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Cumeoauuveckas no2ukxa
Symbolic Logic

N.A. TOPBYHOB

XapaKTepucTuiecKne Teopun u oopalieHmne
MOJICTAaHOBKM "

HNrops AnarosaveBud I'opbyHoB

TBepckoit rocyIapCTBEHHBIN YHUBEPCUTET.

Poccuiickaa @enepanus, 170100, r. Treps, yi1. 2Kenabosa, x. 33.
E-mail: i_gorbunov@mail.ru

Awnnoranus: Marpuneit JIuagenbayma HEKOTOPOH JIOTMKK HA3BIBAIOT JIOTUYECKYIO MAaTpPH-
1y, 3aJaHHyI0 Ha ajrebpe Bcex POPMYJI 3TOH JIOTMKHU M MMEIONLYI0 B Ka9eCTBE BBIIEICHHOIO
MHO>KECTBa HEKOTOPYIO ee Teopuio. MHOXKeCTBO BCeX TAKHUX MATPUI] HA3bIBAIOT PACCIOEHUEM
Jluupenbayma. Paccioenne Jlunnenbayma HEKOTOPO#T JIOruKu 06pa3yer XapaKTepPUCTUIECKOe
IJIsT 9TOM JIOTUKU MHOXKECTBO Jiormdeckux Marpur,. OgHaKO M3BECTHO JTOCTATOYHO MHOIO JIO-
UK, HAIpPUMep KJIaCCUYeCcKasi, KOTOPbIe XapaKTePU3YIOTCs OHOM MaTpPHIIEi.

B pabote mostydeH psifi KpUTEPUEB TOT'O, YTO JIOTUKA MMEET XapaKTEPUCTUIECKYIO MATPHILY.
[Tokazano, 9TO BOIPOC HAJMYHNS TAKON MATPHUIIBI CBS3aH C Oneparimeit 0OpalneHns mOJCTaAHOB-
KU JIJIsl OIIPEJIEJIEHHOIO BHJIA IOJCTAHOBOK. 3J1€Ch I10J1 oneparueii oopalieHusl M0/ [CTAHOBKI
MoJ[pa3yMeBaeM B3sITHE TPoobpa3a HEKOTOPOr0 MHOXKECTBa (pOPMyYJI JIJisi HEKOTOPOI ojICcTa-
HOBKWH.

ITonyden cilemyromuii KpUTEpHUil HAJIMYUNS XapaKTEPUCTUYECKON MATPUIILI JIJIs TAHHOM JIOTH-
KH: JIJIsi HEKOTOPOI JIOTUKH CYIIECTBYET He OoJjiee 9eM CUYeTHast XapaKTePUCTUIECKAsT MaTPHUIIA
TOT/a U TOJIBKO TOTJA, KOTIa CYIIECTBYeT TaKas TeOPHs, [JIs1 KOTOopoit MaTpura Jlumngenbayma
SABJII€TCsI XapaKkTepuctuieckoil. Ha ocHoBanuu sToro haxra BBEJIEHO TIOHSATHE XaPAKTEPUCTH-
YeCKOI TeOpHH.

Kak cnenyer uz Jlemmbr Cymiko, mjisi Jii0G0OH JIOTUKH Pe3yJibTaT OOPAIIeHUs [MOJICTAHOBKHA
HEKOTOPOI TeopuH siBjIsieTcsi Teopueil. B manHoit pabore mokasaHo, 4TO Teopus 1 sIBJIsI€T-
Csl XapaKTePUCTUYECKON TOrja M TOJBKO TOrIa, KOrIa JI00as HEIPOTUBOPEYUBAS TEOPHUS
SABJISIETCS TIEpecedeHreM MPpoodpa3oB Teopuu 1, B3ATHIX IO BCEM IIOACTAHOBKAM, KOTOPLIE
BKJIJIBIBAIOT 3Ty Teopuio B 1. Takum o6pa3oM, MOydaeTcs, YTO JIOTMKa UMEET XapaKTepu-
CTUYECKYI0 MATPHILy TOTJA W TOJBHKO TOT/Ia, KOTa CyIIeCTBYyeT Takas Teopus 1, 94To Jrobast
HEIPOTUBOPEYNBast TEOPUS SABJISETCS IepecedeHneM mpoobpas3oB Teopun 1, B3ATHIX 110 BCEM
BKJI&IBIBAIOIIMM ITOJCTAHOBKAM.

B kavecTBe MLTIOCTpaIlIy PACCMATPUBAETCS BOIPOC O XapPAKTEPUCTUIECKUX TEOPUSX KJIac-
cudeckoit joruku. JlokazaHno, 4To s1r00as MOJTHAS TeOPHUs KJIACCHIECKOH JIOTUKY SIBJISETCS Xa-
PaKTEePUCTUYIECKON. 3aMEUEHO, UTO B KJIACCUIECKOI JIOTHKE JIF0Dasl TOJIHASI TEOPUST SIBJISIETCST

* Pabora BbimosineHa upu nomuepkke POOU, mpoekrsr Nel7-03-00818-OTH wu
Ne18-011-00869—a.

© Topbynos 1.A.
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pe3ysIbTaTOM OOpaIleHusT HEKOTOPOU IIOJICTAHOBKMU, IIPUMEHEHHOU K HEKOTOPOIl XapaKTepH-
ctuaeckoit Teopuu. [IpuBesien mpumep Takoil IMMOJCTAHOBKH JJIsl CJIydas, KOTJa XapaKTepH-
CTUYECKasl TEOPHSI ABJIFETCS TOJTHOM.

JokazaHo, 4To MUHUMAaJIbHAs MaTpuIia JInagendbayMa KIacCuIeCcKoi JIOTUKY SIBJISIETCS XapaK-
TEPUCTUYIECKOH, TO €CTh MHOYKECTBO BCEX TABTOJIOTUU ABJIAETCA XapaKTEPUCTUIECKON Teopueit
KJIACCUYECKOM JIOTUKU.

KuaroueBrnie cioBa: marpuns! JInnnenbayma, xapakKTepUCTHYECKHE MAaTPUIIBI, CTPOTHI I'o-
MOMOp®U3M, 0OpallleHne [T0ICTAHOBKY, IIOJHbIE TEOPHUH, KIACCHIECKas! JIOIMKA

s murupoBanusi: [opbynos U.A. XapakTepucTuieckrne TEOPUU U 0OpallleHne MOICTaHOB-
xu // Jlornueckue nccienosanusi / Logical Investigations. 2019. T. 25. Ne 2. C. 9-25. DOI:
10.21146/2074-1472-2019-25-2-9-25

1. Jloruka. OcHOBHbIE OIIpeaeJIeHUs

[Tycrs Tpoiika (I, 3, {(,),,}) — HEKOTOpBI MPONO3UIMOHAILHBIN asda-
But. 3xeck II = {z; : ¢ > 1} — cuyerHOE MHOXKECTBO IIPONO3UIMOHATIBHBIX
[IEPEMEHHBIX, Y, — HEKOTOPOE MHOYKECTBO KOHEYHOMECTHBIX (DYHKITHOHATHHBIX
CHUMBOJIOB, KOTODbIEe MbI OyieM Ha3bIBaTh JA02uveckumu ceagkamu, a {(,),,} —
MHO2KECTBO BCIIOMOTATEJILHBIX CUMBOJIOB. JJisi 0b03HAYMEHNST TTPOIIO3UIIMOHA b
HBIX TIEPEMEHHBIX B KA9eCTBE MeTa0003HATEHU T Oy/IeM HCIIOJIL30BATh U JIPYTHE
CTPOYHbIE OYKBBI JIATUHCKOIO ajipaBUTa, BOSMOXKHO, C UHJIEKCAMH.

Besikmii Tepm, nocrpoenssiii u3 cumposios andasura (I, %, {(,),, }), Oy-
JleM Ha3bIBaTh (hopmyaoti. MHOXKeCcTBO Beex (popmyia OyieM 0003HATATE ITOCPE/I-
creoM . ITocpencrBom Ppripn(P) Oyiiem 0603HaAYATE MHOKECTBO BCEX KOHEUHBIX
IIOJIMHOKECTB MHOKecTBa, P.

[ToscranoBKoit HyieM Ha3BIBATH TOMOMOPQHOE IPOIOJKEHIE OTODPaYKEeHU s
€ : Il — & ma muOXkKecTBO Beex opmyst. IIoCcKOIBKY 9TO MPOIOIZKEHUE €INH-
CTBEHHO, TO 0003HAYaThH €ro Oyiaem Toxe €. jisi jir060ro MHOXKECTBa, (POPMYJI
I' mocpencrom eI’ Oymem obo3HAUATH PE3Y/ILTAT MPUMEHEHUs IOJCTAHOBKU €
KO BceM hpopmysiam 3Toro MuOKecTBa. [locpencreom E 0603HAYNM MHOKECTBO
BCEX IOJICTAHOBOK.

Crenyromast ieMMa OTHOCUTCS K (DOJIBKJIIOPY.

Jdemma 1. Ve c EVIT,A€2® (T C A s el CeA).

Zloxazameavcmeo. Mouorounocts obuienssectna. [lycrs eI' € eA. 3uauwr,
cytecTByeT Takas Gopmyia @, 910 ¢ € e’ u ¢ & eA. Takum obpazom, nMeeM,
gro Jip € T (e = ¢) u Vx € A (ex # ¢). CuenoBarenbho, ¢ ¢ A, u 3Ha4MT,
I ZA. [ |
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Ha muozkecrse 2% cieyionu 0o6pas3oM OMpee/ M OHOMECTHYIO OIepa-
nuto Sb, KOTOPyI OyIeM HA3bIBATH 3AMOIKGHUEM N0 NOOCTNAHOBKE:

Sh(I) = | J{eT' : e € E}.

MuozkectBo hopmya I' OymeM Ha3BIBATL 3AMKHYMbLM N0 NOJCMAHOSKE, €CIIN
Sy) =T.

Mapy (I', @), tae I' € Prin(P), a ¢ — dopmya, bymem obosnaugars I' I ¢
1 HA3bIBATH cekseHyued.

MmuoxkectBo cekBenruit L OymeMm Ha3bIBATDL 402UKO0U, €CJIU OHO YIOBJIETBO-
psIeT CIIeLYIOMUM yCcJaoBusiM: Jitst I00bIX I', A € Prin (®) u ¢ € ® BepHO, uTO

(Al) p eT'= (I'IF ¢) € L (pedaercusrocmy);

(A2) TIFp) eLuVy eI (AlFvy) € L) = (AlF ¢) € L (mpansumus-

HOCTID);
(A3) T'lFp)eL=VeeE ((¢(I') IFe(yp)) € L) (cmpyxmyprocmnv).

OmpenenuM omuoweHue A02UYECK020 CAed08aHUSA, KOTOPOEe OyaeM 00o3Ha~
gaTh b, caeayrormmM obpasoM: Jjist Jiroboro MaOkKecTBa A, C §

Ab e al € Pun(®) (TCAun (TIFy) € L).

Hecnoxmo nmokasars, 9To oTHOIIEHHE - 00/1agaeT cBoiicTBaMu pedJIeKCuB-
HOCTH, TPAH3UTUBHOCTH U CTPYKTYPHOCTH.

Teopueti noruku L 6ynem Ha3bIBATH MHOXKECTBO (DOPMYJI, 3aMKHYTOE 110 OT-
HOIIIEHUIO Jiormdeckoro ciefoBanus. [locpencrsom Th(L) 6yaem obosnadarsb
MHOXKecTBO Bcex Teopuit jioruku L. Beskomy I' C @ comocTtaBuM MHOXKECTBO
C(T) ={¢ : T F ¢}. Oupenesennyio rakum obpazom omneparuio C Gyjem Ha-
3BIBATb OMEPAMOPOM 3AMbLKAHUSA TOTHKA L.

Teopema 1. C(I') € Th(L).

Hoxazameavcmeo. Ilycrs C(T) # &, A+ pu A C C(I'). Crenosaresibho,
cymecryer (O |- ¢) € L rakas, aro © C A. Tak kak V¢ € O (I’ F ), To
I'F . |

Mmnoorcecmeom masmonozuti noruku L Gyjem Ha3bIBATh MHOXKECTBO (hop-
mya L={¢: (IF p) € L}.

