU OOJIACTSIMU, B KOTOPBIX KAaXKJBIH WHIUBUJ, MOYXKET
ObITh momMeHoBaH. [Ipy 3a/jaHUN CEMAHTHKH SA3bIKA 9TO ITO3BOJIUT HUC-
[OJIb30BATH [OJICTAHOBOYHYO HHTEPIPETAIUI0 KBAHTOPOB [9].

4. Cxema g3bIKa

Tak Kak sI3bIK OIACAHUS 3aJa91 B XOJI€ €€ pelIeHnsd MO2KET PaCIIupPATh-
Ced, MbI 3aJlaJlUM HE CaM A3bIK, a CXEMY, yYKa3aB, 9TO MOXKET BXO/IUTH B
€ero cocCcran.

WUcxogabie ciMBOJIBI
1. Sort — KoHeYHOE MHOXKECTBO COPTOB;
2. Var — KoHeYHOE MHOXKECTBO UHJIUBUIHBIX II€PEMEHHbBIX;
3. Const — KOHEYHOE MHOXKECTBO UH/IUBUJIHBIX KOHCTAHT;
4. Pred — KOHEYHOE MHOXKECTBO MPEIUKATHLIX KOHCTAHT;
5. &,V, — JIoru4ecKue CBSI3KU;

6. V,3 — kBaHTODSHI;

Kaxkmoit mumuBuaHONl TlepeMeHHON xeV ar M KaxKIoi KOHCTAHTe
¢ € Const conocrasyen ux coprt s € Sort. Ilpu HeobxomumocTn OyaeMm
0603HAYATH 9TO IIOCPEICTBOM X /S U ¢/S.

Kaxpmoit n-mectHoii mnpeamkaTHoil KoHcTante P™ Tak»Ke COIO-
CTaBJIEH COPT, MMEIOIINI BUJ KOPTEXKa COPTOB €€ apryMEHTHBIX MeCT
(S1,...,8p). DTO MBI Oy/IeM 0003HAIATE HOCPEICTBOM P /(s1,. .., sp).
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Dopmybl

1. Ecmm ti/s1,...,tn/sn € ConstUVar, P € Pred, P/(s1,...,Sp), TO
P(t1,...,t,) — (aromapHasi) dopmyJia.

2. Eciim A u B — dopmyisr, to = A, (A&B), (AV B) — dbopmybl.

3. Eciim x € Var u A — dopwmyaa, To VoA, dx A — dopmyasl. B Tex
clydasix, KOrja HeoOXOINMO SIBHOE YKa3aHie Ha COPT IOJKBAHTOP-
HOIi TIepeMeHHOIt, MblI 6yJjIeM HCII0JIb30BaTh 3anuch Vo /sA, Jx/sA.

4. Huuro npyroe dhopmysioit He siBISETCS.

Onpenenenust

Ecau P/(s1,...,S,) — IPEIUKATHBIH CUMBOJI, HE UMEIONIUI BXOXK-
nmenuii B opmyiny A, Bce cBOOOIHBIC NHINBUAIHLIE IIEPEMEHHBIE KOTOPOI
cojiepxkarcs cpe X = (r1/81,...,%n/Sn), TO ONpeeeHneM GyieM Ha-
3biBaTh hopmysibl Buja Vx(Px = A), tiae “Px = A” — obbluHOE COKpa-
menne st (Px&A) V (-Px&—A).

Coryamenne o6 0b003HaYEeHUAX

1. Ecom S — muO)kecTBO bopMyIT sI3bIKa, TO mocpeactsoM L(S) obo-
3HAYUM SI3bIK, KOTOPBILI CONEPXKUT JIMIIL T€ COPTa, UHIMBUIHBIC
HepeMeHHbIe, KOHCTAHTBI ¥ IPEINKATHBIE CUMBOJIBI, KOTOPBIE NMe-
IOT BXOXKJICHUS B (POPMYJIbI MHOXKECTBA, S.

2. 3amuch VXPxX Oyaer HUCHOJIb30BATHCA KaK COKpalleHue I
Vay ... Ve, P(x,...,2,), a Pt — cokpamenune jyist P(ty, ..., t,).

5. IlIpaBujia ucumucieHus

Ncuucsenne mbl OyjieM CTPOUTH B BUJE aHAJIUTUIECKUX TaOJIUI, UMEO-
X BHUJ, JE€PEBa. JTO CaMblii €CTECTBEHHBIN CII0COD IPeICTaBICHUS Pe-
aykiuu dpopmyst. OOBIYHO PA3INYIAIOT AHAJIUTUIECKUE TAOJIUIBI B BUJIE
JepeBa popmyi, kKak y CMajuibsiHa, 1 TaOJIUIBI B BUJIE JIEPEBa MHOXKECTB
dopwmyi, kak y Ourruara. B namem cirydae 6ostee yao0HBI TaOJIHIIEL, y3-
JIBI KOTOPBIX UMEIOT BuJ, MHOKecTB (popmys. Kpome sToro, muoxkecrsam
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dopmyt y371a OyIeT COMOCTaBIeH UX I3bIK. I 9TOro HaM moTpedyIoTCst
TPHU MeTallepeMEeHHbBIE, KOTOPbIE MOI'YT U3MEHSThHCS B IIPOIECCE TTOCTPOE-
HUs TAOJINIL:

1. L — a3bIK;
2. Def — MHOXKeCTBO OIIp€Ie/ICHHIA;

3. Mod — MHOXKeCTBO 3aMKHYTBIX aTOMAPHBIX (DOPMYJT UK UX OTPU-
HaHuii (MOZEIEHOE MHOYKECTBO).

JList ipejicTaBieHns y3710B MbI OY/IeM UCIIOJIb30BATH 3aIlUCh, COJIED-
JKAIYI0 yKa3aHue Ha MHOXKeCTBO 1ejieil Aim n meranepemenssie L, Mod

u Def:
L,Mod, Def F Aim

3Hak “F’ ucHoJyb3yercst, YTOOBI MIPU 3aIIUCH IIPOCTO OTAEIUTH MHO-
XKecTBo neseir Aim or asbika L, MozenbHoro Muoxecrsa Mod u MHO-
»xecTBa onpenesiennit Def. Hukakoro J0moJHUTEIBHOIO CMbBIC/Ia OH He
Hecer. Hauanbublit y3en nepesa umeer suy L(Aim), &, @ = Aim. Pop-
MyJIbI MHOXKeCTBa Aim 3aMKHYTBI. KoHEUHOM 3a/avueil peyKIun sBJs-
ercs IOCTPOEHHE MOZENH, B KOTOPOH OYAYT HCTUHHBI Bee hopmyanl Aim.
[IpaBuia penyKnuu AeiadaTcs Ha U€ThIPE TPYIIILL:

1. mpaBmJia JIOTMYECKUX CBSA30K;
2. mpaBuia KBAHTOPOB;
3. MpaBUJa JINTEPAJIOB,;

4. IIpaBuJia 3aMbIKaHUI.

B dopmynupoBkax mpaBus peayKinu Mbl Oy/ieM yKa3bIBaTh MeTa-
nepemennbie L, Mod u Def suimb B Tex cilydasx, KOIJa UX 3HAUCHUS
SIBJISTEOTCST YCJIOBUSIMEU TTPUMEHEHUSI IIPABUJI UJIH U3MEHSIIOTCSI B PE3YJib-
TaTe Takoro npuMmenenus. [Ipu bopMyaunpoBKe IpaBuil peLyKInu 3aluch
F S, A caenyer nonnmars kak .S U {A}, rae S — muOKecTBO hopMyII
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(BO3MOXKHO, IyCTOE), & 3aluCh S4 CIeIyeT MOHUMAThL KaK COKPAIICHUE

st S\ {A}

IIpaBusia cBsa30K

(=) S, ——A
S, A
(&) F S, (A&B) (&) F S, —(A&B)
- S(aen), 4, B FS_(aen)y—A | F So(aen) B
FS,(AV B) FS,—(AV B)

V) FSave) Al F Suavs), B (=v) F S (avp), 74, B
[TpaBusa yist JIOTUYECKUX CBA30K HE TPEOYIOT 0COOBIX KOMMEHTAa~
pueB. Ecium HaM HY2KHO MOCTPOUTH MOJEIb JJIsi MHOYXKECTBa (DOPMYJI
SU{(A&B)}, To sy1st 9TOrO JIOCTATOYHO IIOCTPOUTDH MOJIEJD JIJIsi MHOYKe-
crBa bopmyit S( 44 p)U{ A, B}. AHATOrIHO, ec/ii HaM HyKHO TIOCTPOUTH
Mogiesh st MuoKecTBa hopmysn SU{(AV B)}, To y3en nepesa peryKIuii
pacuieligeTcd Ha JBe BETBU, T. K. JOCTATOYHO ITIOCTPOUTH MO/IEJ/Ib JIJIsd
muOKecTBa hopmyst S(aypy U {A} wmn ars muokectsa Sy p) U {B}.

IIpaBusia KBaHTOPOB
) LIS Vx/sA
Ly CORSt/S - SV:):/SA U {A[c/'r]}cEConst/s
F S, —VzA
F S_vea,dJxA
LE S 3Jx/sA
e | LU {ci/s} F ng/sA,A[ci/ac] | RN
FS,—dzA
3 v
F S_gpa, VA
Cwmbicst npasuia (V) 3aKII09a€TCst B TOM, 9TO €CJIU Mbl XOTUM CHSITh
KBAHTOP BCEODOITHOCTH, TO HEOOXOIMMO yKa3aTh HAOOP BCEX WHIUBU]I-
HBIX KOHCTAHT, KOTOPbIE UMEIOT TOT K€ COPT S, YTO U IOJKBAHTOPHAA
nepeMeHHasi /s, u JobaBuTh uX K si3biky. Popmysna Vr/sA samemaercs

mHOzKecTBOM Beex hopmyat {Alc/x]}eeconst /s, TOTYTAEMBIX MOICTAHOB-
KOI BCeX BO3MOXKHBIX KOHCTAQHT COPTa S BMECTO nepeMeHnoi x. ITocie

(=¥)

€)

Const/s ={c1,...,cn}
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nepBoro ciaydas gobasienns K 36Ky L U Const/s Bcex KOHCTAHT COpP-
Ta $ OHM y¥Ke He U3MeHsITCsi. To ecTh pU MX MOBTOPHOM BBEJICHUU B
pesyibrare npuMenenns npasuia (V) K apyrum dbopmysam ¢ HojKBaH-
TOpHOIT Iepementoit /s umeer mecro L = L U Const/s.