JIemma 2. /Jlaa mobot soeuku L eepro, wmo ecau (I'IF ) € L u T C L, mo
(IF ¢) € L.
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Loxaszameavcmeso. llycte L # @, (I'lF ) e LuT C L. Tak kak Vo € I' ((IF
) € L), ro (IF ¢) € L. |

Teopema 2. Jlaa 110600 A02UKU MHOHCECTNEO MABMOA02UL 3AMKHYMO NO NOO-
CMAHOBKE U SOZUYECKOMY CACO0BAHUIO.

Zoxazameavcmeo. Ilycte L # &, A C L u A F ¢, ciaegoBaresibHO, CyIie-
creyer (T IF ¢) € L taxas, uro I' C A. Torna, no Jlemme 2] (I- ¢) € L.
Tor dakr, uro Sb(L) = L, cienyer u3 ycjoBusi CTPyKTYPHOCTH. ]

Takum obpazom, L = C(2).
Jasee canraem Jjioruky L puKCHpOBAHHOIN.

2. Paccaoenne JImngenbayma

[Tapy M = (A, D), rne A — anrebpa Ha HEKOTOPOM HEILyCTOM MHOXKecTBe A
u D C A, O6ymeM Ha3bIBATh NoJLodAwet mampuyet oas sozuky L, ecin Beskoi
CBSI3KE 3TO JIorMKu B ayirebpe A mocrasjieHa B COOTBETCTBHE OIE€paIlds TOM
ke MecTHOCTH. MHOXKecTBO D OyjieM Ha3BIBATH 6bl0eACHHBIM MHOHCECTTIBOM.
Jlajiee rOBOPUM TOJILKO O MATPHUIAX, ITOIXOISINUX I JOruky L.

Ouenxoti v na mampuuye M = (A, D) GyneMm HasblBaThb OTODparKeHUE
v: Il — A. MHOXKeCTBO BCeX OLEHOK Ha HEKOTOPOil (PMKCHPOBAHHOI MaTPHIE
M 0603HaUNM TTOCPEICTBOM O pq.

Bnaverue gopmyavt @ npu ouenke v, KOTopoe OyieM 0603HadaTh V(p), orpe-
JICTTAM 110 MHYKITUH:

ecin @ = p € I, 1o v(p) = v(p);

eci ¢ = f (i, .., Un) (rae 7 € B, 10 v(g) = F0(01), ., w(tn)).

ByseM roBopuTb, UTO (GOpMyAa © UCTRUHHA NPU OUEHKE UV HA MAMPUUE
M = (A, D) (u obosnauats sror dakr nocpegcrsom 3amucu M EY @), ecan
v(p) € D.

Bynem rosopurb, uto gopmyaa @ ucmunna na mampuue M = (A, D)
(1 obozHavaTh 910 Kak M = @), ecin Vv € O (v(g) € D).

Byzaem rosoputs, uro marpuna M = (A, D) saBiasiercs modeavio noruku L
(coeaacosana c norukoii L, asasemes mampuuets soeuku L), eciu BBITOTHAETCST
yCJIOBHE:

F'Fp=YWweOnm (v(I') CD=v(p) eD).

O6osnaunm mocpeacrom $* anrebpy Tepmos (dopmyir), KoTopyio Gyaem
HA3bIBaTh a.2ebpoti Jlundenbayma. Paccaoenuem Jlundenbayma moruku L wHa-
30BeM CJIeIyIOINIee CeMefCTBO MATPHIL:

My = {(&*,T) : T € Th(L), T # ®}.
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Kaxnyro marpuiy Mp = (®*,T') sroro cemeiicTBa Oy/1eM HA3bIBATD MM~
puyets JTundenbayma noruku L. Marpuiy My = (®*, L) 6ynem Ha3bIBATD MU-
HUMAALHOT, mampuyet JTurndenbayma toruku L. 3amMerum, 94TO BCsIKast OIEHKA
Ha ajrebpe Jlunmenbayma sIBJISI€TCS TOJICTAHOBKOMN, MOTOMY MHOXKECTBO OIlE-
HOK Ha 3TOoi aynrebpe Oynem obozunavars E.

Kak uzBecrtno, arnbas mampuuya JTundenbayma aoeuxu L asaaemesa mode-
w10 amoti aozuru [Wojcicki, 1988, p. 196, Theorem 3.1.5].

[Tycts M — HEKOTOpOE MHOXKECTBO MATPHIIL.

Bynem rosoputs, uto muooicecmeo mampuy, M coenacosano ¢ soruxoit L,
ec/Ii KaxKdash MaTPHUIA U3 3TOTO MHOXKECTBA COTJIACOBAHA C JIAHHOMN JIOTUKOI.

Bynem ropoputs, aro mroocecmeo mampuy, M asasemea noarowm oaa a0-
eukxu L, ecsin BBINIOJIHAETCS YCJIOBHE:

I'Yeo=3IMecMIveOym (W) CDuv(p) D).

ByzaeM roBoputs, 4to mroscecmeo mampuy, M a6asemces noarvim 0as ao-
euxu L, ecoin Boimonusiercst yeosue: ecu I' ¢, o cymecrsyer Takast MaTpuiia
MeM, uaro v € Op (v(T') CD uv(p) ¢ D).

ByzeM roBopuTb, UTO MHOICECTE0 MAmpuy, Tapakmepusyem aozuky L, ec-
JIM 5TO MHOZKECTBO $IBJISIETCS] COIVIACOBAHHBIM ¥ IOJIHBIM Jiis L.

Paccaoenue JTundenbayma soeuxu L zapaxmepusyem smy aozuxy [Wojcicki,
1984} p. 79, 32.4].

PaccmoTpumM Takyke HEKOTOpbBIE Apyrue cBoiicTBa paccioeHus Jlummen-
bayma.

Bynem rosoputs, uro marpuna M = (A, D) noana OTHOCUTETHHO JIOTUKU
L, ecoin BBINIOJIHSIETCST YCIOBHE:

VveOym W) CD=v(p)eD)=TFep.

Teopema 3. Ilycmv mampuya M = (A, D) noana ommnocumesvho Ao2uku
L. Tozda das xascdoti mampuyo, Mp = (D*,T) us paccaoenusn Jlundenbayma
sepro, wmo cyuecmeyem 2omomopgusm h us ®* ¢ A maxot, wmo h(T) C D.

Joxazameavcmeo. llycrs nns mekoropoit Teopun 1 u GopMyJibl ¢ BepHO,
aro T I/ . [Tockombky marpurna M = (A, D) mosHa 0THOCATEIBHO JIOTHKA L,
TO cymiecTByeT Takast onenka v : II — A, aro v(T) C D u v(p) ¢ D. Onenka
v u OylieT ABJIATHCS YKA3aHHBIM TOMOMOPGU3IMOM h. |
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Bynem rosoputs, uro marpuna M = (A, D) zapaxmepusyem soruky L (nmn,
aro MarTpuria M sBisieTca rapakmepucmuueckoti mampuued; toruku L), ecim
BBITIOJTHAETCA yCﬂOBI/Ie:

VweOm (W) CD=v(p)eD)TFo.

Cmpozum 2omomoppusmom marpunst M = (A, D) na marpuny N = (B, G)
OyleM Ha3bIBATh CIOPBEKTHBHBIN romomopdusm h : A — B, npu Koropom
h~YG) = D [Wéjcicki, 1984 p. 99, 41.1].

N3BecTHO, 9TO 1T BCSIKOM JIOTMKH KJIACC BCEX MATPHIL 3TOH JIOTUKU 3aM-
KHYT OTHOCHTEJILHO CTPOrOro IOMOMOpQHU3Ma U B3ATHS IIPOOOPas3a CTPOroro
romomopdusma [Wojcicki, 1984, p. 100, Theorem 41.4].

Teopema 4. ITycmv mampuya M = (A, D) — nexomopas, ne boaee uem
cHemmas, nodrodawas Mampuys s aoceuxu L. Ecau das xaocdot mampu-
yot Myp = (®*,T) us paccaoenus Jlundenbayma cyuecmeyem cmpozuti 20Mo-
moppusm h : Mp — M, mo mampuya M sasasemcs rapaxmepucmuneckots
mampuuyeti nozuxu L.

Jloxazameavcmeo. TlockonbKy Kitacc BCeX MATPWIL ITON JIOTUKU 3aMKHYT
OTHOCUTEJILHO CTPOroro roMomMopdusma, To Marpuna M SABJIAETCS MOJIEIHIO
sgoruku L.

[Iycts mist mekoToporo muoxkectBa (opmys I' 1 hopMysibl (o BepHO, UTO
[ i/ ¢. lockombky cymectsyer crporuii romomopdusm h : My — M, npu
koropom C(T') = h~1(D), To npu onenke v, coBnajaoieii ¢ roMoMOphU3MOM
h Ha MHOXKecTBe mepeMeHHbIX, Mbl nosyauM, ato v(I') C D u v(p) € D. [ |

3. Crporuit romoMmopdu3M U MOJIHOTA

PaccmoTpum, Kak cBszaH CcTpOruii ToMOMOPGU3M C TAKUM CBOMCTBOM MaT-

puii, Kak HO.HHOTa1 .

JIemma 3. ITycmov mampuuya M = (A, D) noana ommocumesvro ao2u-
xu L u cywecmeyem cmpozuti 2omomopdpusm h mampuyve M na mampuyy
N = (B,G). Tozda mampuya N noana ommuocumesvno smoti A02uxu.

Joxazameavcmeo. Ilycts A I o u 1j1s1 HEKOTOPOit OleHKU vV € O yq UMeeM,
aro ¥(A) C D uv(p) € D.

Hecoxxuo mokazaTh MHIYKIHEH IO TOCTPOESHUIO (POPMYJI, YTO JIJIst JTFOOOM
orneHku [ € O s, Takoii, aro Vp € II (u(p) = h(v(p)), u aas moboit hopmyIIs!
 Gyzer Bepro, 910 () = h(v(p)).

13ameTnM, YTO NpUBEJEHHBIE HIKE JIEMMBbI SIBISIOTCS  ciegcrBueM Jlemmbr 3.1.8

n3 |Wajcicki, 1988 p. 197].
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Tak xak v(p) € D, To B cuiy crporoctu romoMopdusma b morydaeM, 9To
h(v(y)) € G n, caenoBarensho, u(p) € G.

[Tpu sTOoM mocKoIBKY romomopdusm ssisercs crporum u h(v(A)) C G, To

n(A) C G. [ |

Jlemma 4. ITyemo mampuya N = (B, G) noana ommnocumenvro aoeuru L u
cywecmeyem cmpozuti omomopdusm h mampuysee M = (A, D) na mampuuy
N. Tozda mampuya M noana ommocumesvo 3moti A02uKu.

Jloxazameavcmeo. Ilycte A I ¢ u 1j1s1 HEKOTOPOI OleHKU v € Oy uMeeM,
aro v(A) CGuv(p) €G.

HeciioxkHO 1mokasaTh MHILKIHEd 10 HOCTpOGHI/IIO dbopmyst, aro jyist 110607
OIEHKH [t € O A TAKOI, 4TO Vp €I (u(p) € h~Y(v(p)), m ms moboit bopaysr

p Gyzner sepro, uto u(p) € h™*(v(p)).

Tak xak v(p) € G, 10 h L(v(¢)) Nh~YG) = @. B cuny crporoct romo-
mopdmsma h nomyuaem, uto b~ (v(¢)) N D = @ u, cienosarensno, u(p) € D.

Ho mockombky h™(v(A)) € h~1(G) u romoMopdusM SBIgETCS CTPOTHM,
o h™1(v(A)) C D. Taxkum obpasom, p(A) C D. [ |

4. XapakTtepuctudeckas marpuna JIungenbayma

Konepyaruyueti anredbpol A Ha3bIBaIOT OTHOIIEHHE 3KBUBAJEHTHOCTH, KO-
Topoe coxpansier omeparun anarebpsl [Masbnes, 1970, o. 2.4, c. 62]. Ilycrs
M = (A, D) — Hekoropasi MaTpHIa; KOHIDYIHIIUIO ajreOpbl 9TONH MaTPUILbI
OyzeM HasblBaTh kKoHepysryuel Marpuibl. [lycth R — KOHIDYSHLUS Ha MaT-
puie M = (A, D); nocpeacrsom M/R = (A/R,D/R) 6ynem o6o3HadaTh
parxmop-mampuyy marpursl M o xkourpysumun R. 3xecs A/R — dakrop-
asnrebpa [Tam »xke|, a D/R — MHOXKeCTBO BCEX KJIACCOB 9KBUBAJICHTHOCTH 110 R,
COJIEPXKAIMX dJIeMEHThI MHOXKeCcTBa D.