Cwmpbica npasuia (J) aHaJoOruyeH IpejblIyIIeMy, HO Ha STOT Pa3
JIEPEBO BETBUTCSI M MOTOMKAMHU y3J1a TabJIUIIbI SIBJISIETCS HE OJINMH, & MHO-
JKECTBO y3JIOB 110 YUC/IY WHIUBUJIHBIX KOHCTAHT copTa S. Ilpu sToM HeT
HEOOXOMMOCTH JTOOABIATh K SA3BIKY Cpa3y BCE KOHCTAHTBI COPTa S, a
nocrarogao qobasurb LU{c;/s} b Ty, Ha KOTOPYIO CHUMAETCsl KBaH-
TOp. DTO OUEHb BAyKHOE 3aMEUYaHNe, T. K. CJIYKUT JIa3eiKoil 11 paboThl
¢ GECKOHEYHBIMHE TIPEJIMETHBIME OOJIACTSIMH.

IIpaBusa sutepasion

Skt IpaBuJia ABJIAIOTCA KJIIOYEBBIMU B (bOpMa.HI/I3aHI/II/I aHaJINTHU4e-
CKOI'O MeTO/JJa aHaJIu3a 3aJda4v.

(P.1) Mod, Def = S, Pt
" ModU{Pt},Def - Spy’
upu yciosuu Pt ¢ Mod u Vx(Px = A) ¢ Def

L, Mod, Def + S, Pt
LUL(A),Mod, Def U{Vx(Px = A)} - S, Pt’
upu yciosuu Pt ¢ Mod u Vx(Px = A) ¢ Def

(P.2)

Mod, Def = S,—~Pt
ModU{=Pt}, Def - S_pt’
upu ycnosuu Pt ¢ Mod n Vx(Px = A) ¢ Def

(~P.1)

L,Mod, Def - S,—Pt
LUL(A),Mod, Def U{Vx(Px=A)}+ S,-Pt’
upu yciosuu Pt ¢ Mod n Vx(Px = A) ¢ Def

(~P.2)

DefuU{vx(Px=A)} S, Pt

D) Def U (vx(Px = )] F Spe. Alt/x]

DefU{vx(Px=A)}+ S,-Pt

(=D) Def U{Vx(Px = A)} - S_pt, "Alt/x]
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(El) ModU{A}F S, A
ModU {A}F Sa

Ecnu B xoje pejyKIuu 1ejin Mbl IPUILIE K aTOMapHOH (opMy-
ge Pt, mist peanKaTHOTO CHMBOJIA KOTOPOW HET OIMpeJeSeHusT BUIa
Vx(Px = A), 1. e. 1Ba BapuaHTa JajbHEAIIEro mocTpoenus Jjepesa. B
nepsoM ciaydae (P.1) Mbl cauTaem, 9TO JAdbHEAIIAs PEYKIHs HE SB-
JIsIeTCsl HeOOXOMMMOM, T. K. UCTUHHOCTHOE 3HaYeHne (POPMYJIbI MOYKET
OBITH YCTAHOBJIEHO IIYTEM HEMOCPEJICTBEHHOTO COOTHECEHUsT ¢ (haKTIIe-
CKHUM COCTOsTHHEM MUpa. [oaTomy MbI jTobaBisieM (hOPMYITY K MHOKECTBY
Mod. Bo Bropowm cityuae (P.2) Mbl cauTaeM HEOOXOAUMBIM Pe/IyIIIPOBATH
JIAHHYIO (DOPMYJTy W JJIsT TOTO MPUHUMAEM OINpeJIeJeHNe MPeIuKaTHO-
ro cumposia Vx(Px = A). IlpunsiB ero, Mbl JOJIKHBI PACIIUPHUTD SI3bIK
COpTAM¥, WHIWBYIHBIMU MEPEMEHHBIMU, KOHCTAHTAMM ¥ PEJIUKATHBI-
MU CUMBOJIAME, KOTOPbIE NMEIOT BXOXKICHUS B JePUHUEHC ONPEIe/ICHNs,
T. e. B popmyiy A.

Cwmobica mpasui (—P.1) u (—P.2) aHajormden mpeIbLy M.

IIpasmwia (D) u (-D) — 970 3aMeHa NPEJIUKATHOIO CHMBOJIA Ha
OCHOBAHUY PaHee IPUHATOIO OIIPEIeJICHHUSI.

[Mpaswio (El) rosopur, 4to ecsu 1meeBasi bopmyria A yke coiep-
JKUTCS B MOZEIbHOM MHOXKecTBe M od, TO ee MOXKHO yIaJuTh U3 MHOYKE-
CTBa ILeJIei.

HpaBI/I.TIa 3aMbIKAHUA
-8, A A
(%)

Mod U {Pt,~Pt} + S
%)

(@.1)

(2.2)

CMBIC/T TIpaBUJI 3aMBbIKaHUSI JOCTATOYHO OYEBUJIEH. Kcau MBI mpu-
IIJTM K TPOTUBOPEYHIO, TO BETBb JI€PEBA CUUTACTCI 3AMKHYMOU U UC-
KJIIOYaeTCsl U3 JIaJIbHENIIIEr0 PACCMOTPEHUSI.

BerBr  1epesa, KOHEYHBIII  y3eJl  KOTOPOH  mmeeT  BHUJ
L,Mod,Def - @, Oymem Ha3biBaTh 3a8eputeHHoti, IOCKOJIbKY K
HeMY He IPUMEHUMbl HUKaKHe IIPaBUjla PeTyKIUN.
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Bynem ropopursb, U4TO Ueab dOCTNUMNCUMG, €CIIU IEPEBO PELYKIIHI
HMeeT XOTsI ObI OJIHY 3aBepIIeHHYI0 BeTBb. Ileab Hedocmuoatcuma, eciu
BCE BETBHU JlepeBa PeIyKINil 3aMKHYTHI.

6. Mogenn
Mogeibio 6yiem nasbiBatTh napy suga M = (Mod, Def), riue

1. Mod — mekOoTOpOe MHOXKECTBO 3aMKHYTBHIX aTOMAPHBIX (POPMYJI
WJIA UX OTPUIAHUMN;

2. Def — MHOXKeCTBO OITpeIeJIeHHII;
3. Ecim Vx(Px = A) € Def, 10 Hu Jyisi KaKuX T€PMOB t He BEPHO,

yro Pt € Mod nnu =Pt € Mod .

Omnpenenum ornorerne M E A — «gpopmyaa A ucmunna 6 modeau
M», rne A He conep:KuT CBOOOIHBIX TEPEMEHHBIX.

1. (Mod,Def)E Pt < (Vx(Px=A)¢ Def u Pt e Mod) win
(Vx(Px = A) € Def u (Mod, Def) E Alt/x])

2. (Mod,Def) E-Pt & (Vx(Px=A)¢ Defu—-Pte Mod) nnm
(Vx(Px = A) € Def u (Mod, Def) F -A[t/x])

3. ME(A&B) & MEAuMEDB

4. MF—-(A&B) & ME-AwmME-B

5. MF(AvVB) & MEFAuwmMEB

6. ME~(AVB) & ME-AuMFE-B

7. M EVz/sA < MEFE Alc/z]| nist kax10ii KOHCTAHTHL ¢/ S

8 MEF-VzA <& ME3dJx-A

9. ME3x/sA <« ME Alc/x] niast HeKOTOPOi KOHCTAHTLI ¢/ S

100 ME-3dzA & MEVz-A
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7. Teopema ajieKBaTHOCTH

TEOPEMA 1. ITycmov L(Aim), 2, @ F Aim — navasonodl ysea depesa,
a L,Mod,Def b @ — xoneunwti yzea o0noti us 3a8epueHuvr semaetl.
Tozda daa ecakoti popmyave A € Aim umeem mecmo (Mod, Def) E A.

JlokazaTeabCcTBO MPOBOIUM UHIYKIMEH 110 IOCTPOEHUIO JIepeBa.

JIOKABATE/ILCTBO. BpoigeqnMm BeTBb JepeBa € KOHEYHBIM — y3-
gom L,Mod,Def F @, wu mnokaxkem, dYTO [Jisi BCSIKOIO y3Ja
L’ Mod’, Def’ F S’ sroii BerBu m Besikoit dopmyiabsl B € S’ umeer
mecro (Mod, Def) E B.

Basuc naaykIimn

Tak kax ysen L,Mod, Def + & siBiasiercss KOHEUHBIM, TO TPH-
BHAJILHBIM 00pa3oM JjIst Kakjoii dopmysisl B € & umMmeer Mecro

(Mod, Def) E B.
NuayKnmoHHbIii miar

Pacemorpum yzen L', Mod’, Def’ = S°, B B 1peAlioioKeHUu, 9TO
JJIgl BCEX HUZKECTOLAINNX Y3JIOB Hallle YTBEP2KJICHNE BbIITOJIHACTCA.

Caywat 1. @opmyna B umeer Buj Va/sD u K Heil ObLIO PUMEHEHO

upasuio (V)

L’ Mod’, Def’ v S’ Vx/sD
Lu CO’I’LSt/S, Mod’, Def’ = S’Va:/sD U {D[C/x]}CEConst/s

Torja menocpeacrsenHo cienyromuii ysen st Becex ¢ € Const/s
conepkuT dopmynsl Buga D{c/x], 1 110 MHIYKTHBHOMY OILyIIEHUIO JIst
Kaxk 101t u3 Hux umeer Mecto (Mod, Def) F Dlc/x]. Orciona no onpese-
JIEHUIO UCTHHHOCTH B Mojesn nouydaeM (Mod, Def) EVx/sD[c/x].

Cayuati 2. @opmyna B umeer Buj Jr/sD u K Heil GbLIO MPUMEHEHO

npasuio (3).

L', Mod’, Def’ - §°,3x/sD
| L’U{ei/s}, Mod’, Def’ = S'54/5p, Dlci/z] | ...
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Torna amanusupyeMoil BeTBU JlepeBa NPHUHAJIEKUT OJUH U3
HEIOCPeICTBEHHO cuieytonux y3iuoB suga L’ U {c¢;/s}, Mod’, Def’ +
S’34/sD Dlci/x] nis mekoropoit KoncranToi ¢;/s. Ilo mapyxTuBHOMY JT0-
nymenuto umeer Mecro (Mod, Def) E Dlc;/z]. Orciona o onpe/iesieHIIo
ucTuHHOCTH B Mozesn noiaydaeM (Mod, Def) E 3z /sD.

Cayuat 3. Popmysta B umeer Buy Pt u K Heil ObLJIO TPUMEHEHO ITPABUIIO
(P.1) upnu Bomosnennu yciaosusa Pt ¢ Mod n Vx(Px = A) ¢ Def

Mod’, Def’ - S’, Pt
Mod U{Pt}, Def S py

[Tockonbky Mod' U{Pt} C Mod to (Mod, Def) E Pt.