Konrpysunuto OymeMm Ha3bBaTh cosmecmumoti ¢ MaOkectBoM D C A, ec-
JIM MHOXKeCTBO D siBJisteTcst OObeJMHEeHNeM KJIACCOB 9KBUBAJEHTHOCTH II0 9TOM
KOHIpy3HIWU. Konepyonyuets Jletionuya marpunst M = (A, D) GyaeMm Hasbl-
BaThb HANOOJIBITYIO KOHTPYIHITUIO aaredpsl A, COBMECTUMYIO ¢ MHOXKECTBOM D).
Konrpysunuio Jleitbauma marpunsl M 6yiaem obo3HadaTh mocpeacrsom QM.

Mo mroboit marpurer M = (A, D) muoxectso F' C A 6ynem Ha3bIBATH
dedyxmuenoim pusompom marpunbl M, eciu D C F, u s y11060#f oleHKH
v € O BepHO, uTo ecain A F ¢ u v(A) C F, 1o v(p) € F |Font et al., 2003,
p. 21|. MuoxecTBO Beex duibrpos marpuiibl M GyjeMm 0603HAYATH TOCPE/I-
crBoM Flipg.
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Konepysnyuets Cywro marpuiet M = (A, D) Gynem Ha3bIBATH KOHIDYIH-
110, KOTOPYIO ompeesiuM cieaytomum obpasom [Czelakowski, 2003) p. 193]:

SM =N : N = (A F),F € Fip}.

HawubGosiee m3BEeCTHBIM OTHOIIEHWEM Ha MAaTPHUIAX SIBJIAETCA OMHOWEHUE
Dpeze:

AM = {(a,b) € A> . VF € Fiyy (DCF= (a€ F&beF))}.

Konrpysunusi Cymko siBisiercsi HanboJibIeil KOHIPYIHIHUeid, cojaepkaeiicst
B ornommennn ®Ppere, [Font et al., 2003| p. 28].
(Ha marpure Jlunnenbayma My = (®*,T') ornomenne Ppere 0603HaTAIOT

AT.
AT ={(¢,¢) : T,y uT 2k}

Ono ygosiieTBopsier ciepyomiemy yeiaosuio: (p, ) € ATup € T = ¢ € T
[Font et al., 2003, p. 26].

Konrpysunust Cymko na marpurne JIuujgenbayma Mp = (9*, T') oupenessi-
eTCsl CJIEIYIONINM 00Pa30oM:

ST ={(p,¥) : Vx € @ Vp € IL (T, x(/p) = x(¥/p) u T, x(¥/p) = x(¢/p))},

suech X(p/p) — pesynbrar mojcTaHoBKH (GOPMYIBl @ B (HOPMyJIy X BMECTO
nepemennoii p [Font et al., 2003, p. 27].
AnaOrmuHO MOXKHO ONPEJIEINTh KOHTPYSHIMIO JIeiiOHnna;

Qr ={(p,¥):Vx € @ Vp eIl (x(¢/p) €T < x(¥/p) € T)}.

OrmernM, uTo Jyist ar060it Teopun T Bbinossiercst, uro 27T C AT)
Marpumy M = (A, D) 6ynem HasbBaTh pedyuuposarnol (pedyyuposaniol
no xouepyaryuyu Cywro), eciu M = M/EM.

JIemma 5. ITycmv mampuya M = (A, D) — ne 6oaee wem cuemnasn pedy-
yuposarras mampuya aozuxu L. Toeda cyuecmeyem maxas meopus T, umo
cywecmsyem cmpoauti 2omomoppusm f mampuynt JTundenbayma Mo wa mam-
puyy M.

Hoxaszamenvcmeo. Kak ussecrro [Czelakowski, 2003, p. 211, Prop. 5.1|, as
KaXKJI0f CUYETHON peayIupoBaHHON MaTpuiibl M, KOTOpas SIBJISIETCSA MOJIE/HIO
goruku L, cymectByer Takast Teopust ', 9TO CyHMIECTBYET CTPOTHII NOMOMOP-
dbusm g : Mp/ET — M. TIockosbKy B JJOKA3aTeIbCTBE ITOIO YTBEPKICHMsI
$daKT CIETHOCTH HCIIOJIH30BAJICS TOJBKO JIJIsT 0O0CHOBAHMSA BO3MOYKHOCTH CIOPb-
eKTHBHOIO roMoMopdusma h : ¢* — A, To yTBep:K/IeHne OCTAHETCS] NCTUHHBIM
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u B ciaydae koHeunoctu marpuil M. Taxxke ussecrno |[Czelakowski, 2003,
p. 201, Prop. 2.2|, uro kanonnueckuii romomopdusm h : Mp — Mqp/ET, koro-
phIii Kaxk10i GOpMyIIe ¢ COIOCTABIISET KJIACC BCEX SKBUBAJIECHTHBLIX €if 10 LT
dopmy, sBIIsIeTCsT CTPOruM. HecoosKHO ToKa3aTb, YTO KOMITO3UIIUST CTPOTHUX
roMoMopdusmMoB h u g ABjIgeTCA cTporuM romomopdusmom, hg : Mp — M.
Takum obpazom, f = hg. ]

JIemma 6. ITycmo mampuya M = (A, D) — ne 6oaee wem cuemnas pedyuupo-
8aHHAA TApaxmepucmuveckas mampuya sozuky L. Tozda cywecmeyem maxas
meopus T, umo mampuya JTundenbayma Mrp noana.

oxazameavcmeo. B cuny Jlemmbr [5| cymecTtByer crporuit romomMopdusm
[+ Mp — M. Tak kak marpuna M nousa, to B cuiy Jlemmst [4] marpura My
TOXKE $IBJISIETCS TIOJTHOIA. |

Teopema 5. ITycmv mampuya M = (A, D) — ne boaee uem cuemnas rapak-
mepucmuneckas mampuua aozuxy L. Tozda cywecmeyem maxas meopus T,
ymo mampuya Jundenbayma Mp noana.

Loxaszameavcmeo. Ilockonbky kourpysuius QM |Czelakowski, 2003) p. 191,
Theorem 0.6] cymecrByer jyist j060it Marpunpt jgoruku L, To cymecrByer u
KOHTpysHIHA 2 M. Kak ropopuiocs BbIlie, CIOPHEKTUBHBIH ToMOMOppU3M b :
M — M/EM sBisiercst CTpOruM, 1 3HAYUT, B CHILY ﬂeMMbIManI/ILLa M/EM
SIBJISIETCST XaPAKTEPUCTUIECKON peayrmpoBanHoil Marpuribl joruku L. Torma
B cuity Jlemmel [ Mmarpuna M nosna. [ |

I3 Teopewmst [5] cemyer

Teopema 6. Jlasa soeuxu L cyuwecmeyem we bosee wem cuemnas Tapaxme-
PUCTUYECKGA MAMPUUAE M0200 U MOALKO M020a, k0204 CYWECTNEYEM MAKas
meopusa T, wmo mampuya Jundenbayma Mrp noawa.

Ecim Mp = (®*,T) — xapakrepuctudeckas mMarpura Jlungenbayma s
goruku L, To Teoputo T' OyneM Ha3bIBaTh TGPAKMEPUCTMUMECKOT Meopuets JIo-
ruku L.

5. QOO6paiiienue 1MOJCTAaHOBKY M IIOJTHOTA MAaTPUIIbI
JImnaenbayma

Obpaweruem nodcmarosky € OyJIeM Ha3bIBATH OIEPAIMIO B3SITHS IIPpoobpas3a
MHO2KecTBa opMyJi Jijisi oTobpakerus €. Ob603HAYATEL ITY ONEPAIUIO Oy1eM
nocpesicTeoM £ 1. Takum o6pazoM, st 1:060r0 MHOKecTBa dopmy1 I mmeem:

el M) ={p:epeTl}
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HeciioxkHO0 110Ka3aTh, 9T0 OOpalleHre MoJCTAHOBKE MOHOTOHHO, TO €CTh BEPHO,
aroVe € E (I C A = ¢ }(T") C e71(A)). Kpowme Toro, Bepro, uro ee~1(I') C T
ul Cetel).

[Iycte T — meopusi jmoruku L. Besikoit Teopun T’ cOmocTaBUM MHOXKECTBO
E” = {¢: T C Y}. Ecim T — XapaxkTepucTudecKkas Teopusi W MaTpuia My
SIBJISIETCS XaPaKTEPUCTHYECKON J1JIsl JIOTUKY L, TO HECJIOKHO MOKA3aTh, YTO JJIs
moboit HerporuBopeunBoit Teopun T muoxkectBo BT # &

B cuy Jlemmpr Cymiko [Wojcicki, 1988, p. 35, Lemma 1.4.1] st sro6oit
noruku L sepno, uro VT € Th(L) Ve € E (¢71(T) € Th(L)).

Jlemma 7. Ecau Y — zapaxmepucmuneckas meopus sozuxu L, mo das a0601i
meopuu T eepro, wmo T = ({e 1(Y) : e € ET}.

Hoxazameawvcmeo. s moboit ¢ € ET pemonnserca skmouenne €I C T,
crenoarennno, T C e 1 (eT) C e~ 1(T). Takum ob6pasom, TOTydaeM BKIIOUe-
me T'C ({e 1Y) : e € ET}.

[Mycrs ¢ & T. B cuay mogHOTHI MaTpuiibl My CyIIecTByeT Takasi MOJI-
cranopka 0 € ET| uro op ¢ Y. Cnenosaremsno, ¢ ¢ o *(Y), u snauur,

e g M{e 1Y) : e e ET}. |

Jlemma 8. Ilycmv T — maxas meopus aoceuxu L, wmo das 110601 meopuu
T eepro, wmo T = (e () : ¢ € ET}. Tozda Y — wapaxmepucmuuecras
meopusa amotl A02UKU.

oxazameavcmaeo. Ilycts ams HekoToporo mHokecTtBa dopmyn ' u dop-
MyJIbl ¢ BepHo, uro Ve € EC(I) (ep € Y). B a10M ciiyyae MbI uMeeM, 4YTO

e N{e T e e ECM} = C(T). Takum obpasom, I' - . ]

13 Jlemwmst [7] 1 Jlemmet [§] HenocpeacreenHo ciiejyer

Teopema 7. Teopus Y sasasemcsa xapaxmepucmureckoti meopueti aozuxu L
(a mampuya JTundenbayma My = (®*,T) asasemca xapaxmepucmuueckol
mampuuet aozuxu L) moeda u moavko moeda, xozda dasa 060t meopuu T

sepro, wmo T = ({e71(Y) : e € ET}.

Teoputo 6Gymem HABLIBATD N0AHOU, €CJIN OHA HEITPOTUBOPEINBA U MAKCHMAJThb-
Ha B peIleTKe Teopuil.

Teopema 8. [Tycmv meopus Y asasemcea xapaxmepucmuieckot meopuet A0-
euku L u meopus T aeasemcsa noanoti meopueti amoti aoeuku. Tozda cyuse-
cmeyem maxas nodcmanoeka € € BT wmo T = ¢ 1(T).
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Joxazameavcmeo. B cuny Jlemmur 7] T = ({e YY) : ¢ € ET}. Takum
obpazon, ja moboit nopcranosku € € BT umeem, uro T C e71(T). ITockonbKy
T — maxcnmarpHas, To jubo T = ¢~ 1(T), mmbo ¢ 1(Y) = ®. Tax xak T —
HEIIPOTUBOPEUNBAsl TEOPHUs, TO CyIIECTBYeT Takas mnojcranoska ¢ € ET, uro

T =e"47). |

6. Kiuaccuueckas Jjioruka

Knaccuueckas jgoruka — ojna u3 HamboJiee U3BECTHBIX U XOPOIIO U3YUIeH-
HBIX JIOTMK. B KadecTBe WLIIOCTPAIH BBIIIEN3/I0KEHHBIX (DAKTOB PACCMOTPUM
HEKOTOPbIC CJICJICTBUA U3 HUX JIdA 9TON JIOTUKU.

Knaccenyeckyio JIoruky 6y1eM CIuTaTh ONPEIeIeHHON B IPOU3BOJIBLHOM SA3bI-
Ke C MOJIHOM cucTeMoii cBsa30K. [Ipu 3ToM Gy1eM HCIOB30BATH CAMBOJIBI OyJie-
BBIX CBSI30K CTAHAPTHOIO sI3bIKa JIJIst 0603HAYeHUsT (DOPMYJT, BHIPAXKAIOIIMX STH
dbyukuun B nanaom ssbike. (Tak, HAIpUMeED, B s3bIKe € OJHON CBSA3KOMH (IITpuU-
xom ITledpepa) orpunanue nepemennoii 6yger umers Bug —p = p|p.) Hosuoit
Teopueli KJIaCCHYeCKON JIOMMKHU, KaK OObIYHO, Oy/IeM Ha3bIBATH TEOPHUIO, KOTO-
past Jyist Jii000it hbopMyIIbI conepKUT JnO0 3Ty PopMysy, OO ee OTPUIAHUE.
BaMeTuM, 4TO BCsKasl IMOJIHAsI TEOPHsl KJIACCHYECKON JIOTUKHU SIBJISIETCST MAKCH-
MaJIbHOM.

Bocmnomnpzosasimces axamorom Jlemmsr 1.12 [Mengenscomn, 1984, c. 43| mia
JIAHHOTO A3bIKa, HECIOYKHO TIOKA3aTh, UTO JII06ast MOJIHASA TEOPUsT KJIACCUIECKOH
JIOPUKH aKCHOMATU3UPYETCsl HEKOTOPBIM MHOXKECTBOM JIUTEPAJIOB BCEX IIepe-
MeHHBIX. (J/Iumepasom nepeMeHHO# Mbl, KaK OOBIYHO, HA3BIBAEM IIEPEMEHHYIO
U OTPHIAHUE TIEPEMEHHOIA. )

Pacemorpum marpuity Mp = (B, {1}), onpejenenayio Ha JBYX3JIeMEHTHO
bynepoit anrebpe B. st sroboit Teopun 1 paccMOTPUM MHOXKECTBO OIEHOK
Of = {v :v(p) =1 & ¢ € T}. Hecsioxkno nokasarhb, 4To Jyist J060ii HOJIHOf
teopun T nmeem, uro |OF| = 1.

Kax nzBectno, maTpuna Mg mosiHa Jiist Kiaaccuaeckoit joruku. [lockombky
st maTputl JIusgerbayMa Kjtaccuaeckoit JJOruku KOHrpysHIust CyIKo coBIa-
naetr ¢ orHommeHneM ®pere, To B cuiny JlemMMmel [5| cymecTByeT Takas Teopus 1,
ITO CyIIeCTByeT crporuit romomopdusm f marpuris! JIubgenbayma M Ha MaT-
puity Mpg. Mbl MoxKeM yTBep:KJIaTh 00 3TOI Teopuu e ryolee:

JIlemma 9. Jlas meopuu T cywecmeyem cmpoeuti 2omomoppudm f mampu-
uvt Jundenoayma Mt wa mampuyy Mp moeda u moavko moeda, koeda T —
NOAHAA MEOPUA.

oxazameavcmeo. llycts Teopuss T monxa. Paccmorpum otobpazkenwme
v:II - Mp rakoe, uro Vp € II (v(p) = 1 < p € T). Hecioxkuo 3amernts,
9TO OTOOpaXKeHUe vV sIBJIIeTCs OlleHKol. ['oMoMopdHOE TPomoIKeHne OIEeHKN 1V
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Ha MHO>KeCTBO Bcex (hopmys obosHauuM f. Takum obpasoM, st Jir00oit dop-
MyJIbl @ umeeM, 910 f(@) = v(p).

Hoxkazkem, aro jjis sio6oit popmynsl ¢ Bepro, uro f(p) =1 < ¢ € T.
[Tyctb A — MHOXKECTBO JIUTEPAJIOB, akcuoMarusupyiomumx teopuio 1. Ecin
dopmyna ¢ € T, To cymectByer Takoe KoHeunoe I' C A, aro I' F . Tax
kak v(I') =1, To v(p) = 1.

[Tycrs v(p) = 1. Eciiu ¢ ¢ T, To cymiecTByeT Takast olieHka i, 910 pi(A) =1
u u(p) =0. Tak xak p(A) =1, o pp = v.

Takum obpasom, f — crporuii romoMopdusM MaTpuilbl M7 Ha MaTpUILy
Mg (u ©F = {v}).

[TycTs Tenepn mjist Teopun T cymecTByeT crporuii romomopdusm f mar-
punel M Ha matpuiy Mpg. Ilokaxkem, aro Teopust T’ mostHa. Jomycrum, aTo
Jist HekoTopoit dbopmysbl ¢ BepHo, uto ¢ ¢ T. Torma f(p) = 0. Tak kak

fop) = =(f(9)) =1, m0 ~p € T. ]
U3 Jlemm B u [9] coegyer

Teopema 9. Bcakaa noanas meopus KAGCCUMECKOT A02UKY ABAACNCA TAPAK-
mepucmuveckot meopued.

Paccmorpum  Temepb 0coGeHHOCTH JIeMCTBUsT OOpAIIEHUsT IOACTAHOBKI
Ha TEOPUU KJIACCUIECKON JIOTHKH.

B cmty Teopem [7] u [9] muist so6oit Teopun T’ Kitaccuaeckoii JIOrUKH 1 Jiio60i
ee osmoit Teopun Y Bepro, uto T = ({e () : ¢ € ET}.

Jlemma 10. Ecau T — nenpomusopenusas meopus KAGCCUHECKOT A02UKU, MO
ons moboti nodemarosku € meopua € H(T) nenpomueopenusa.

Zoxazameawvcmeo. Jlomycrum, uro teopus ¢ (1) mporusopednsa. Torma
JUIT HEKOTOPOit bOpMyITBI ¢ BepHO, 4To dopmyta ¢ A = € ¢ 1(T). B atom
ciyudae (p A ) € T, Ho e(p A —p) = e N\ —ep. [ |

3 nokaszaresscrsa Teopemst [§] ¢ yuerom Jlemmst [9] ciremyer, aro jyist kiiaccu-
9eCKOIl JIOTMKY BepHO (oJiee CHIbHOE yTBepzKieHne, 1eM Teopema 8]

Teopema 10. IIycmov meopus Y asasemca xapaxmepucmuseckol meopuet
Kaaccuseckol aozuky u T — nexomopas noanas meopus. Tozda dasn 410600
nodcmanosku € € BT eepro, wmo T = e~ ().

13 Teopewm [§] [0 u [10] cneyer, aro ecu 1) u Th — HOJIHbBIE TEOPHH, TO JLIst
mo6oit TojicTanoBKH €, Takoit, uto £(Ty) C Ty, Bepro, uto T = e H(T3).
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Paccmorpum npumep Takoit moxcranoBku. Ilycre 177 m T — HeKoTOpBIE
[IOJIHBIE TEOPUHU U 0 — IOJICTAHOBKA, KOTOPYIO OIIPEIEJIMM CJIELYIOIIIM 00Pa30M:
nyist Jgiioboit p € 11

p, ecau (p €Ty & p e Th)
o) = { )
—p, ec/U uHave.

YrBepxkaeuune 1. (7)) C Ts.

Aoxazameavcmeo. O603HAINM TTOCPEICTBOM A1 MHOXKECTBO JINTEPAJIOB, K-
cuomaTusupyomux reopuio 17. ITokazkem, uro 0 A1 C 1.

OueBnIHO, UTO JUTEPATHI BCEX MEPEMEHHBIX, JJIT KOTOPHIX BBITOJHIETCS
IepBOe yCJIOBUE U3 , npuHajjexar reopun 1.

IIycrs p € T u p € Ts; Torma op = —p € Ty, Tak Kak Th — MOJIHAS TEOPUSI.

[Iycrs p € Ty u p € Ty; Torma —p € Ty u o(—p) = =—p. Tak xak p F —~—p,
to o(—p) € Th.

[Tycrs bopmyna ¢ € Ty. Torga cymecTByeT Takoe KOHETHOE TTOJIMHOXKECTBO
' C Ay, ato I' F ¢. B cuny crpykTypHOCTH citefioBanus numeeM, 910 ol F op.
Taxum obpazom, op € Ts. |

3aMeTHM, 9TO B CHJLY CHMMETPUYHOCTH OIIPE/IEIICHNUS IOICTAHOBKH 0 NIMEEM
rakzke, uro o(Th) C Ti. Orcrona ciaeyer, 910 Jyist JH00bIX MOJIHBIX Teopuii 17
u Ty BepubI paenctpa: 1) = o 1(Ty) u Ty = o~ 1(T1).

PaccMoTpuM BOIPOC O CyNIECTBOBAHUI XapaKTEPUCTUUECKUX TeOpuii Kiac-
CHYECKOH JIOTMKH, KOTODBIE HE SIBJISIOTCs OJHBIMU TeopusiMu. 1locpeacrBom
Cl 0603HAYMM MHOXKECTBO BCEX TABTOJIOTHH KJIACCHYECKOl JIOTUKN.

Teopema 11. Munumarvhas mampuya JTundenbayma Moy = (D*, Cl) asan-
eMCA TAPAKMEPUCTIUNECKOT, MAMPULEli KAACCUNECKOT N02UK.

Zoxazameavcmaeo. llycts g HekoToporo Muoxkecrsa dopmyst I' u opmy-
Jel @ Bepro, uro I' I/ . Torma cymecrsyer takast onenka v, uro v(I') = 1
u v(p) = 0. OnpenesnM MoJCTAHOBKY € CJICIYIOMIM 00pa3oM:

[ pV-p, ecmmy(p)=1
e(p) = { p A —p, ecmu v(p) = 0.

B srom cayuaae eI’ C Clu ep & Cl. |

Caencrsue 1. Besgkast motHast Teopust 1' KIaCCHYIECKON JIOTUKHI SIBJIAETCS IIPO-
00pa3oM MHOXKECTBA BCEX TABTOJOTHHN IPU CJIEIyIONeil oICTaHOBKE:

_J pv-p, ecmpeT
s(p)_{p/\ﬂp, ecup & T.
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7. 3akJrodyeHue

Takum 06paz3om, BCJIEJICTBUE CYIIECTBOBAHNS XapaKTEPUCTUIECKUX MATPHIL
JIunmenbayma BOIPOCHI MTOJTHOTHI 3aBUCAT OT HAJMIHUS Y TEOPUil JIOTUKUA HEKO-
TOPBIX CBONCTB, CBsI3aHHBIX C Ollepalleil 0OpalleHus MOJCTAHOBKY (& CJieo-
BATEJILHO, M CAMOIii TI0/ICTAHOBKH). DTY CBsI3b BbIpAXKaeT CJIeJyIolas TeopeMa,
KOTOpasl SIBJISIETCsl HEIOCPEeICTBEHHbIM crejcrsueM Teopem [] n

Teopema 12. Jlas soeuku L cywecmeyem ne boaee wem cuemuas Tapaxme-
PUCTNUMECKAA MAMPUUG MO0200 U MOABKO Mo20a, K020a CYUWECMEYEm Meopus
Y maxas, wmo das mobot meopuu T eepro, wmo T = ({e~H(Y) : e € ET}.

BosHukaer Nnpeanoo:Kenue, 4TO HCCACIOBAHUS CBONCTB TeOpHii, CBSI3aH-
HBbIX C onepauﬂeﬁ O6paH_IQHI/I$I IOACTAHOBKH, IIO3BOJIUT IIO-HOBOMY BIIVIAHYTbH
Ha POJIb OCHOBHBLIX KOHIPYSHIUM, TaKMX KaK KOHIpysuuun Jleiibuuna u Cy-
KO, B TIOCTPOEHUM KJIACCOB MOJIHBIX MOJIeIelt.