Cayuat 4. Dopmyia B umeer Bup Pt u K Hell ObLIIO IPUMEHEHO TPABUIIO

(P.2) upu Bbimosuaenun yciaosus Pt ¢ Mod n Vx(Px = A) ¢ Def

L', Mod’, Def' - S, Pt
LU L(A), Mod’, Def U {Vx(Px = A)} F S’, Pt

[To unnykruBHOMY momyinenuio (Mod, Def) E Pt.

Cayuwat 5. ©opmysia B umeer Bug Pt u K Heil ObLIO IIPUMEHEHO IIpa-
Busio (—P.1). PaccmarpuBaercss aHaJIOMMYHO CIydaro 3.

Cayuati 6. Popmyna B mmeer Bug —Pt u K Heil OO IPIMEHEHO IIpa-
Biwio (—P.2). Paccmarpusaercs: aHaIorngHo ciryvao 4.

Cayuat 7. Dopmyna B umeer Buj Pt u K Heit ObLIO IPUMEHEHO IIPaBU-
1o (D).
L', Mod’,Def’ U{Vx(Px=A)} S, Pt
L' Mod', Def’ U{Vx(Px = A)} F S pg, Alt/x]

[To unmykTusHOMY Jo1yIenuio umeer mecro (Mod, Def) E Alt/x].
[Mockonbky Def’ U {Vx(Px = A) C Def, 1o Vx(Px = A) € Def, u o
OIpE/IeJICHAIO UCTUHHOCTH B Mojen nosrydaeM (Mod, Def) E Pt.

Cayuat 8. ®opmyna B umeer Bui — Pt u K Helt ObLIO IPUMEHEHO ITPABHUIIO
(=D). PaccmarpuBaeTcst aHAJIOIUYIHO CIIydato 7.

OcraJibHble CIy9an JJisi JOTUUeCKUX CBI30K, KBAHTOPOB (—V), (—3)
u (El) TpuBHAJIbHEL O
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8. 3akJroueHue

ITocrpoennoe ucyucienne sipjsiercss popMasusaueii TpobieMbl perie-
HAS 33729 KaK IT0CIe0BATEILHOTO YTOYHEHUsI MPEINKATOB U UX pPe-
JYKIMU K [oA3ajadaM. B pesysbraTe TakOil pPEeAyKIIUU Mbl IIPUXOIUM
K MOJIEJIsIM, KOTOPbIE JIHOO SIBJIAIOTCS PEIeHueM 3aJ1a49u, JuOO Comep-
KaT yKasaHUe Ha TO, KaK CJIeIyeT U3MEHUTh TEKyIllee COCTOsIHIE MHUPA,
9TODOBI 3a1a9a ObLTa peleHa.

MBI OrpaHMYUINCL PACCMOTPEHHEM MOJIEJIel ¢ KOHEUHLIMHU HHIIN-
BUJIHBIME 00JIACTIMU, MTOCKOJBbKY OPUEHTUPOBAJINCH B MEPBYIO OYEpEb
Ha IpaKTUYeCKHe 3aJadu, Tle TaKue OrpaHUYeHHsI OlpaBJaHHBL. B To
2Ke BpeMsd IIPEJIOKEHHBI METOJ MO3BOJISET pPellaTh 3a/ia49ul, OTHOCHI-
muecss 1 K OECKOHEYHBIM IIPEIMETHBIM 00/IaCTsIM. DTO BO3MOXKHO B TEX
clyJasiX, KOrla B XOJie IIOCTPOEHHS JE€PEBa PEAyKIUU HE IPUMEHSIeTCs
npasmwito (V). JIumb oHo MOXKeT MPUBECTH K y3JIy, COepKaIeMy 6ecKo-
HEYHOE MHOXKECTBO IIEJIEBBIX (POPMYJI [0 YHUCIY KOHCTAHT, MMEHYIOIINX
OeCKOHETHOe MHOXKECTBO WHIMBHUIOB IIpeaMeTHO obaactu. Ecan e sTo
[IPABUJIO HE IPUMEHSETCSI, TO BCE y3JIbl AepeBa PEAYKIIUU SBJISIIOTCS KO-
HEYHbIMU O6’beKTaMI/I. BeCKOHeLIHbH\/H/I MOFyT 6bITb JINIITb BETBJICHUA JIC-
peBa B pesy/braTe HpUMeHeHUst npasusia (J), HO 9TO He sIBJISIETCs TIpe-
IIATCTBUEM, HOCKOJIbe JJIgl pellieHunsd 3a/ a9 JOCTaTOIHO HaWTHU XOTsI 6bI
OJIHY 3aBEPIIEHHYIO BETBb, & 9TO BO3MOXKHO METOJIOM ITOMCKa BIJIyOb.

Bcee, KT0 3HaKOM ¢ METOJAMU JIOTHYECKOI'O IIPOrPAMMUPOBaHUs Ha,
s3pike [Ipostor, Morin obpaTuTh BHUMAHUE Ha TO, 9TO IPEICTABJICHHOE
MCUYUC/IEHNe PEIYKINi B JOCTATOYHO 00IeM Buje (popMan3yeT MeTo-
JIOJIOTHIO HAIMCAHUs JIOTUIECKUX IIPOrpaMM. A MMEHHO, IJIaHUPOBAHIE
Y HAIIMCAHME JIOTUYECKUX IPOrpaMM II0 METOIy CBepxy-BHU3. Kak u B
MCYUC/ICHUN PEIYKINI, TPOTPAMMUCT JAeT OIPEIeICHUs TPEIIKATAM,
BBOJHUT B PACCMOTPEHNE UHINBUIBI PA3INIHBIX COPTOB, PACIINPSIET SI3bIK
HOBBIMH IIpEAUKATAMU, ITOOBI B JlajbHEHIIeM 1aTh OIPEIeIeHUsT yIKe
UM, KaK U B UCYNCJIEHUH PEIYKIINiA, UCIOJIb3YET CMBICJI JIOTHIECKUX CBSI-
30K JIJIsl TOT0, ITOOBI Pa3bUTh MPOrpaMMy Ha MOAIporpaMMbr. OTiimdust
JINIIIB B JETAJISIX, CBI3aHHBIX ¢ 3(PEKTUBHON peau3arueil Ha KOMIIbIO-
tepe. s sroro B uncrom IIposore ucmosb3yiorcss XopHOBBI (DOPMYJIbI,
MBI YK€ B3I TIOJTHBIN A3bIK JIOTUKU [IPEIMKATOB IIepPBOTo mopaaka. Mmo-
2KECTBO OIIpe/IeJICHUT, KOTOpbIe IPUHUMAIOTCS B XOJI€ IIOCTPOCHUS JIePeBa
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PeAyKIUi, SBISETCA IIPAMBIM aHAJOI'OM JIOTMYECKOH IIpOorpaMMbl, KOTO-
past B OY/IyIeM MOXKeT HCIIOJIb30BATHCS JIJIsl PEIeHUs! TTOJ00HBIX 3a/1ad.
Takum 06pa3oM, M3HAYAILHO TBOPUYECKas 3aJa4a HEPEXOJIUT B pa3ps/l
PYTHUHHBIX, KOTOPBIE OY/IYT PEIIaThCs CTAHJIAPTHBIM 00PAa30M Ha OCHOBE
Habopa OMHAXK Bl MPUHSITHIX OIPEIEIEHUI.
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The work is devoted to the logical analysis of the problem solving. Typically, in each
task we highlight the conditions and goals that we have to find or build. In this case
the solution of the problem is seen as a kind of deduction from goals to the conditions.
This representation of problems and their solutions is too narrow. In actual practice,
a task or goal is often formulated in quite general terms as a wish. For example, the
task to build a railway between the two cities. Sufficient conditions for the solution
of this problem are initially unclear and should be found. For this kind of problems
their solution can be represented as a gradual refinement of goals and their reduction
to a simpler sub-goals. The methods by which we produce clarification of goals, we
took from the theory of definitions. In this paper we construct a calculus in the form
of analytical tables, which allows us to represent the whole process algorithmically.
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The article considers some problematic aspects of Porphyry’s typology of Aristotle’s
categories and the theory of predication. Minimal (8layictoc) class of categories
in Porphyry is revealed. The work has shed some light on the opposition between
ezplanation and description (E&nynuxdc / Onoypdpxdc) within the framework of
ancient categorical logic. A fourfold pattern of predication theory in Porphyry is
described. The study aims to illuminate the development of Porphyry’s predication
theory towards the archaic doctrine of quantifiers. Particular attention is paid
to Porphyry’s account of semantic relation between sets. The paper represents
Porphyry’s nine kinds of class / item relationships. The article focuses on the
awakening of academic interest to the logical heritage of Porphyry.
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If Aristotle’s theory of language and logic became the steady subject
of intense study and scholarly interest of many researchers [1, 6, 7, 9],
the same cannot be said about the work of the outstanding logician and
philosopher, Porphyry of Tyre. Key works of Porphyry have come to the
attention of scholars only in the XX century [2]. A relatively complete
edition of the fragments of the Tyrian author was published only in
1993 [8]. The main scholarly interest related to Porphyry is connected
either with his attitude to the heritage of Plotinus [4] and in a broad
sense, to the Neo-Platonic tradition, or with his critical position towards
Christianity. And in both cases, these studies are beyond the scope

©Garin S.
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of logic. Some significant tractates of Porphyry (e.g. so-called “minor”
commentary!, having a Socratic question and answer form) have not yet
been translated to Russian, and Porphyry’s logical doctrine beyond his
“Eioaywy?” has not received sufficient attention in the logical writings of
Russian scholars. However, as we think, Porphyry — is one of the overt
architects of ancient logic and semantics, the author, who predetermined
the subsequent vectors of development of these sciences for centuries.

In this article we will take into consideration some aspects
of Porphyry’s categorical doctrine and theory of predication in his
commentary approach to Aristotle’s logic. The ideas of Porphyry, as
discussed in this article, undoubtedly have origins in the logic of
Aristotle. However, where we have only a cursory mention and sketch
ideas in Aristotle, in Porphyry we see a detailed logical argument.

The key to Porphyry’s logical tractates are undoubtedly his
“Commentaries” on the “Categories” of Aristotle. We know at least
several of his treatises dedicated to this subject; the only extant to us, in
addition to the “Eicaywyn” is the so-called “minor” commentary, having
a question and answer form.