Hanpumep, mana kiaaccudeckoil Jioruku usBecTHO, 4To oTHOIieHue Dpere
ACI sBasercs kourpysuimeii [Pacésa u ap., 1972} c. 283, § 10|. Takxke uzsect-
Ho, uro Marpuna (®*/ACI, Cl/ACI) (nasbiBaemasi mampuyet Jlundenbayma—
Tapcroeo) nonua |Pacésa u ap., 1972, c. 299, Teopema 2.2]. 3ameTnm, 910 B CHILY
U3JIOKEHHBIX B Halllell pabore (hakToB 3TO HEIMOCPEJICTBEHHO CJIEJyeT U3 IOJI-
HOoTB! Marpuiel (®*, Cl).

B cBsi3u ¢ m3noxkeHuoiMu B pabore raKTaMu BO3HUKAET Psifi OTKPBITHIX
BOIIPOCOB.

1. IIpakTiyecku Jjist BCeX HOIMYJIAPHBIX IIPOHO3UIMOHAILHBIX JJOTUK IOJIHBIE
TEeOpUUn Urpar0T 3HAYUTEJIbHYIO POJIb B BOIIPpOCaX JOKa3aTEe/JIbCTBa IMOJTHOTHI TEX
WJIA MHBIX MOZeJeil JJIst 3TUX JIOTMK. BepHO Jix, 9TO MOJIHbIE TEOPUH OKA3bIBa-
IOTCA XapaKTEPUCTUYICCKUMU JIJIgd BCEX ITPOITO3NTIMOHAJIbHBIX .HOFI/IK?

2. CyIIecTBYIOT Ji JIOTUKH, B KOTOPBIX CYIIECTBYET TaKas XapaKTepUCTHU-
qeckasi Teopust Y, 9TO JJIsI JioOoi Teopun T’ CyIECTBYeT Takas MOICTAHOBKA
e € BT uro T =7 1(Y)?

3. Jljia KakKux KJIaCCOB JIOTHK BEPHO, UTO Il JIIOOOH MX XapaKTePUCTUYE-
ckoit Teopun Y, mo6oit motHoit Teopun T’ u yo6oit moxcranosku € € ET Bepmo,
aro T = e~ 1(Y)?

4. Jljnst KaKUX JIOTHK CYIIECTBYIOT TaKHUe XapaKTEPUCTUIECKHE MATPHUILL,
YTO OHU SIBJSIFOTCSI 00pa3aMu CTPOrMX NOMOMOP(MU3MOB BCeX MATPHUI] U3 pac-
cnoennst Jlunpenbayma?

5. BepHo Jin, 9T0 [ist JTF000# JIOTUKK, UMEIOIIEel MaTPUILY C eMHCTBEHHBIM
BBIJIEJICHHLIM 3JIEMEHTOM, MHOXKECTBO BCEX TABTOJIOTUI TOH JIOTUKH SABJISETCS
ee XapaKTepUCTUYIECKOI Teopueii?
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Abstract:

A Lindenbaum matrix of some logic is a logical matrix defined on the algebra of all formulas
of this logic. The set of designated elements of this matrix is some theory of this logic. The set
of all such matrices is called the Lindenbaum bundle. The Lindenbaum bundle of some logic
is a characteristic set of logical matrices for this logic. However, there are logics, such as
classical logic, that are characterized by a single matrix. In this paper we obtain a number
of criteria that logic has a characteristic matrix.

It is shown that the question of the presence of characteristic matrix is associated with the
operation of inversion of substitution for a certain type of substitutions. Here under the
operation of inversion of substitution we mean taking preimages of some set of formulas for
some substitution.

The following criterion for the presence of a characteristic matrix for a logic is obtained: for
a given logic there is no more than a countable characteristic matrix if, and only if, there is
a theory for which the Lindenbaum matrix is a characteristic logical matrix of this logics. In
obtaining this criterion, some properties of strict homomorphisms were used. The concept of
characteristic theory is introduced, that is, such a theory for which Lindenbaum matrix are
characteristic matrices.

As follows from the Lemma of Suszko’s, for any structural logic, the set of all theories of
this logic is closed under counterimages of substitutions. In this paper, we show that the
theory T is a characteristic theory if, and only if, any consistent theory is the intersection
of all counterimages of T obtained by substitutions mapping this theory into 7. Thus, it
turns out that a logic has a characteristic matrix if, and only if, there is such a theory 7" such
that any consistent theory is the intersection of all counterimages of T that are obtained by
substitutions mapping this theory into 7.

As an illustration of the facts obtained in this paper, the characteristics theories of classical
logic are considered. It is proved that any complete theory of classical logic is a characteristic
theory. It is noticed that, any complete theory is a counterimage of some characteristic theory
under some substitution.
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Annoranusi: CraTbsl IOCBsIIEHA aHAJIN3Y HECKOJIBKUX KJIACCOB IAPAHEIIPOTUBOPEYUBBIX
¥ TapaloJIHbIX JIOTUK Ha IPUMepe TPEX3HAYHBIX M YeThIPEX3HAYHBIX JIOTUK, COXPAHSIONIIX
KJIACCUIECKNE NCTUHHOCTHBIE 3HAYEHNs. Pe3yIbTaThl, MPeICTABIEHHBIE B CTATHE, MOXKHO pa3-
HeuTh Ha Tpu rpynnsl. [lepBas rpymma pe3yIbTaToB KacaeTcs MapaHeIPOTUBOPEYUBBIX JIO-
ruk. [TokazaHo, 4TO BCe TpexX3HAUYHBIE MOAJIUHHO MapPAHEIIPOTUBOPEYUUBDIE JIOTUKH SBJISIOTCS
JiorukaMu (pOpPMATBLHON MPOTUBOPEUNBOCTH, & BCE TPEX3HAYHBIE JIOTUKU (DOPMAJIHLHON TPOTH-
BOPEYNBOCTH, PACIIAPSIONINE IO3UTUBHBIN (DPArMEHT KJIACCUIECKON JIOTUKHU, SIBJISAIOTCA S3bI-
KOBBIMU BapHAHTAMU IOJIJIMHHO NMAapPaHEIPOTUBOPEUMUBBIX JIOTUK. [IpUBOAATCS MpuUMeEpHI |e-
TBIPEX3HAYHBIX IIOJJIMHHO ITapAaHEIPOTUBOPEYMBBIX JIOTUK, KOTOpPBble He SBJIAIOTCH JIOTHKa-
Mu popMaIbHOil mpoTuBOpednBocTh. HaiizieH psi/i HEOOXOAUMBIX YCIOBUM, KOTOPBIM TOJIZK-
HBI COOTBETCTBOBATH YeThIPEX3HAYHbIE MATPHUIIHI HOJJINHHO HNapaHETPOTUBOPEYUBHIX JIOTHK,
9TOOBI 33/[aBaeMble STUMHU MATPUIIAMU JIOTUKA HE SIBJISINCH JIOTUKAMU (POPMABLHON MpO-
TUBOPEYNBOCTH. BTopasi rpymnmna pe3yabTaToB KacaeTcs IapalloiHbIx Joruk. Ilokazano, 4aTo
BCe TPeX3HaYHbIe MOJIMHHO MAPATOJIHbIE JIOTUKH SIBJISTFOTCSI JIOTUKAMU (pOPMAJIBLHOM Heompe-
JEJIEHHOCTH, a BCE TPEX3HAYHBIE JIOTUKH (POPMATBHON HEOMPEIETEHHOCTH, PACITUPSIIONIE
yaJbHO-TIO3UTUBHBIN (PPArMEHT KJIACCHIECKON JIOTUKHU, SIBJISIOTCH A3BIKOBBIMU BapUAHTAMH
TO/IJIMHHO ITAPAIIOJIHBIX JIOTUK. [IpUBOIATCS IpUMEpPHI Y€ ThIPEX3HAYHBIX MTOJJINHHO TAPATIOJI-
HBIX JIOTWK, KOTOPBIE HE SIBJISTIOTCS JIOTUKaM¥ (DOPMAJILHOM HeompeaeaeHHocTu. Haiizen psn
HEOOXOIUMBIX YCJIOBHI, KOTOPBIM JIOJI?KHBI COOTBETCTBOBATH Y€ThIPEX3HAYUHbBIE MATPHUIIBI IO
JIMHHO MTAPAITOJIHBIX JIOTUK, YTOOBI 33]aBa€Mble STUMU MATPUIIAMU JIOTUKY HE SIBJISIIUCH JIOTH-
Kamu (HOPMATIbHON HEOIIPEIEIEHHOCTH. 1 peThs IPyIIa Pe3y/IbTATOB KACACTCA MAPAHOPMAJIb-
HBIX JIOTHK. [IpuBOonuTCsa paAll HEOOXOIMMBIX YCJIOBUM, KOTOPBHIM JIOJI?KHBI COOTBETCTBOBATH
YeThIpEX3HAYHBbIE MATPUIILI TOJIMHHO MapaHOPMAJIBHBIX JIOTUK, YTOOBI OHU HE SIBJISIIUCH HU
JIorukaMu (pOPMATBLHON MPOTUBOPEUNBOCTH, HU JIOTHKAMU (DOPMAJIHLHOM HEOIIPE/IEIEHHOCTH.
i1 mapaHOPMAJIBHBIX PACIINPEHUI «II0JIE3HOI YeThIPEX3HAYHON JIOTUKU» BesHana JaroTcs
Tak>Ke HEOOXOJIMMbIE W JOCTATOYHBIE YCJIOBUSI, JJISI TOTO YTOOBI OHU OBLIM MAKCUMAJIBbHBI-
MU TOJJINHHO IapaHOPMAJbHBIMU JIOTHKAMUA M B TO K€ BPeMsA He SABJIAINCH HU JIOTHKAMU
GbopMaIbHOM IPOTUBOPEYNBOCTH, HU JIOTUKAMH (DOPMAJIBHOM HEOIIPeIeIeHHOCTH.

© Hessarkun JL.FO.
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Bsenenne

Bazosbiii Kpurepuii, KOTOPOMY JIOJIZKHA COOTBETCTBOBATH MAPAHEIIPOTHBO-
pednBast JJOTUKa,— 9TO OTCYTCTBHE B Hell puHIua ex contradictione (sequitur)
quodlibet (ECQ): «,—«a b (. OpHAKO, KAK OTMEYAIOT MHOTHE ABTOPbI, TaKoe
Olpe/Ie/IeHNe TapaHEeIPOTHBOPEINBOCTH CIIUIIIKOM abCTPAKTHO (CM., HAIIPIMED,
|[Urbas, 1990], [Béziau, 2000]).

B sr0it cBsI3M akTyajabHa MpObJIEMa BbIJEIEHNUs MOJIE3HBIX KJIACCOB Hapa-
HENPOTUBOPEUYNBLIX JIOTUK, 00JIaaronmx 6ojiee YeTKO OIpeIeJIeHHbIMU CBOIi-
crBamu. Takue KJIacchl BOSHUKAIOT, KOTJa Ha PACCMAaTPUBAEMbIE CUCTEMbI Ha-
KJIa/IbIBAIOT JIOTIOJTHUTEIbHBIE YCIOBUsI. B KadecTBe MPUMEPOB MOXKHO MPUBE-
ctu crporo mapanenporusopeunsbie joruku |[Urbas, 1990|, moruku dbopmaiin-
Hoii nporusopeunsoctu [Carnielli et al., 2002|, umeanbHble ApaHEIPOTHBODE-
quBble Joruku |Arieli et al., 2011b|, nommuaHO TapaHenpoTUBOPEYNBLIE JIOTUKH
[Béziau, Franceschetto, 2015|. Ouako 310, B CBOIO OuUepejib, IPUBOJUT K BO-
POCY O COOTHOIIEHUY MEKJLy Pa3IMIHbIMU KJIACCAMU HapaHeIPOTHBOPEINBbIX
JIOTHK.