In his minor commentary on the “Categories” |[3]|, Porphyry,
explaining logical and semantic aspects of the interpretation of general
terms, expounds that in addition to the traditional division into ten types
of categories, there is also a so called “minimal” (¢Aayiotov) fourfold
division:

1) universal substance (# oboio xat6iov),

2) particular substance () oloio €l pépouc),

3) universal accident (¥ oupBepnxdta xotdhov),
4) particular accident (¥ oupPefnxédra éni uépouc).

This division, due to its generality, has a descriptive rather than
definitive character. It is noteworthy that Porphyry’s expression here
does not contain the term “category” for the description of these four
reduced terms of so-called ontological square:

1“Tloppuplou €I TUC APLETOTENOUC XAUTNYOPLIC XOTA TIEUGLY X0l TOXPLOLY .
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Eic éhaylommy uev olv Ouipeowy yevédv BLlER oy’ v T& Ovtor xol ToC
00TV onuavTxdc Quvic TV elc téooapa. .. [3, p. T1].
The smallest number of classes into which I could divide beings and the

words that signify them is four. ..
(Here and after English translation is by S. K. Strange).

Instead of “categories”, we see an extremely important Porphyry concept
for all subsequent logic and linguistic philosophy — “onuoavtixat @wvo”.

Following Aristotle, Porphyry thinks logically: if categories cannot
be defined in terms of a higher generic level, “for there can be no
higher genus above substance or accident”, the definitive logic does not
appear to be applicable to them. As a consequence, instead of definitive
concepts, the theory involves so-called hyphographical (broypagpixde),
i.e. descriptive means. This aspect had raised a significant number
of difficulties in the commentary tradition, which has been reflected
in a special question of Porphyry’s tractate. In response, Porphyry
contrasts the definitive, or, literally speaking, exegetical interpretation
to descriptive, hyphographical:

‘Ot dvtl TV dvopdtwy TolTwyV Toug EEnynuxole Adyoug Ehafev ol
olov Unoypagixols [3, p. T1].

Because he used instead the accounts that serve to explain these terms,
that is, their descriptive accounts.

It is noteworthy that other authors also share the opposition
of definitive, i.e., exegetical and descriptive logic (éZnynuxdc /
broypagxds), commenting on the “Categories”. For example,
Simplicius [5], tackling the question of the nature of homonyms,
opposes the logos of essence “hAoyoc tiic ololac” to the logos of name,
i.e., definitive and descriptive accounts. According to Simplicius,
objects can be linguistically reflected in both nominal and conceptual
function; the latter, in its turn, can be descriptive or definitive. We see in
Simplicius Aéyoc t6v dptotixov [5, p. 29|, whilst in Porphyry — éZnyntuix-
6¢. Hyphographical logos, being the description, which allows us to
explain features of generic terms, including the highest gender and other
problematic objects — individuals. On the contrary, the explanation, in
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accordance with this approach, has a definitive function — it logically
determines generic and specific characteristics of the object.

In looking at ways of defending the minimal division of categories,
Porphyry indicates that it is possible to provide an even simpler version,
consisting only of two parameters — the substance and the accident:

‘Ot N pev avetdtew  xol medtn Yévolr dv  eig dlo, eic obolav  xal
ouuBeBnxde [3, p. 71]

Because the first and highest division is into two, namely substance and
accident.

However, as Porphyry says, substances and accidents cannot be
conveyed without expressing them as either universal or particular.
Porphyry thinks that simple substances don’t exist. Similarly, we know
that there are no simple objects outside the facts in early Wittgenstein’s
ontology. Substances, according to Porphyry, are given either universally,
at the level of general terms (logical objects), or individually, at the
level of physical objects, therefore, the fourfold division is the most
minimal one.

Porphyry transforms these categories into the already mentioned
concept of onuavtixdg @wvag, which in many aspects determined the
subsequent motion of logic from ontology towards the theory of meaning
and predication.

The next block of Porphyry’s arguments deals with the ontological
compatibility of semantic categorical components — substance and
accidental (attribute). Porphyry explains the ontological differentiation:

N ovola obx &v yévorto cuulBefnroc ovde 1O cuuPelnxnoc ovoia.

A substance cannot come to be an accident nor an accident a substance.
BEuuBefnrévon uev yap 10 ouuPefnnog dvaton Tfj ovolq, civan be ololiov
ouuPBePnxoe ddlvatov 1) 0 ouuPeBrxoc elvan odoiov [3, p. T1].

For an accident can be an accident of a substance, but a substance cannot
be an accident nor can an accident be a substance.

Thus, we get a conclusion that an accident can only exist in the
substance, and as we consider accidental as such, it is not a substance.
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Porphyry clarifies the specified Aristotelian thesis with the following
argument: white is an accidental attribute of the body, when we say,
“the body is white”. But “white” and “body” per se are not the same
thing, “but the white qua white is not the same as body” [3, p. 73|
(in connection with this aspect, the issue of iteration of accidental —
this white as accidental attribute of white, raised in the recent logical
literature).

Ontology and semantics of universals in Porphyry are connected
with the thesis that universal may not be a part of the individual —
xad6hou olx av €in 1ol dtéyou uépoc.

In explaining semantic aspects of Aristotle’s logic in a new
“descriptive” framework, Porphyry develops categorical typology. As
Porphyry suggests, in Aristotle’s logic, the object can act in the following
modifications:

a) being in a subject (16 T év Unoxewévey €clvon),
b) being said of a subject (10 xa)” Unoxewwévou héyeoda) (3, p. 73].
Next Porphyry forms its negative modifications:
al) not being in a subject (uf &v Uroxewéve civor),
b!) not being said of a subject (tiv xo)’ Hrnoxepévou i Méyeodo).

Porphyry applies these four kinds to the pure, unmixed types of
division.

One of the darkest aspects in Aristotle’s “Categories” is probably the
doctrine of logical, semantic and ontological location of accident in its
relation to the substance, and grammatically speaking — to the subject
of statement. As it was aforementioned, according to Aristotle, accidental
cannot be the subject. With regard to accidental as such, which is not
the subject, Porphyry writes the following:

“Otu yevéolaw uev xal Dmootiivar & cuuPefnnota év Tfj olola dlvata,
xadocov Oe cuuPBePnxodc E€oTi xal Emvoeltan TO ouuPeBnxode, ol Av eln
avtd tolito ovola [3, p. 73].
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Because accidents can come to be in substance and exist in substance, but
insofar as they are accidents and are conceived as such, they cannot be
substance.

Porphyry constructs analogy, according to which the expressions
Gvipwrnov eineiv 1 {Bov Aoywxov Yvntodv, “something is a man” and
“something is a mortal rational animal” are semantically identical as
well as the expressions “accident” and “being in a subject”. According
to Porphyry, if something is in a subject, it is accidental, € t{ éottv €v
broxeéve, Exeivo ouuBeBnxdc €oty [3, p. 73).

It is notorious that the Aristotelian concept of subject
(Umoxeipevov),rather pertains to the logical than grammatical reality,
although in some cases, it may be interpreted in grammatical terms.
This duality of the subject was reflected in the commentary tradition
on the “Categories”. The modern Russian-speaking reader, opening
the “Categories”, “Ewaywy®” and Porphyry’s “Commentary”, and
encountering the term “subject”, will probably be only looking for
a grammatical meaning of the word. As it is indicated in modern
Russian,the concept of “subject” has lost all the extra-grammatical
meanings of objects’ spatial localization.

The grammatical interpretation of the term Umoxeiuevov leads
to serious inconsistencies and difficulties in explaining not only the
“Categories”, but also the all-subsequent ancient, especially Neoplatonic
logic. The English translation of Aristotle’s term as the “subject”
considerably simplifies matters, because it stores the original polysemy
of the term. In fact, Aristotle uses Unoxelyevov in connection with
the hierarchical arrangement of objects “under” and “over”. What we
understand by this is not only the spatial distribution of physical objects
but also a logical hierarchy of entities and attributes.

It is necessary to distinguish between grammatical, ontological
and logical fore shortenings of the term Urmoxeipevov. The subject in
Aristotle’s logic is a “container”, a substratum of qualities and attributes
of the object. It has an ontological, rather than linguistic projection,
as the concept of the predicate, which must be distinguished from the
modern grammatical term. The Aristotelian predicate, to some extent,
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does not coincide with the class of predicates of sentences, and rather is
some semantic expression towards being.
The difficulty in this case is that, as Porphyry writes:

AN el 10 ocupPefrnde Ev Umoxewéve Eotly, 1 obola €tépa oboo Tob
ouuPePnndtoc €ln v olx &v Lnoxewéve [3, p. 73].

But if an accident is something that is in a subject, substance, since it is
something different from accident, will not be in a subject.

However, the question that may be raised here is how the properties
of a substance can be linguistically expressed (in language)? The answer
is obvious — to place substance to the position of the subject (namely
in the subject) and ascribe the attributes placed in the predicate.

Porphyry here develops the doctrine of the definitive location of the
substance (1) oboia)

tote €l Tic ovola Eotly, éxelvn v olx év Lmoxewévey € [3, p. 73|.

Hence if something is a substance, it is not in a subject.

It is interesting that Aristotle and Porphyry here invent the method and
the topology of the semantic presence of odcia.

Furthermore, in developing the doctrine of predication towards
the archaic doctrine of quantifiers, Porphyry adds that if something is
universal, it is necessarily said of a subject. Thus, if an individual has
a property “to be universal”, it is a predicate. This characteristic has
a negative modification — if something pertains to the particular, it
is not said of a subject and therefore it doesn’t belong to the class of
predicates. Thus, Porphyry says that we have four possible combinations
of predication: a) not being in a subject — substance, tfic pév ololoc
t6 v Umoxeéve pi) €lvor, b) being in a subject — accident, tol 8¢
ouuBeBnxbdtoc 10 v Lmoxewwéve eivor, ¢) being said of a subject —
universal, xol tob pév xaddéhov TO xad) ‘Droxewwévou  Aéyeova,
d) not being said of a subject — particular, 100 d¢ €nl uépouc 6 Xy
broxetévou un Méyeodar [3, p. 73].

Combining in turn all the parameters examined above, Porphyry
raises the question: how it is possible to define, for example, the universal
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substance in the fourfold matrix of predication? In response, he points
out that universal substance is characterized by having the following:

a) predicative function,

b) logical topos outside the subject.

Actually Porphyry sets the two arguments for the characteristic function
of “universal substance”. The predicative function of universal substance
comprises the trivial feature that it can act as a predicate and as a
result, can be said of a subject. The logical topos of universal substance is
conveyed by the fact that it is a substance and located outside the logical
subject. Further, within the four-dimensional system of predication,
Porphyry sets the parameters for universal accident. He indicates that
universal accidental attribute can be described as what is said of a subject
(since it is universal), and also that, being accidental, is in a subject.
Thus, a universal as discussed above, has a predicative function.