B nanHO# cTaThe MbI PACCMATPUBAEM COOTHOIIEHHE MEXKTY JIOTuKaMu (hop-
MaJILHON TIPOTUBOPEYNBOCTHU U MOJTAHHO APAHEIIPOTHBOPEYNBLIME JTOTHKAMU.
Jloruka L HazbIBaeTCSI NOOAUHHO NAPAHENPOTNUBOPEYUBOT, €CIU B Hell OTBep-
raercst He TOJIbKO ECQ, HO 1 3akoH nemporusopednsi (NC): —(a A —av) |Béziau,
Franceschetto, 2015, |[Béziau, 2016|. JIoruka L nassiBaercs aozukot dopmans-
nott npomuesopevusocmu (cokparenno — LFT), eciin ona orBedaer aBym yciro-
susim: (1) p,—p ¥ ¢, 1o ecrb B L orBepraercs ECQ; (2) cymiecrByer Takoe
MHOKeCTBO hopmyn ()(p), 3aBUCSIINX B TOYHOCTH OT €INHCTBEHHON IIPOIIO-
BUIMOHABHON 1epeMenHoii p, uro (1) O(a),a ¥ F; (i) Ola), ~a ¥ B; (iii)
O(a),a,~a F B s mobeix dopmyn « u 8 |[Carnielli et al., 2007], |Carnielli,
Coniglio, 2016].

PaGorer [Marcos, 2005] u [Brunner, Carnielli, 2005| mocssimiens! anausy
eHOMEHA JIYyATbHOCTH MEXKJLy TapaHelPOTUBOPEYMBLIMU M HAPAIOIHBIMU JIO-
rukamu. B paMKax BLIODAHHOIO ABTOPAMU MIOJIXO0/IA IIAPAIIOJTHbIE JIOTUKU OKA3bI-
BAIOTCSI, B ONPEJIEJIEHHOM CMBbIC/IE, M30MOPMHBI TTapaHETPOTUBOPEIUBBIM. DTO
HO3BOJISIET JIETKO MEePEHOCUTH KOHIEIINN U PE3YJIbTaThl ¢ TapaHelPOTHBOPEYN-
BBIX JIOTUK Ha napanojnble. OHAKO MEPEeHOCATC TaKKe W MPOOJIEMBI, B TOM
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quciie mpobeMa MONCKa KJIaCCOB IOJIE3HBIX APAITOIHDBIX JIOTUK U COOTHOIIEHUST
MeKJy TakuMu Kiaccamu. B crarbe |[Marcos, 2005| maHo omnpejiesienue JIOTUK
dopMaILHON HEOIPeIeIeHHOCTH, IyaJIbHBIX JOTUKaM (POPMAJILHON TPOTUBOPE-
qyuBocTU. B Hacrosieii pabore, onupasicb Ha IOHSTHE AyaJbHOCTH, MbI OIIpe-
JesIsieM TIOINHHO [TapAaIIO/IHbIE JJOTUKH U YCTAHABIUBAEM COOTHOIICHUE MEXKTY
TAaKUMH JIOTUKAMHU U JOTHKaMu (pOPMaJIbHON HEOIpe 1eJIEHHOCTH.

OTnenbHBIM HalpaB/IEHHEM B paMKax HCCIEI0BAHUI, ITOCBANIEHHBIX ITapa-
HEIIPOTUBOPEYUBBLIM JIOTUKAM, ABJISIETCHA U3YUEHUE JIOTUK, KOTOPbIE SBJIAIOTCS
MapaHeIPOTUBOPEUYMBLIMY U HAPAIOIHBIMIA OJHOBPEMEHHO. SHAMEHUTHIM PU-
MepPOM TaKO# JIOTMKU sIBJISIETCSI «IIOJIe3HAsi UeTbIpex3HadHasi Jiornkay FDE
[Belnap, 1977]. B sakiounrtesnbHOii dacTu pabOThl MbI CPaBHUBAEM KJIACC
JIOTUK, SIBJISTFOIIUXCS OJITHOBPEMEHHO JIOTUKaMu (POPMAJIbHON ITPOTUBOPEIUBO-
ctu © POPMAJILHON HEOIPEIESTeHHOCTH, C KJACCOM JIOTHK, SIBJISIIOIIAXCS OJI-
HOBPEMEHHO IOJJIMHHO TapaHEIIPOTUBOPEUNBLIMYA U MOAJINHHO IIapaIOJIHBIMU.
B gacrrOCTH, MBI jTaeM ommucanne HOBBIX pacmimpenuii FDE, obiamatonux psi-
JIOM MHTEPECHBIX CBOMCTB.

1. DBa3zoBbie onpeeseHus

IIponosuyuonanrvrud sswk L = (L, F) paccmarpuBaeM Kak ajredpy, cBo-
OOIHO IOPOXKACHHYIO0 OECKOHEYHBLIM MHOXKECTBOM IIPOIO3UIMOHAJIBHBIX IIepe-
meHHbIX Var(L).

Jlozuneckoe caedosanue b nag L onpejessieM Kak MHOXKecTBO nap (X,Y),
roe X,Y C L, 3aMKHyTOE OTHOCHTEJIBHO CJICAYIONUX CBOUCTE:

e Ecm X NY # 0, o X Y (pednekcurocts)
e Ecu XFYuXCX' Y CY' 1roX'FY' (MmonoronnocTs)

e Ecim mist Bcex Z C S nmeer mectro X UZ F Y U(S\Z), 10 X FY
(ceuenue)

Eciu - Takake 3aMKHYTO OTHOCUTEIHLHO BCeX 9HI0MOPGMU3MOB L, Ha3bIBAEM
TaKoe CJIEJIOBAHUE cmpykmypHusim. Korma F — cTpyKTypHOE JIOTHYECKOe CJie-
JoBanmne, HaspiBaeM napy (L,F) nponosuyuonasvrot ao2ukot.

HasbiBaem sozuueckolt mampuuets crpykrypy M = (A, D), tae
A= (A, F) — anrebpa, u D C A. Eciiu £ and A 11o106Hb1, Ha3biBaeM M mam-
puyets oasa L. B srom ciyuae romomopdusm h us L B A HasbiBaeM ouenkot L
B M. Mampuunoe caedogarue onpeaessieM CJIeIy oM 06pa3oM:

Cn(M) = {(X, Y)|Vh(h(X) C D = h(Y)N D # 0)}.
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Yuopsinouennyio mapy L = (£, Cn(M)) naspiBaeM M10203Ha4HOT NPONO3ULUO-
HAALHOT N02UKOT.

[Iycrs f — onepamus na A, u A’ C A. Ecom f(aq,...,a,) € A ana Beex
Takux HAOOPOB (ay, . . ., ay), 9ro a; € A’ npu kaxgom 1 < i < n, rosopum, 4t0 f
coxpansem mruoscecmeo A'. Tosopum, uro maTpuiia M coxpaHseT MHOKECTBO
A’, ecin Kaxkast onepanus 3Toil MaTPHIBI coXpaHdeT MHoxKecTBo A’

HpI/IMeM C.He,Z[yIOH_IyIO HOT&L[I/IOHHyIO KOHBEHIIUIO: ITPOIIO3UIINOHAaJIbHaA CBA3-
Ka sA3bIKa L U COOTBETCTBYIOIIAs eif onepalst MaTpuiibl M s sa3bika £ OymayT
O603Ha‘IaTbC5{ OJHUM M TeM 2Ke CUMBOJIOM.

2. IlapaHemnpoTruBOpevYuBbI€ JOTUKHA

DTOT pasjies MOCBIIEH COOTHOIIEHUIO MEKTY TIOHSITHSIMU TTO/ITHHHON apa-
HEIIPOTUBOPEUNBOCTU U (POPMAJIbLHON IPOTUBOPEYUBOCTU B TPEX3HAYHBIX U Ye-
ThIpex3HadHblx jorukax. Ciaenys |Arieli et al., 2011a|, npuanMaem ciemyrorue
MUHUMAJIbHBIE YCJIOBUsI, IPU KOTOPBIX (DYHKIIMAsST MHOIMOZHAYHON MATPHUIIBI MO-
JKET TPAKTOBAThCs KaK MapaHEeIPOTHBOpeYnBoe orpurianue: a € D, —a ¢ D,
b¢ D, -be D,cée D, ~c€ D nis nekoropwix a,b,c € A. He repsisi 06-
HOCTH, B TPEX3HAYHOM Cjydae Oyraem cuutarh, 9to ¢ = 1, b = 0, ¢ = 2.
Hanee, onpejenenne MOJJIMHHO MAPAHETPOTHBOPEYNBON JIOTUKU TPeOyeT BbI-
nosinenusi ycsosust: h(=(p A —p)) ¢ D jysi Hekoropoit onenku h. Ciemysi
[Béziau, Franceschetto, 2015| u |Béziau, 2016|, mosaraem Takke, 4TO KOHb-
IOHKITUS B IOJJIMHHO TAPAHEIPOTUBOPEYUBOI JIOIMKE BeAeT cebst KIIaCCHIECKIM
obpazom, To ectb a AB F a; a AP F B; o, F a A B, nim — 3KBUBAJIEHTHO
B cjlydae MHOros3HauHbIX Joruk — h(a A ) € D < h(a) € D & h(B) € D.
B sToMm cirydae MOXKHO T0OKa3aTh CIEIYIONIYIO TEOPEMY.

Teopema 1. Kaoicdas mpersnaunas nooAUHHO NAPAHENPOMUBOPEYUBAS NO2UKE
ABAAEMCA N02UKOT HOPMAALHOT NPOMUBOPEUUBOCTIU.

Zlokazameavcmeo. B cuiny TpeboBaHUil, NpPeIbIBAIEMbIX K OTPUIAHUIO
n xouboHKIMHA, (0 A =0) € D n —(1 A =1) € D, nosroMy eIMHCTBEHHAs
BO3MOKHOCTb BBIIOJHHATE Takxke h(—(p A —p)) ¢ D cocrout B BHIOOpE TAKUX —
u A, aro h(=(p A =p)) = 0 upu h(p) = 2. fcuo, uro B TakoM ciydae —(p A —p)
orBedaet onpeesernio O)(p). [ |

Ompepenienne LFI TakoBo, 4TO €My MOXKET OTBEYATH M JIOTUKA, SI3BIK KO-
TOpOIl CONEPKUT TOJILKO yHapHble cBs3ku. Ha npaktuke LFI obbrano orpe-
JIEJIATOTCS KaK S3bIKOBbBIE PACIIUPEHUS TO3UTUBHOTO hparMenTa KJIacCuIecKoi
muorozuaunoii joruku |Carnielli, Coniglio, 2016|. To ectb si3bik LFI coepkur
A, V, —, CBOICTBa KOTOPBIX UIEHTHUIHBI KJIACCUIECKOMY ciy4aro. Jlms MHO-
O3HAYHBIX JIOTHK 9TO O3HAYAET, YTO MATPUUHBIE OIEPAIIUN, COOTBETCTBYIOIINE
JMAHHBIM CBSI3KAM, OTBEYAIOT CJIEIYIONINM YCIOBUSIM:
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e zANyeD&xeDuyeD;

e xVy¢éDsaxé¢ Duyd D,

er—y¢ DS xeDuyé¢ D.

Kpome Toro, 06bIMHO IPEIIOIAraeTCs, 9TO ONePAIni COXPAHAIOT KIacCude-
ckue ucrunHoctHble 3uadenust: h(P(pi,...,pn)) € {0,1}, xorga h(p;) € {0,1}
Jutst Beex ¢ € {1,...,n}. 3aMernum, 9T0 TaKOil MOAXOJ K IOCTPOEHHIO MHOI'O-
3HAYHBIX TAPAHEIPOTHBOPEYNBLIX JIOTUK HE OTPAHIYEH JIOTUKaMU (hOPMaJIbLHOI
nporusopeunsoctu |Arieli, Avron, 2015|.

Criestyst 9TUM KOHBEHIMAM, MOJIYYAeM CJIEYIOIUe BAPUAHTBI TaOIMIHBIX
omnpejenenuit aist A, V, — u oneparopa o, BbicTynaiomero B posn () B Tpex-
3HAYHON JIOTUKE:

Alo 1 2 vio 1 2 -0 1 2 z | ox
00 0 0 o[ o 1 12 01 1 12 0] 1
1o 1 12 11 1 12 1o 1 12 1|1
210 12 12 2 |12 12 1]2 2 |0 12 1]2 210

31ech U jasiee TabJIUIBL SIBJISTFOTCST HE OIPEJIEJIEHUSIMUA CBSI30K, & CXeMaMu
Takux onpesesnennii. Horarmus a|b obo3nadaer, 9T0 HEOOXOIMMO BBIOPATH JTHOO0
a, 160 b IIPH MOCTPOEHUH TAOJIUIHOIO OIPEICTICHUsT CBA3KHA.

Teopema 2. Kaorcdas mpersnaunas A02uka GopmasvHot NPomueopesusocmu
L, sasamowasca pacwuperuem CPCT, sasasemea a3wikosvim pacuuperuem
NOOAUHHO NAPAHENPOMUBOPEUBOT NO2UKU.

Joxazameavcmeo. JloctaTodno mokasaTs, 9To B MaTpuie M poruku L ompe-
Jle/IMMa Takasi KOHBIOHKIHs A, 910 ¥ —(pA—p). DT0 Beerja MOXKHO cJIe/1aTh
CcJIeIyIONUM 06Pa3oM:

zAy =: ((z = (oxAxA-z)) — (cxAzA=2))A((y — (cyAyA—y)) — (oyAyA—y)).

Eciin Mbl npuMeM A B KadecTBe 6a30B0il KOHBIOHKIUH, TO IOJIYYUM SI3BIKO-
Boii BapuaHT mcxomuoit LFI, apisromuiics HOIIMHHO TapaHeIpOTUBOPEINBOI
norukoii. TakuM o6pas3oM, B Tpex3HadHoM ciaydae aas pacmmpennii CPCT
MOHSITHSI (POPMAJIBHOM IPOTHUBOPEYUBOCTH U IIOJ/IMHHON ITapaHEeIPOTUBOPEYN-
BOCTH, B OIIPEJIEJIEHHOM CMBICJIE, COBIAIAIOT.

YeTblpex3HAUHBIA CJIydail CYIIECTBEHHO OTIMYAETCA OT TPEX3HATHOIO.
FﬂaBHoe OTJINYINEe COCTOUT B TOM, YTO yBeﬂI/ILIeHI/Ie Yncaa 3HadeHU NCTUHHOCTU
[TO3BOJISIET KOHCTPYUPOBATD IO TMHHO TAPAHEIIPOTUBOPEINBLIE JIOTUKHU, He SIB-
JISTIOIIUECS JIOTUKAMK (DOPMAJILHON IIPOTUBOPEYUBOCTH.
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Teopema 3. ITycmv mampuya M = ({0,1,2,3},A,—,{1,3}), corpansrowasn
{0,1}, sadaem napanenpomueopevwusyto aoeuxy L. Ecau 2 N2 = 2, 3N 3 =
3, 2 =2wu-3=3, moL — nodaurno npomusopenusas A02uKa, KOMOPai
ne asasemca LFT.

oxazameavcmeo. Jloruka L gaBisieTcs MOJJIMHHO MapaHEPOTUBOPEUNBOM
JIOTUKO#, Tak Kak —(2 A —2) = 2. Jloruka L He siBiisieTcst JIorukoii (hopMaibHOM

IPOTHBOPEYNBOCTH, Tak Kak h(®p) = 3 upu h(p) = 3 mis ar060ii yHAPHOI
csi3ku ®, u nosromy ycsosue ()(p),p,—p F ¢ He MOKeT OGBITH BBILIOJIHEHO
aukakuM O)(p). [ |

PesynabTaThl, IpUBEJEHHLIE HUKE, yCTAHABIMBAIOT 0oJjiee OOIIHE CBOIi-
CTBA YETBIPEX3HAYHDLIX JIOTMK C JIBYMsl BBIJEJICHHBIMUA 3HAYCHUAMHU, KOTO-
pble MOJIMHHO IIapPaHEIPOTUBOPEYMBBI, HO HE SBJAIOTCA JIOTUKAMH (HOp-
MaJILHOH IIPOTHBOPEYUBOCTU. B KaxKJI0M Clydae pacCMaTpUBaeM MAaTPHILY
M= ({0,1,2,3}, F,{1,3}), tne {A,~} C F, u Bce omepanuu B F coxpans-
for MHOkecTBO {0,1}. Kpome Toro, mosaraem, Kak u B TpEX3HA4YHOM CJIydae,
arox ANye D xeD&yeD.

Teopema 4. [Tycms mampuya M 3adaem nodAUHHO NAPAHENPOMUBOPEUUBYIO
nozuxy L. Ecau onepayuu {N\, =} ne coxpansom mmoocecmeo {3}, mo L se6-
AACNCA N02UKOT HOPMAADHOT NPOMUBOPEUUBOCTNAL.

Aoxazameavcmeo. Ciayuait 1. IIycts 3 A 3 = 1. [lycts ox =: x A . Torma
ox =: =(oxAo—x) yuosiersopsier onpeeneruto (). Ciyuait 2. Ilycrs —=(3) = 1.
[Tycts ox =: =—z. CHOBa ox =: =(ox A o—z) ymosierBopsieT onpeesneruio ).

Teopema 5. Ilycmv mampuya M 3adaem nodisunno napanenpomugopesusyio
aoeuky L, we asamsowyroca LFI. Toeda -2 = 0 u 2A0 = 0A2 = 2, aubo
2=2u2AN2=2.

Hoxaszameavcmeo. B cuny Teopemsr {4 {A, -} coxpansier {3}. Coriacuo
nonymennio, B L umeer mecro ¥ —(p A —p). B cuny onpenenenust {A, -}
—(zA—-x) = 1 gz Beex x € {1,0}. Tak xak {A, =} coxpansier {3}, 7(3A—3) = 3.
Crenosarensro, —(x A —x) ¢ D, toabko ecin —(2 A =2) ¢ D. Ilo oupeseie-
auo A, 2 Az ¢ D nus Beex x. Tak kak =0 = 1, mosyuaem, uro 2 A =2 = 2.
Caenosarenpio, -2 =0u 2A0=0A2=2,ymbo -2 =2u 2A2=2. ]

B cuiy Teopem [ u 5] ecoin marpuna M 3a1aeT nojimHHO HapaHEIIPOTHBO-
peuunByio Jyioruky L, me apagiontyioca LFI, To A orBeuaeTr cxeme Ay U — ecTh
-1, OO A OoTBedaeT cxeMe Ay M 1 eCTh 9!
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A1 0 1 2 3 T | x
0 0 0 2 0[2 0 1
1 0 1 02 1|3 1 0
2 2 0|2 0|2 0|2 2 0
3 0|2 113 02 3 3 3
N2 0 1 2 3 x —oX
0 0 0 0[2 0[2 0 1
1 0 1 0|2 1|3 1 0
2 0|2 0|2 2 02 2 2
3 0|2 113 0|2 3 3 3

B ucciieioBannsix napaHenpoTHBOPEUNBBIX JIOTHK BAXKHYIO POJIb UI'PAET I10-
HsTHe MakcuMaabHocTH |Arieli et al., 2011a). Pasnmmuaior MmakcuMa bHOCTD OT-
HOCUTEILHO KJIACCUYECKOH JIOTMKU U MAKCHMAJIBHOCTH B abCOJIIOTHOM CMBbIC-
ge. Jlormka MaxcumaavbHO NAPAHENPOMUBOPEUUSE OMHOCUMEALHO KAACCUME-
cKotl N02uKY, ecan mobaBIeHne K Hell JIF0OOro MmpaBmiia KIaCCUIECKONH JIOTUKA
B TOM K€ SI3BbIKe JaeT KJIACCHYECKYIO JIOTUKY. Jlormka maxcumaavno napare-
NPOMUBOPEUUBA 8 GOCONOMHOM CMBICAE, ECTTU HU OTHO ee COOCTBEHHOE JIe/IyK-
TUBHOE PACIIIPEHNE B TOM JKe SI3BbIKe He sIBJISIETCS MapaHelpPOTHBOPEYINBBIM.
B pamkax nanmoi#t paborhl 6yiaeM HA3bIBATH MAKCHUMAJILHO ITapaHEIIPOTUBOPE-
YUBON JIOTMKY, KOTOpas MAKCUMAJILHO ITapPAHEIPOTUBOPEYNBa B abCOJIOTHOM
CMBICJIE.

Teopema 6. Ilycmov mampuya M 3adaem naparenpomusopenusyo so2ury L,
ne asasowyioca LFI. Jlozuxa L maxcumasvho napaHenpomueopedusa, moas-
ko ecau M ne coxpanaem mmoorcecmso {0,1,3}.

Hoxazameavcmeo. Eciu M coxpansier muoxkecrBo  {0,1,3}, 1O
M = ({{0,1,3}, F',{1,3}) — nommarpuna M, 3anamomas I1apaHenpOTU-
Bopeunsyto Joruky L', npuuem Cn(M) C Cn(M’). B 1o ke Bpems
p,~ptF q,—-q € Cn(M'), o p,—p F q,~q ¢ Cn(M). Takum obpazom, L' —
IapaHeIPOTUBOPEYNBOe COOCTBEHHOE paciiupenne L B ToM ke sA3bIKe, U JIOTUKA
L ne sBigeTcs MaKCUMAaJIbLHO apaHeIIPOTUBOPEYHBOIL. [ |

Teopema 7. ITycmv mampuya M 3adaem nodAUHHO NGPAHENPOMUBOPEUUBYIO
so2uky L, ne asasowyroca LEL, xomopas maxcumasvio naparenpomueopes-
6a. Toeda M coxpansem mmroorcecmeo {3}.

oxazameavcmeo. Taxk kak L MakcnMasibHO MapaHEeIPOTUBOPEUNBA, B CHILY
Teopembt [f| naiinercs Taxas onepanus f € M, uro f(x1,...,T,) = 2 Ha HEKOTO-
pom Habope (ay,...,a,), tae a; € {0,1,3} mua Beex 1 < ¢ < n. [Ipeamonoxum,
qro ¢(3) # 3 ;yist HeKoTopoit onepaiuu g € M.

Coyuait 1. g(3) = 0. IIycrs f'(z) = f(P1,...,Py), ue:
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g(x), ecim a; =0,
®; = ¢ —g(z), ecin a; = 1,

x, ecnau a; = 3.

dcno, aro f'(3) = 2. Ecam f/(0) = 0, to ox =: f'(—=(xz A —z)). Ecom f'(0) =1,
o ox =: f'(x A —x). B oboux ciyuasx op,p,—p - q. Ho 310 nporusopednt
YCJIOBHIO TEOPEMBI.
Caywuaii 2. g(3) = 1. Comurcs K npeplaymmemMy, Tak kak —g(3) = 0.
Caywait 3. ¢(3) = 2. Eciim g(0) = 0, 1o ox =: —=(g(z A —x)). Ecim g(0) = 1,
1o ox =: g(x A —x). CHOBa op,p, —p b ¢, ¥ UPUXOJAUM K IIPOTUBOPEUHIO. |

Nrak, MbI cchopmyupoBasiu psiji HEOOXOIUMbBIX YCJIOBUN, KOTOPBIM JIOJIZKHBI
OTBeYaTh MATPUIILI JOBOJIHLHO OOIIIMPHOTO KJIACCa MHOTO3HATHBIX JIOTUK, KOTO-
pble ABJIAIOTCS HOJIJIMHHO TapaHEIPOTUBOPEYUBBIMY JIOTUKAMU, HO HE SBJISIOT-
cs1 IoruKaMu (pOopMaIbHON TTpoTuBopednpocTr. Crieyomuii pas3ies MOCBsIIIeH
KJIACCY IaPAIOJIHBIX JIOTUK, U30MOPGMHOMY TOJIBKO YTO PACCMOTPEHHOMY.