Another aspect relates to the fact that universal, placed in the
predicate area is necessarily logically wider than what is ascribed to
it in the subject. Here Porphyry, following Aristotle, essentially uses the
traditional logical concept of universal affirmative propositions, without
taking into account their special subclass of general emit statements,
having the predicate, which is not logically wider than the subject, and,
as a consequence, the proposition is not distributed.

Continuing the four-dimensional logical theory of predication,
Porphyry raises the question about the characteristics of the individual
substance within the scopes of this system. In Porphyry’s logic, individual
substance is determined by the two negative parameters: “not being said
of a subject and not being in a subject” [3, p. 73|. If something is not
universal, but particular, it can’t be said of a subject, but as far as it is
a substance and not accident, it cannot be in a subject.

Then the question arises, how to describe a particular accidental
attribute (16 pepx6v  ovuPePrxdc) in this matrix? This option as in
the case considered above, is determined by the twofold function. So,
since there is something particular, it cannot be said of a subject, and
as far as it is accidental, it can be only in a subject. Thus, we see that
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Porphyry describes these logical-categorical aspects within two options —
predicative and topological.

However, careful analysis of these categories obviously shows that
there are a number of difficulties in this theory, which Porphyry foresaw
and brought in the special topics of the commentary. In particular, the
question arises, what is the denotata of the expression “items are said
of a subject, but are not in a subject?” Porphyry goes here from the
predicate function to the set of individuals, responding that the answer
is “class of universal substances”. Answering the question of the disciple,
Porphyry constructs a twofold matrix of predication and logical topos: if
it is universal — it is a predicate, i.e., said of a subject, and at the same
time — a substance that is not in a subject.

However, another question arises: why is the inhesion of the
universal attribute to an object denoted by the predicative function
“said of”, whereas accidental attribute — through the verbal function
“is”? Porphyry puts forward the problem specifically:

Aw Tl oy ta yev xaddhou  Egpne  xod) Omoxewévou Aéyeclou, T OE
oupPBelndTo Ev Umoxewéve evon; T yap BolieTton TO Ta eV AéyeoBou
pdvan oe, T 8¢ oupPePrxodta ebvay; [3, p. 75|

Why did you say that universals are said of a subject, but that accidents
are in a subject? What do you mean by speaking of the former as ’said of,
but of accidents as “being”?

Porphyry’s answer is interesting because it moves away from the
direct interpretation of the ontological aspects of categories, referring to
the fact that these issues are “too profound” and beyond the capacities of
the beginner’s mind, as well as in “Eicoywy?” (1,13-14) Porphyry refuses
from the discussion of the ontological status of universal substances.

Considering the peculiarity of predication, namely the criteria of a
predicate’s inhesion to a subject, Porphyry, actually develops a doctrine
of semantic relation between sets. Answering the question “Tléca olv
onuouvopeve  tob v vt xoatnpiduncac” [3, p. 77|, i.e. “how many
significations of ‘being in something’ do you count?” Porphyry indicates
nine kinds of relationships between classes.
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Being in a place (16 @¢ év 16mw), being in a container (10 ¢
€v dyyelw), the part being in the whole (10 @¢ év 8hw 1o pépoc), the
whole being in the parts (10 @c¢ €v toic pépeot), the species being in
the genus (10 6élov xal t0 ©¢ év 16 Yével), the genus being in the
species (10 €ldog xol 10 b¢ €v T €ldet), being in a goal (16 yYévog xal
10 ¢ év téhel), being in what has control (16 @¢ év 1@ xpatolvty),
and the form being in the matter (10 @c év tfj UAp 0 €idoc) |3, p. 78].
Thus, the relationship between the terms of an affirmative proposition in
Porphyry’s theory of predication may pertain to one of these nine types.
It should be noted that Aristotle distinguished only two of these nine
types of relations, namely, the relation of the part being in the whole,
and being in a place that contains, in spite of the commentator nature
of Porphyry’s thought, a very significant innovative component.

Porphyry develops his doctrine of predication, not only in terms
of the relationship between sets, but also in the context of different
predicate frameworks. Firstly, predication, according to Porphyry, can
act as the nominal function, and secondly, in object-denotative function.
There is also a third combined way — both in nominal, and denotative
functions.Here we have a pre-Fregean sketchy attempt to build a theory
of intentional (denotative-designative) features of language. Porphyry
considers here a synthetic type of predication, when denotative and
nominal components equally relate to the subject of proposition.In
this case, if something is predicated to the subject, both nominal and
denotative functions are inherent to the subject.

These aspects of the Porphyry’s logic, in our opinion, require a
separate comprehensive study.
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able to justify the following conclusions: (1) the formalization suggested by Hamblin
fails to reconstruct the full picture of the disputation because it lacks in some the
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based on different logical theories; (3) medieval logical disputation, represented by
the formalization of C. Dutilh-Novaes, and the two ones of Hamblin encode different
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Introduction

The study of the medieval logical disputation lies in between two dif-
ferent areas of research, namely: the history of logic and some modern
trends in logic used for the reconstruction of the disputation. One of
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these trends is associated with the development of the logical game the-
ory. A weighty contribution to them both was made by an Australian
logician Charles Hamblin who tried to model a medieval logical dispu-
tation with the help of a specially modified version of his own logical
system called ‘the formal dialectic’. He describes his system, first pre-
sented in the book Fullacies, published in 1970, as follows:

Dialectic, whether descriptive or formal, is a more general study than
Logic; in the sense that Logic can be conceived as a set of dialectical
conventions. It is an ideal of certain kinds of discussion that the rules of
Logic should be observed by all participants, and that certain logical goals
should be part of the general goal [9].

Among the distinguishing features of the dialectical disputation that
makes it different from the formal deduction one should mention the
number of participants, namely more than one, and the existence of a
functional communication protocol for those participants® that can be
presented in the game-theoretical form [13]. In chapter 8, called ‘Formal
Dialectic’, of the Fallacies, Ch. Hamblin considers the disputations de
obligationibus, or simply obligationes, as obligation games. On the basis
of the proposed system he gives formalisation of the two main types of
disputations de obligationibus, namely: the standard one, described by
Burley, and the alternative one of William of Sherwood.

Although, the obligation game is claimed to represent a formaliza-
tion of the medieval disputation de obligationibus, there still remains
an issue with respect to its adequacy. In the present paper we draw
a comparison between Ch. Hamblin’s disputations along with his sys-
tem of formal dialectic to the medieval disputations de obligationibus
as they are described in contemporary literature. We take a modern
reconstruction of that medieval disputation for the comparison because
formal systems can be correctly compared to formal systems only, but
not to informal conceptions, once formal criteria are used, such as truth
values, inference rules etc. We can formulate our subject matter in a
form of a question whether the obligation games, as a particular case
of the system of formal dialectic, can be considered a satisfactory and

2Sometimes those participants are called ‘agents’.
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adequate formalization of the medieval disputation de obligationibus; or
whether it lacks or corrupts some of the essential features of the medieval
disputation.

However, being formulated as is shown above this problem would
be of interest merely for the historians of logic. That is why it is neces-
sary to clarify the incentive that underlies the analysis to be presented
in this article. The paper’s objective is to show that Hamblin’s formal
dialectic is a communicative protocol for rational agents whose struc-
tural rules may differ, thus, varying its normative character. For in-
stance, in the paper we use classical propositional logic as structural
rules following [9]. Furthermore, obligation game proposed by Hamblin
to model medieval disputation is merely a restricted variant of formal
dialectic which we claim to be a sort of cognitive game. We try to justify
here the claim that formal dialectic is a more general theory than logic
incorporated by the players. In the cours of the paper we reveal some
features of both formal dialectic and medieval disputation de obligation-
ibus. This requires the analysis of the roles that cognitive agents play
in the systems in question. We use three main criteria:® that we use to
explain some differences between formal dialectic and medieval dispu-
tations: (1) epistemic, (2) deductive and (3) goal-oriented (or actional
and dynamic) [15]. Truth can represent both epistemic and deductive
aspects of agents. As an epistemic criterion it shows what agents can
know or/and believe in, which is related to some semantics. However, a
semantic model corresponds to some specific set of inference rules that
agents may use, and thus, it is related to deductive parameters. As far
as rules of interaction are concerned, they influence the type of a system
that a dialogue or a dispute represents [19], as it determine the formulae
that might be inferred in its course. Thus, they can be associated with
deductive competences of agents. At last, additional terms and condi-
tions might partially take the shape of agents’ goals and intentions so
we associate those conditions with action (goal-oriented) elements of a
cognitive agent.

3We we use the term ‘intellectual competences’ of agents to refer to those criteria.
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This will allow us to show how the difference in those basic prin-
ciples that we shall find in the course of our comparison between the
medieval disputation de obligationibus and its formalization presented
by Ch. Hamblin together with his own system of formal dialectic can
effect those basic notions. At the same time we shall see whether those
systems encode one and the same type of agent or different ones. By the
type of agents we understand differences in their cognitive presumptions
influencing the reasoning and actions. In the paper, we claim that the
formal dialectic and medieval disputations presuppose different types of
agents.

With the general aim formulated we can identify some intermediate
tasks, which accordingly define the structure of the present paper, as
follows:

1) give a brief overview of the main concepts and rules of the medieval
disputations de obligationibus and their formal representation;

2) reconsider and discuss the rules for Hamblin’s obligation games
which is presented by Ch. Hamblin as a formalization of the me-
dieval disputation;

3) have a look at the basic elements of Hamblin’s system of formal
dialectic from a general perspective;

4) and finally, compare Hamblin’s system of formal dialectic to the
medieval disputations de obligationibus.

To illustrate our analysis we shall discuss an example based on the
treatise De Hebdomadibus by Boethius [2]. For the simplicity we leave
out some details and take only the following argumentation:

Things which exist are good. For the common view of the learned holds
that everything which exists tends toward good. But everything tends to-
ward its like. Therefore, the things which tend toward good are themselves
good.

But we have to ask how they are good, by participation or by substance?

If by participation, they are in no way good in themselves. For what is
white by participation is not white in itself in virtue of the fact that it itself
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has being. And the same applies to other qualities. Therefore, if they are
good by participation, they are in no way good in themselves. Therefore,
they do not tend toward good. But that was granted. Therefore, they are
not good by participation but by substance.

With the goals set, it is necessary to specify the following terms:

e by disputation de obligationibus we understand a particular kind
of medieval logical disputation represented in treatises of Walter
Burley, Richard Kilvington and Roger Swynesed and which is dis-
cussed in section 1;

e medieval logical disputation, i.e.,a general term used for the genre
of medieval disputations;

e obligation game, i.e., the system specificly proposed by Ch. Ham-
blin to formalise the disputation de obligationibus;

o the system of formal dialectic (or simply formal dialectic), i.e., a
system of regulated dialogues or family of dialogues with ‘at least
two participants who speak in turn in accordance with a set of
rules or conventions’ [9, p. 255] that is aimed at exceeding ‘the
bounds of Formal Logic; to include features of dialectical context
within which arguments are put forward [9, p. 254].

1. What is Disputation de Obligationibus?

In this section we give an overview of the disputations de obligationibus
and their history. First of all, it is believed that the scholastic theories
on obligations were inspired by Aristotle’s Topics and undergone some
changes in the XTIV century. One should distinguish the theory pro-
posed by Walter Burley known as antiqua responsio and those of Richard
Kilvington and Roger Swyneshed known as nova responsio. The latter
treat obligations in epistemic terms which makes, as C. Dutilh-Novaes
suggests in [6], it possible to consider those disputations as a theory of
belief revision or counterfactuals. In this article we shall concentrate on
the obligationes theory of Burley [4], [22].

The disputation de obligationibus is a kind of medieval disputation
with two participants: Opponent and Respondent. In our description
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of the disputations we shall follow works of C. Dutilh-Novaes [6] and
E.Lisanyuk [14]. According to the way the Respondent should evalu-
ate the thesis of the disputation, one can distinguish between several
types of obligations like positio, depositio, dubitatio, impositio, petitio
and others. However, we are going to consider only one and the most
widespread types called positio. It consists of positum, propositum, the
phrase ‘cedat tempus’ indicating the end of the disputations and victory
of the respondent. There might be two optional elements: casus and
petitio as well. Those elements are described as follows:

a) Positum is the basic element of the disputation that serves it as
a thesis that the Respondent either accepts and then the disputa-
tion starts, or denies it and then the dispute fails to begin. Some-
times there are two more elements added to the positum, i.e., casus
and petitio representing special conditions and constraints that to-
gether with positum form what is called positio, i.e., the whole set
of thesis propositions;

b) Propositum represents a sentence put forward by the Opponent
for the Respondent to evaluate and either accept or deny given
the positio.

c¢) There exists a set of rules for time reading, including the phrase
‘cedat tempus’ meaning the time is over.

d) A set of agents, or players, consisting of two players with asym-
metric roles: Opponent and Respondent.

The opponent puts forward some proposition or a set of propositions
called positum and positio respectively. Positio represents a thesis of the
disputation. The respondent is supposed to evaluate it as:

i) possibly true,
ii) possibly false or

iii) a proposition with unknown logical value.
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We shall consider only the first case in which the thesis was evaluated
as possibly true. On the basis of the evaluation the respondent can
admit the positum or deny it. After the evaluation is provided and the
respondent has admitted the thesis the disputation starts.

There are two types of acts in the dialogue, which are presented by
two roles: that of the opponent and that of the respondent. The role
of the opponent consists in asking questions whereas the respondent
is forced to answer. This shows us that the roles in the disputation
de obligationibus are asymmetric. One can easily see that opponent is
unforced as he himself chooses which proposition to bring up and so he
also chooses a number of strategies for the respondent from the whole
set of possible strategies whereas respondent is, firstly, obliged to give
an answer and evaluate the proposition put forward and, secondly, she
does not choose independently the strategy, but has to select one of the
strategies previously picked out by the opponent.

The respondent may also be suggested to evaluate additional infor-
mation contained in the proposals presented in the form of casus and
petitio. Casus, or actual fact, and petitio represent the additional de-
scription of state of affairs. State of affairs is an important part of the
disputation as it serves as a correlate of the evaluation of the proposi-
tions. The propositions are sentences brought up by the opponent in
any step after the positum has been accepted. The respondent has to
evaluate such propositions, having found out whether they are relevant
to the positum and proposita, conceded in the earlier steps, according
to the rules specified below. We shall distinguish between steps and
rounds. By a step we understand each move of a player, whereas a
round is formed by a question of the opponent and the respondent’s
answer. Rounds can be open or closed. We shall call some round open
if and only if it has a question by the opponent, but not an answer of
the respondent. Otherwise, the round is closed. It is easy to see that an
open round is formed by a single step only, whereas a closed round has
to contain two steps. For each step n of the disputation, beginning with
the first propositum, the propositum is ‘sequentially relevant’ at step n
if and only if it satisfies the following conditions:
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(1) it logically follows from the conjunction of the positum together
with any proposita that have been conceded at earlier steps of the
disputation;

(2) it logically follows from the conjunction of the positum together
with the contradictories of any proposita that have been denied at
earlier steps.

It is ‘irrelevant’ at step m if and only if it is neither sequentially rele-
vant nor incompatibly relevant there. On the basis of relevance of the
propositum to the earlier conceded obligations the respondent evaluates
the propositum. Thus, each proposition accepted at any point n of the
disputation (starting from the thesis) becomes an obligation (obligatio)
of the Respondent which serves as a foundation for the further evaluation
of propositions.

For each step n of the disputation, and for each propositum p, p
is true if it is sequentially relevant at n, and false if it is incompatibly
relevant at n. After that, if the propositum was evaluated as true, the
respondent has to concede it, if false, she has to deny it. If p is irrelevant
in step n, the respondent has to evaluate it according to her knowledge
of the actual facts. Thus, if p is irrelevant at n and the respondent knows
it is true in fact, she should concede it; if p is irrelevant at n and the
respondent knows it is false in fact, she should deny it; if p is irrelevant
and the respondent does not know whether it is true or false, she should
doubt it.

2. Obligation Games as a Formalisation of the
Disputation de obligationibus

In this section we present the formalization of the medieval disputa-
tion proposed by Charles Hamblin which he called ‘Obligation game’.
First of all he specifies the language of the game as ‘a finite propo-
sitional language based on elementary propositions’ ag, a1, ...,a, and
‘truth-functional operators, supplemented with several special locu-
tions’ [9, p. 260]. However, let us note that ‘in place of propositional
calculus we could substitute any other finite language of sufficiently
normal type, for example, lower predicate calculus on a universe with
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finitely many individuals and limited variety’ [9, p. 260]. Neither did
Ch. Hamblin formalize the rule-language, nor did he care for historical
accuracy and details as he used this type of disputation to illustrate his
own system of formal dialectic and the origin of some fallacies. Thus it
differs a bit from the other formalizations of the obligations, like those
presented in the works of C. Dutilh-Novaes and E. Lisanyuk.

Let the disputation be specified by the tuple (II,O, P, F, W, C),
where:

e II stands for the set of players. Obligation game normally has two
players. Those players are given one of the two possible roles: the
role of the opponent or the one of the respondent.

e O is an ordered set of propositions, put forward by the opponent
to the respondent for the evaluation.

e O={o0p,01,...,0n}, n > 0, where n is a position of the proposition
in the obligation game, starting from og which stands for the thesis.

e P is an ordered set of propositions, consisting of the answers of
the respondent: P = {pg,p1,...,Pn}, n > 0, where n is a position
of the proposition in the obligation game, starting from py which
stands for the evaluation of the thesis.

e Pii1 = {po,p1,--,Pj—1,Pj,Pj+1} represents a set of the proposi-
tions evaluated by the respondent in the step j + 1.

e [ is the function of evaluation from the set O to the set of logical
values {1,0}, where 1 stands for true, 0 stands for false.

In Hamblin’s Obligation game there are only two logical values whereas
in other formalizations [6] there occur three logical values {1, 0, 7}, where
“?” stand for an indeterminate value. In medieval disputations it seems
to be used for the propositions evaluated as irrelevant, and not for the
relevant ones. Historicly, the Respondent had a possibility to consider a
proposition as doubtful? so the formalisation proposed by Ch. Hamblin

4if it was irrelevant and neither it nor its negation followed from his or her back-
ground knowledge.
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does not fully represent the Medieval disputations de obligationibus. The
third value is preserved in the systemes proposed by C. Dutilh-Novaes
and H. Lagerlund and E.J. Olsson as well.

In his Obligation game Hamblin does not specify the procedure of
evaluation and the basis on which the respondent decides whether to
concede the propositum or its negation. It can be explained by the sup-
position that he assumes employing some basic formal system on the
lower level of the game, and that the evaluation should proceed with the
help of it. However, the same question arises with respect to the formal-
isation of C. Dutilh-Novaes, as S.Uckelman notices in [23]. In order to
keep track of the propositions accepted by the respondent Ch. Hamblin
introduces a notion of commitment store. C' is a commitment store of
the respondent, so that:

o (= {pOapla "'apn}7 where n > 0, po is positum.
o C; =C;_1Upj, foreach j =0,1,...,m + 1.

Thus the commitment store is a set consisted of the propositions ac-
cepted by the Respondent and the negations of the propositions denied
by her. Ch. Hamblin uses the notion of the commitment store for the
respondent to specify the requirement of correctness of the respondent’s
answers. By the correctness of answers we understand here that the an-
swers of the respondent should not form an implicit contradiction with
any preposition in the set of previously accepted prepositions. By the
explicit contradiction we mean here the existence of two propositios p,,
and p,, such that p, = a; and p,, = —a;.

Surprisingly there is no set K in Ch. Hamblin’s Obligation game.
In the formalisation of C. Dutilh-Novaes K is an open set of true, false
and obscure propositions ko, k1, ..., k,, (n > 0) that form a common
knowledge, shared by all the participants of the disputation. Thus, it is
not quite clear what basis should the respondent concede or deny the
irrelevant propositions on, as if she has to instantiate them. However, as
we shall see later from the correctness-rule, Casus might serve as a set
specifying the truth value of some irrelevant propositions. Nevertheless,
it does not usually contain all possible propositions of the language.
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The Opponent moves first and her first locution has three parts:
(a) ‘actual fact’, (b) ‘positum’ and (c) ‘propositum’, as C. Hamblin calls
them. They are specified as follows:

(a) Casus, which in Hamblin’s system is an obligatory part of the
obligation game, consists of the words ‘Actual fact’ and statement
'B’. 'B’ contains evaluation of the language, consisting of a state-
description by, bo, ..., b,,, where each b; = a; or b; = —a;.

(b) Positum consists of word ‘Positum’, followed by a contingent state-
ment 'C’, where 'C’ = 0.

(¢) Propositum consists of the word ‘Propositum I’ and statement o .

As one could notice, in Hamblin’s obligation game (a), (b) and
(c) form one single step and, thus, open only one round. This mans
that the respondent can either accept (a), (b) and (c) all together or
deny all os them®. However, in the disputation de obligationibus and its
formalization by C. Dutilh-Novaes (b) and (c) represent separate steps
and thus open two different rounds. That entails that the respondent
has a larger set of strategies to choose: (1) he can accept both (b)
and (c)% (2) he can deny (b) and then the game does not start”; (3)
he can accept (b) but deny (c). The strategy number (3) cannot be
played out in the Obligation games. We can conclude that in Obligation
games the Respondent has less strategies that he can follow according
to the structural rules that results in the number of the games he can
possibly win. Thus we can make an interim conclusion that the truth
in Obligation games is different from the one in the disputations de
obligationibus (as well as their formalization by C. Dutilh-Novaes), as
the Respondent has less games he is able to win. If we understand casus
and propositum as a sort of model specification, the above shows us that
in Obligation games the agents start with more precise models than in

SHowever, in the latter case the game does not start.

5This strategy is equal to the one in he Obligation games where the respondent
accepts (a), (b) and (c).

"This strategy equals the one in the Obligation games where the respondent denies

(a), (b) and (c).
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the formalization by C. Dutilh-Novaes. The fact that two rounds at the
beginning of the disputations de obligationibus are combined into one
round might entrap the Respondent to accept a contradiction. Let us
consider the structural rules for an obligation game:

e Answer-rule: Each of the respondent’s contributions p, = o, V
—0p, n > 1.

e Ending-rule: The disputation ends if and only if:

(1) P, &= L;or

(2) P, =T and cedat tempus, which means ‘the time is out’.
¢ Winning-rule:

(1) Opponent wins if and only if P, = L
(2) Respondent wins if and only if P, = T and cedat tempus.

Ch. Hamblin defines the notion of cedat tempus by specifying the
number of steps in the game so that the respondent wins if and
only if P, =T and n = 11.

e Correctness-rule: The respondent’s answer p,, is correct if and
only if it is either

1. implied by C),_1, or

2. consistent with C,,_1 and implied by B; otherwise it is incor-
rect.

The correctness rule shows that Ch. Hamblin does not use the no-
tion of relevance of the propositum to the positum or previously con-
ceded proposita®. Thus, there is no difference between sequently relevant
and sequently irrelevant propositions because no matter if it is relevant
or not the respondent is only obliged to choose whether to concede the

8We shall add this notion to our reconstruction for the sake of clarity as we do
with the concept of common knowledge. Otherwise, the respondent would have no
rule according to which she should evaluate propositions.
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proposition or its negation, but there is nothing said of his duty to con-
cede sequentially relevant and deny incompatibly relevant. Although,
the propositions stated as the actual fact ('B’) are important as they
serve as the correlate of evaluation of respondent’s answers as correct
or incorrect which was specified in the correctness-rule. Ch. Hamblin’s
interpretation gives us no hint of the way the Respondent should an-
swer and in that sense she is in no way determined. This still might be
partly related to a possible interpretation for the Respondent and propo-
sitions relevant to K¢, thought there are differences with respect to the
positum. It is not specified how the Respondent is fined for answering
incorrectly, and, as there is no rule to make the Respondent accept for-
mulae deducible from the positum and proposita?, there is actually no
way to force her to accept a contradiction. However, we shall consider
the correctness rule as a forcing one in the example below.

Let us consider an example of the Obligation game, based on the
treatise by Boethius [2]. Though the original text is written in a form of
a monologue it has such a form that allows for a simple transformation
into the dialogue, or better, a logical game.

9We do not use the notion of commitment store here as it also contains casus
which we can view as a K¢ set for the Obligation game. Though, we might add casus
to a system with a common state of knowledge K¢, but then we should treat it as
other proposita except for the fact that it is accepted with the positum as a set of
preconditions.
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Opponent Respondent Commitment
Store

1 1. ‘Actual fact’: p1: I concede that C1 = {b1, b2, b3,
b1: Everything that is “The things that are, | ba, 00,01}
tends to the good; tend to be good”.
ba: Everything tends p1=o01
towards its like;
b3: That all things that
are, are God is abhorrent;
bs: The things that are,
are good.

2. ‘Positum’:

0o: The things that are,
are good by participation.
3. ‘Propositum I’:

01: The things that are,
tend to the good.

2 | ‘Propositum II’: pa2: I deny that Cy = Cy U{—02};
02: The things that are, “The things that are, | Ca2 = {b1,be, b3,
are themselves good per se. are themselves good b4, 00,01, —‘02}

per se”.
p2 = 102

3 | ‘Propositum III’: p3: I concede that Cs = C2U{os};
o3: Everything tends “FEverything tends Cs = {b1, ba, b3,
towards its like. towards its like”. ba, 00, 01, 02, 03}

pP3 = 03

4 | ‘Propositum IV’: ps: I deny that Cys=C3U{—04};
04: The things that are, “The things that are, | C4 = {b1, b2, b3,
do tend to the good. do tend to the good”. | b4, 00,01, 02,03,

P4 = 04 —04}

5 | ‘Win and Finish’

In order to explicate the run of the obligation, and the Respondent’s
answers in particular, we need to add some comments with respect to
each round as the game proceeds. Starting from the first round, it is clear
that b; = 01. The respondent admits the positum and then can choose
whether to concede or deny the propositum I. As the propositum I is
irrelevant to the positum the respondent can evaluate this proposition
according to the common knowledge. However, it is relevant to the
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special conditions of the game, or actual fact (casus), the respondent
should concede the propositum I in order to answer correctly.

In the round 2 one can notice that oy = —02. “For what is white by
participation is not white per se in that it is, and the same in the case
of other qualities. If they are good by participation, then, they aren’t
themselves good per se in any way”. That means that if something is
good by participation, it is neither good by substance, nor by itself (per
se). Propositum IT is relevant to the positum. Thus, it follows from
the positum that propositum II is false and the respondent must
deny it.

As for the round 3, the Respondent concedes the proposition be-
cause of by = 03. Although, the propositum III is irrelevant to the
positum (though Hamblin does not use the conception of relevance) it
is relevant to the special conditions of the game, or actual fact (casus),
the respondent should concede the propositum III in order to answer
correctly.

Finally, in round 4 the Respondent uses 03 A —02 = =04 to deny the
proposition. The opponent repeats once more the question o1, but now
it is relevant and according to the rules of the game the respondent has
to deny the proposition.

This example shows us a possible flow of the obligation game as
a reconstruction of the disputations de obligationibus. The opponent
finishes the game and she has won because the respondent’s last answer
(p4) was incorrect as her commitment store (C4) became inconsistent as
pg and p; together make a contradiction. This happens because p; = 01
and py = —o04, where 01 = o4, so that we can restate the respondent’s
commitment store as follows: Cy = {by, by, b3, b4, 09, 01, 702,03, 701 }.

Actually, as there are not any notions of sequently relevant and se-
quently irrelevant propositions, the respondent could accept the proposi-
tion o4: “The things that are, do tend to the good” in the round number
4 of the previous example, but we still would have end up with a con-
tradiction in the commitment store Cy, because it already existed in the
step number 3 in the commitment store C5, though it was implied, i.e.,
needed some logical inference from the propositions in C5 for its explica-
tion. However, we should emphasize that Ch. Hamblin has not specified
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any inference rules for his system, so we should assume that along with
accenting a language of some logical system we should use its inference
rules and axioms as well.

Nevertheless, we suppose that Hamblin writes nothing about those
rules as it is not particularly important as his aim is to show how his
structural rules can influence the system. We shall face this problem
once again while considering his system of formal dialectic in the next
section 3.

3. The Difference between the Obligation Games and
Formal Dialectic

In the previous section 2 we have considered the Obligation game which
is supposed to be a formalization of the disputations de obligationibus.
We have specified some of the features of those games as well. Now
we shall briefly present the system of formal dialectic and see how we
may use it to formalize disputations. So, similar to the obligation game,
Hamblin does not pay much attention to the rules of inference according
to which the players can make their moves which could mean that any
set of rules making valid inference can work. Thus, different players can
use different sets of rules with still good results in the game. Neither
does he explicitly specify any logical model with for the game. However,
we suppose that one can take some logical system and see how those
rules of the game affect the number of true formulae. Therein after we
shall specify some rules for the formal dialectic together with providing
a general characteristics for it.

However, we would like to start with considering the same example
as in the previous section but formalized using the formal dialectic. To
simplify our representation we shall use the following notation:

e p := The things that are, tend toward good;
e ¢ := The things that are, are themselves good per se;

e 1 := Everything tends towards its like.
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White’s ‘White Black Black’s
Commit- Commit-
ment Store ment Store
p ?(p) Com(p) p

1
P.q ?(q) Com(—q) P, —q

2
p,q,T ?(T) COI’Il(T) p,mq, T

3
Pq,T, 2((mgAr) = -p) | Com((=gAT) = =p) | P,7gT,

4 | (mgAT) = p (ngAT) = —p
P, ?(pV —p) Com(—p) P, P, G, T,

5 | (mgAT) — —p, (mgAT) = —p
pV p
p,q,T, Resolve(p V —p) No(p) -p, Tq, T,

6 | (mgAT) = —p (—gAT) = —p

Now we shall specify the rules used in the above example. First of
all we can divide all the rules of a dialectical system into two groups:

e Syntactic rules that govern the way the players act in the dialogue
providing possible moves

e Rules that determine operations over commitment store determin-
ing what propositions are inserted or deleted from the commitment
store.

DEFINITION 1. We can define the language of dialectical system D =
(Prop, Const, ®) as follows:

1. Propositional variables Prop = {p,q,r,p1,q1,71, P2, G2, 2, --- };

2. Standard propositional constants Const = {V,—,—, A}
Ch. Hamblin does not define rules for conjunction, however, he
uses it in one of the examples. So we tried to extract the rule from
the example of the dialogue [9, p. 267];

3. Functors for dialectical actions & = {Com, No,?, Why, Resolve}
defined as follows:
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(a) Com(A) is an ‘utterance A’, sometimes it is possible to use
Com(A, B). The uttered formula is added to the commitment
store of both a speaker and a hearer with some exceptions.

(b) No(A, B,...,C) stands for ‘no commitment A, B,...,C" and
deletes any A, B,...,C from the commitment store of the
speaker.

(¢c) 2(A,B,...,C)isa‘question A, B,...,C’,n > 1, where nis a
number of propositions. We suppose that comma stands for
disjunction here, i.e. 7(AV BV ...V (). This functor inserts
the disjunction AV BV ...V C into the commitment stores
of both speaker and hearer with some exceptions;

(d) Why(A), for any proposition A if it is not an axiom. It is a
request for argumentation;

(e) Resolve(A) is a request for resolution. It does not influence
any commitment store.

REMARK 1. The status of the resolutions in the formal di-
alectic is not quite clear, however, we can give a few interpre-
tations of its function:

e We can view resolution as a request given to the other
participant to identify whether formula A or —A is con-
sistent with his commitment store. As a result the other
participant should answer either NoA or No—A. Thus
we might consider resolution to be a sort of consistency
test.

e It is also possible to suppose that resolution is a sort
of belief revision operator. Though, Hamblin does not
specify what happens to the formulae related to the one
that was revised. At least, resolution might serve as an
instrument to show the other participant that she has
a contradiction in his commitment store and ask her to
‘resolve’ it.

If we compare these two systems: the Obligation game and the sys-
tem of formal dialectic we would see that there is a number of similarities
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and differences between them. Among the things that look similar be-
tween those systems we should mention the following;:

e Both Obligation game and the formal dialectic are standard two-
valued systems. That might explain why Hamblin does not provide
us with any special semantical model for them.

e Both systems have two leveled syntax: (1) syntax of the object lan-
guage and inference rules (that are not explicitly specified though)
and (2) structural rules!®. Structural rules determine the protocol
of communication between participants (or agents): in the case of
Obligation game between opponent and respondent, and between
the opponent and proponent, or Black and White, in the case of
dialectic system.

e Both systems have a notion of commitment store which is dynamic,
i.e., a set of propsitional commitments that alter depending upon
the moves the players make in the dialogue'' [26, p. 35].

As concerns the differences between the Obligation game and formal
dialectic, we would like to mark out the following:

e The organization of commitment stores is different. In case of the
Obligation game there is only one commitment store, that of the
respondent, because we should trace only his responses. And it is
connected to the second difference.

e The roles of agents in the Obligation game are asymmetric as it
was specified earlier whereas in the dialectic system they are sym-
metrical except for the fact that White moves first.

10Tt is worth mentioning that the logical and the structural rules in the dialogue
logic by P. Lorenzen and K. Lorenz [17] share the same idea of two levels of rules.

We might also intoduce a notion of static commitment store that is not altered by
moves in the dialogue and it’s contents are fized before the dialogue commences [26, p.
35]. That notion of commitment store would reflect the idea of common knowledge
set K¢, especially if we take the interpretation according to which the Respondent
may deny irrelevant propositions following from K¢ in order not to lose.
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e Another difference concerning commitment store is that in the case
of Obligation game nothing can be deleted from it. That means
that no retraction is possible, whereas in case of formal dialectic
it is possible and players are able not only to insert commitments
but also delete them by retracting their previous propositions. The
latter brings about a problem for interpretation of the system.

e In relation to the commitment store, there is also difference in the
ending of the game, because, as for the Obligation game, Ch. Ham-
blin clearly specifies the end of the game and the winning-rule
whereas in case of formal dialectic he does neither the first, nor
the second. That means that the game is potentially endless (if it
even may be considered as a game) and there are no winning rules.
Thus, we suppose that Obligation game and formal dialogue are
two materially different types of dialogues: the former represents
the antagonistic type, and the later is non-antagonistic. We also
consider the obligation game to be a restricted type of the for-
mal dialectic there two players are identical with respect to their
knowledge and inference capacity. the difference between them is
functional.

e In the case of Obligation game one of the players is forced to
make certain moves (or at least we can interpret the correctness
rule in that spirit), but as for the formal dialectic the system is
semantically open, which means that “there is mo statement at
all, even a tautological one, which a speaker can unconditionally
be forced to utter, nor any set of statements of which he can be
unconditionally forced to utter one” [9, p. 259].

4. Why Obligation Games are not Disputations de
Obligationibus?

In the previous sections (2 and 3) we have specified two possible for-
mal representations of the medieval disputations de obligationibus. The
question that arises is whether the Obligation game is actually a formal-
ization of disputations de obligationibus or just a way to illustrate an
example of a formal dialectic dialogue inspired by those disputations. In
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this section, we shall try to show that Obligation games are not adequate
representations of disputations de obligationibus.

We insist that there are some crucial differences between K¢
and C,,12.

1. The first difference can be called conceptual. K¢ is interpreted as a
common knowledge set, that should be shared by all participants
of the disputation. Although we can adopt the idea that those
disputations were merely a ‘convenient fiction’ expressed in [11],
nevertheless from the conceptual point of view K¢ represents a set
of agent’s knowledge and beliefs (in some formalizations even an
ordered one) whereas C,, might contain both common knowledge
and beliefs'® and propositions accepted in the flow of the game.
But that means that the commitment store does not distinguish
between common knowledge and the propositions accepted in the
game, so we can not define any priority with respect to them as is
done by Lagerlund and Olsson [11].

2. The Obligation game ignores very significant notions of relevance
and irrelevance. Thus, players are not forced to accept or deny
propositions on the basis of their relevance to those that were
accepted earlier. Though, there is a correctness rule with respect
to the commitment store, nevertheless, it is not specified what
happens in a game if the respondent answers incorrectly. Thus
the notion of commitment store can compensate for the absence
of relevance relation but only partly'4.

3. There are also crucial structural changes in the disputation, i.e.,
Ch. Hamblin combines several steps into one that deprives the

?Here we are talking about the dynamic commitment store as it is specified for
the Obligation game.

3Though Hamblin never says anything about them as if there were none or they
were somehow presupposed. If we follow the former interpretation than the commit-
ment store of the respondent is empty before the beginning of the game. However, if
we adopt the latter, than the commitment store should contain all those propositions
before the game starts.

14We even had to use the notions of sequently relevant and sequently irrelevant
propositions while considering the example of the Obligation game in section 2.



172 A.M. Pavlova

respondent of the possibility to react to each proposition indepen-
dently (that leads to some dramatical changes in the ability to
have a winning strategy. We shall mention below that for some
games over particular propositions, which the respondent could
win in the disputation de obligationibus, the opponent has a win-
ning strategy in the Obligation game).

4. The respondent has no ability to doubt proposition (so if she does
not accept a proposition, she has to accept its negation) as the
Obligation game system is two-valued. On the contrary, in the
disputation de obligationibus the Respondent is believed to be able
to mark a proposition as doubtful. Though we do not consider this
system a three-valued construction, as those doubtful propositions
do not influence the reasoning (i.e. are excluded from the process
of evaluation of the subsequent propositions), we still consider this
as a substantial difference.

At the end of this section we would like once again to bring about
the problem of winning in the medieval disputation. As C. Dutilh-
Novaes shows [6] the respondent always has a winning strategy unless
he accepts a logically contradictory positum. However, in our example
presented in section 1. the positum is not contractory. Why does the
respondent lose then!®? Where did the respondent make a mistake?
This question turned out to be the most interesting one. If we carefully
read the example through, we shall see that at each step the opponent
offers the respondent only those propositions that follow logically either
from the positum or the ‘real fact’ (casus). That means that all propo-
sitions accepted after the first step can be derived from it. Thus we
should look for the contradiction (though, perhaps, implicit) in the first
step of the game. Thus, if we pay our attention to the first round of
the game, we shall see that propositum I is relevant to the ‘real fact’
(casus)'®. By consequence, we should search for the contradiction in
the set formed from the propositions put forward by the opponent in

'50ne can easily see that the opponent not only can win, but she even has a winning
strategy in the game, so that she can force the respondent to lose.
16Tt is even a repetition of one of the propositions of the casus, namely b;.
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the casus and the positum. It is not surprising that we find an implicit
contradiction there, though we lack the premise that ‘something that is
good by participation is not good per se’ which should be a part of com-
mon knowledge K. We emphasize once again that we cannot reveal it
by any rules of the Obligation game as there is no set K¢ in Hamblin’s
formal system. Thus, having combined several steps into one Hamblin
has trapped the respondent into an obligation of starting a game with a
contradictive set of propositions.

Finally, we should like to say a few words of the characteristics of
agents represented in the Obligation game. The Obligation game does
not distinguish between the common knowledge, or the old beliefs (if
there were any), and those that occured after the acceptance of the
positum. In that respect he respondent is less rational then in other for-
malizations as she cannot distinguish between the old information and
the new one. There remains the question of agents’ determination. On
the one hand, in case of formal dialectic the respondent is free to accept
or deny a proposition unless she accepts a contradiction. On the other
hand, if the correctness rule has a greater power than just recommenda-
tion, that would change the situation dramaticly and make it even more
determined than that of the consistency maintenance games [6] (as we
have here only two possible truth-values) or other formalizations.

5. Conclusion

In this paper we have examined the Obligation game and Hamblin’s
formal dialectics in their relation to the medieval disputations de obliga-
tionibus of the Burley type and other interpretations and formalizations
of the latter. We have shown in sections 2, 3 and 4 that neither the Obli-
gation game, nor formal dialectic can serve as a fruitful and adequate
formalization the medieval disputation.

To sum up, the formal dialectic is a communicative protocol for
rational agents that uses other formalized systems, not necessarily logic,
as structural rules. We assume that it is a sort of a cognitive game for
two or more participants with the objective of establishing an ordered
set of propositions represented by commitment stores. It may also be
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used to check whether some set of propositions is contradictory and to
eliminate any ascertained contradiction.

As for the obligation game, it is a variety of formal dialectic aimed
at modeling the medieval disputation de obligtionibus. We can consider
it as a game on consistency maintenance. We mark out the following
features of the obligation game:

1. Common commitment store (as opposed to different commitment
stores for each player in the formal dialectic);

2. Classical propositional logic (sometimes with modal fragment) as
a way to set up the truth conditions for propositions;

3. Impossibility to delay the round closure. If we compare it to the
dialogue logic of P. Lorenzen, we will see that there exist some
limitations of round closure for intuitionistic games, though they
are not so strict;

4. Impossibility to give up previously accepted propositions.

To sum up we would like to make a conclusion that neither the
Obligation game, nor the formal dialectic can be assumed an adequate
formalization of the disputation de obligationibus, though they show
some interesting connections between the structural rules and the sets
of formulae which the respondent can have a winning strategy about.
It also reveals some features of the rational agents participating in the
game.
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Crp. Crpoka Hanegarano Jlo/2KHO OBITH
C. 40 | crpoka 2 > (a, B)ymazx > max(a, B)
C. 40 | crpoka 8 f((AVB)) =1 rorga f((AVB)) =1 rorma
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FA) =0 fB) =1 | F(A)=0mwm f(B) =1
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C. 48 | crpoka 20 | ...mesepHo, uTto Q ¢ S, TO | ...HeBepHO, uTO Q € S, TO
Q€S (-Q €S
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