3. [IlaparmoJsHbie Jorukm

B sToMm pasmeiie paccMaTpuBAeTCsl COOTHOIIEHNE MEXKIY HOHSITHIME (hop-
MaJIbHOM HEOIIPEIe/IEHHOCTH U HOIJINHHON IapaOJHOTEl B TPEX3HAYHBIX U Ue-
ThIpeX3HaUHbIX Jorukax. [lonsTue napamnosHoTsl BBe/eHO B [Loparic, da Costa,
1984]. Jlorukm anajormaHoro pojga paccmarpusaiorcs B |Sette, Carnielli, 1995]
1101 Ha3BaHHUEM «Cﬂa60 NHTYUIIUOHUCTCKHUE». CDGHOIVIGH AyaJIbHOCTHU MEXKY I1a-
PaHENPOTUBOPEUNBBIMU ¥ HAPAIIOJHBIMU JIOTUKAMU uccjeayercst B |[Brunner,
Carnielli, 2005] u [Marcos, 2005|. B mocsienneit pabore Tak:ke BBOJUTCS MOHSI-
THEe (POPMABLHON HEOIPEIEIEHHOCTH, AyaIbHOE OHITHIO (POPMAIBLHON IIPOTH-
BOPEYUBOCTH.

Jlya/IbHOCTD JIOTMYIECKUX CHUCTEM OIIpeIe/saeTcs caeayiomumM obpasom. Ec-
M ©® — HpPOU3BOJIbHAS CBsI3Ka, 0603HAUNM JyasbHyio eif kak ©%. Ecim X —
MHOKeCTBO (hopMyi1, 06o3HatImM Kak X ¢ pe3y/IbTar 3aMeHbI BCeX CBSI3OK B X
Ha ayanbHole uM. Ecin mama jgoruka Ly ¢ oTHOIIeHneM ciaegoBaHusd b1, 3am1an-
HBIM Ha MHOXKecTBe (opmys Si, JyajbHYIO JOruKy Lo ormpeesisieM, mmoJiaras
Sy = Sii u X% Y9 o Yk X. Mapkoc XapakTepusyer MpOIeLypy JLyasii-
3amnuu cjaemyionuM obpaszom: «MTak, B abCTpaKTHBIX TEPMHUHAX, BCE UTO HaAM
HY?KHO CJieJIaTh, HEKOTOPBIM 00Pa3oM, 3TO YUTATH U3HAYAJIbHBIE YMO3aKJIIOUe-
HUsI CIIpaBa HAJIEBO BMECTO TOTO, YTOOBI YUTATH WX CJIEBA HAIPABO, U MEHSATH
MMEHa JIOPTUIeCKUX KOHCTAHT, Korja HeoOxoaumo» |[Marcos, 2005|. Korna peun,
KaK B HAIIEM CJIy4ae, UJET O MHOIMO3HAYHBIX JIOTUKAX, POIEILYPY JLYAJIABAIIH
MOXKHO TaK»Ke MHTEPIPEeTHPOBATh KaK IIePeHOC (POKyca ¢ COXPAHEHUs] MCTUH-
HOCTH OT IIOCBLIOK K 3aKJ/IOUEHUIO Ha COXPAHEHUE JIOXKHOCTH OT 3aKJIIOUCHUS
K mochLTKaM. [IpowsocTpupyeM 3TOT Te3UC IIPUMEPaMHU.
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Jloruku popMasIbHOMN MapaHEIPOTHBOPEYNBOCTH OIPEIEJISIFOTCSI € TOMOIIHIO
msirkoit skcrtosusaoctn: (), a ¥ B; O(a), ~a ¥ B; O(a),a, ~a b [ nusa
BCEX (& U [} — CyIIeCTBYeT olleHKa, npu Kotopoii ()(«) 1 o UCTUHHBL, & [ JI0XKHA,;
cymecTByer oreHka, npu kotopoit ()(a) u -« UCTUHHBIL, a [3 JIOXKHA; HE CyIIe-
crByer onenkH, pu kKoropoit ()(«), @ u —a ucruHHbl, a [ jgoxkHa. [lyaabHble
goruku (opmasbroit Heonpenenennoctn (LFU) onpeesnsiiorest mocpecTBom
MsArKoil uMiutosuHocTu: 5 ¥ (o), a; B ¥ k(a),—a; B F k(a),a, ~a mis
BCceX a U 3 — CyIIecTByeT OlleHKa, Ipu KOTOpoil ¥ (a) m « JoxKHBL, a [ uc-
TUHHA; CyIIECTBYET OIEHKA, PH KOTOPOH Y () M —qv JIOXKHBI, & [3 UCTHHHA,;
HE CyIIECTBYET OIEHKHU, IPH KOTOPOit Y (&), & M —x JIOXKHBI, a [ NCTUHHA.

AnanoruanbiM 06pa3oM Oy YaeM KPUTEPUIl TIOJINHHON apaIoTHOTE, Iy~
aJIbHBII KPUTEPUIO MOJTMHHON ITapaHelpOTUBOPEIMBOCTH. KpuTepuii o/ inH-
HOIi ITapaHeNPOTUBOPEUNBOCTH: ¥ —(av A —r) — CYIIECTBYeT OIEHKA, [IPU KOTO-
poii dhopmyna —(a A nar) noxuHa. yanbHblil Kpurepuil TOMJIMHHON HapamnoJ-
HOTBI: (@ V =) ¥ — cymiecTByeT oneHka, mpu KoTopoit dhopmyna —(a V —a)
ucruHHa. To ecThb KpuTepuil MOJJIMHHON IaparoJiHOThl Oa3upyeTcst Ha CBOIi-
crBax V U —.

MHuorozHauHOe NaparoJHOe OTPUIIAHNE, JIyaJbHOE MapaHelPOTUBOPEYNEO-
My, onpeesisieM Tak: a € D, ~a ¢ D, b¢ D, -be€ D, c ¢ D, ~c ¢ D nis Heko-
TOPBIX @, b, ¢ € A. He Tepsist 00IITHOCTH, B TPEX3HATHOM cJiydae Oy/leM CIuTaTh,
aro a = 1, b = 0, ¢ = 2. [lasee, omnpeiesienne MOIJINHAO TaPAHEITPOTUBOPEYN-
BOIi JloruKu Tpebyer BbinoJiHeHus ycaosusi: h(—(p V —p)) € D st HeKOTOPOi
onenku h. ITo anajorum ¢ MOJJIMHHO ITAPAHETPOTUBOPEIUBBIMU JIOTHKAME TI0-
JlaraeM, 4TO JU3bIOHKIHMS B IIOJJIMHHO IIAPAIIOJIHON JIOTUKE BeJeT cebsl KIIacCu-
yeckuM obpazom: a F aV B, B aV B, aV B a,B, nim — 3KBUBAJIEHTHO
B CJlydae MHOrO3Ha4IHbIX joruk — h(aV ) ¢ D < h(a) ¢ D & h(B) ¢ D.
B sToM ciydae MOXKHO J0Ka3aTh CJIELYIONLYIO0 TEOPEMY.

Teopema 8. Kaotcdaa mpersnaunas nodsurHO napanoinas A02UKe ABAAECMCSA,
A02uK0T HOPMAALHOT HEONPEICAECHHOCTIU.

oxazameavcmeo. B cuiny TpeboBanuil, NpenbaBIs€MbIX K OTPUIAHUIO
n guspiopkiun, —(0V =0) ¢ D u —(1V —1) ¢ D, nosroMy eInHCTBEHHA
BO3MOKHOCTb BBIIOJHUATE Takxke h(—(pV —p)) € D cocrout B BHIOOpE TAKUX —
u V, aro h(=(pV —p)) = 1 upu h(p) = 2. fdcuo, uro B TakoM ciydae —(pV —p)
oTBevaeT onpejiesieHuio ¥k (p). [ |

Teneps mocrapaemMcsi OTBETUTH Ha OOPATHBIN BOIPOC: KOTJA TPEX3HAYHBIE
JIOTHKE (hOPMAJIbHON HEOIPEJIEJIEHHOCTU SABJISTFOTCS [TOJJIMHHO TTAPAIIOTHBIMEU !
Kiraccy noruk gpopMasibHON TPOTUBOPEIUBOCTH, SBJISTIOIIUXCS SI3BIKOBBIMU
paCIupeHnsIMHU O3UTUBHOTO (DpArMeHTa K/IACCUIECKOM JIOTUKY BbICKA3bIBAHU
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(CPC™"), ayarmen kmacc jormk (popMabHON HEONpeIeeHHOCTH, PaCIIHPSIIO-
IUX JIyaJbHO-IO3UTHUBHBIN (parmenT kiaccudeckoit joruku (CPC™). Takoii
Cbpal—‘MeHT MO2KHO HOHyLII/ITb, IIOMEHsAB MeCTaMM POJIN BBIJCJICHHBIX N HEBBLIJIC-
JICHHBIX 3HAYEHUIl B ONPEIEJICHUIX CBI30K.

CPCt CPC~
tANyeDsxeDuyeD | x¢Duy¢DsSaVygD
xVyé¢Dsx¢Duyg¢D | xeDuyeDsSacANyeD
r—y¢DsrxeDuyé¢D | x¢DuyeDsSc+yeD

[Tonyuaem caemyiomiue BapuaHThl TaOJIUIHBIX ONpEACTeHUN st A, V, <

B CPC™:

AlO 1 2 vio 1 2 ~] 0 1 2
0] 0 0 02 0] 0 1 o0 0] 0 1 02
1o 1 o 11 1 1 1|0 0 o082
2 102 02 02 2102 1 02 2 |02 1 02

BaMeTHM, UTO JIOTHKa, KoTopas spiserca pacmupenner CPC~ u CPCT,
TaKKe sIBJISIeTCs PaCIIIpPEeHNEM KJIACCHIECKOM MPOITO3UIINOHAILHON JIOTUKH I1e-
JILKOM.

Teopema 9. Kaotcdas mperanaunas, A02uKa Gopmasbroti HEONPEICAEHHOCTIU
L, sasamowanca pacwupenuem CPC™ | Asasemcs A3bIKOBIM PACUUDEHUECM
NOJAUHHO NAPATLOAHOT, NO2UKU.

Jloxaszameawvcmeo. [loctaTouno mokas3arh, uTo B MaTpuile M moruku L ompe-
Jle/TIMa, Takasl JU3bIOHKIEs V, uto —(pV—p) ¥. DTo Beerjia MOXKHO CJIE/IaTh
CJIETYIONIAM 00Pa30M:

2y = (¢ + (xaVav-a)) o (xaVav-a))V((y + (xyVyV-y)) = (yVyV-y)).
[ |

Eciin MBI mpuMeM V B KadecTBe 6a30B0il AU LIOHKIUN, TO IIOJIYYUM S3bIKO-
Boit BapuanT ucxonaunoit LFU, saeastomuiicst OAINHHO TapaIioHON JIOTUKOM.

YeTblpex3HATHBIN CJTydail OTIIMYIAETCA OT TPEX3HATHOTO T€M, ITO BO3MOXKHO
KOHCTPYUPOBATH IOAJIUHHO ITapallojiHble JIOTUKH, He SIBJISIIOIIUECS JIOTMKAMHU
dopMaIbHO HEOIpPeIeIEHHOCTH.

Teopema 10. IIycmv mampuuya M = ({0,1,2,3},V,—,{1,3}), corpansowan
{0,1}, 3adaem napanoanyro aceuxy L. FEcau 2 N2 = 2, 3AN3 = 3, =2 = 2
u -3 = 3, mo L — nodaunno napanosnas rozuxa, xomopas re asasemcs LEU.
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Zloxaszamenavcmeo. Jloruka L siBIsteTcst MOIIMHHO MAPAIOIHON JIOTHKOI, TaK
kak —(3V —3) = 3. Jloruka L He siByisiercst JIOruKoil (hOpMaJIbHON TPOTUBOPE-
anBoCTH, Tak Kak h(®p) = 2 upu h(p) = 2 jyist 1060 yHAPHON CBA3KH @),
u 11o3ToMy yeiiosue g F ¥ (p), p, 7p He MOKeT ObITh BBITOJHEHO HUKAKUM Y (P).

Pesynbrarhl, NpuBeJeHHbIE HUXKE, YCTAHABIMBAIOT Gosiee OOIIMe CBOHCTBA
YeThIPEX3HAYHBIX JIOPMK C JIByMsl BBUJIEJIEHHBIME 3HAYEHUSIMU, KOTODBIE MOJI-
JIMHHO IAPAIIOJIHBI, HO He sIBJISIIOTCS JIOTUKaMU (HOPMAJILHON HEONPEIe/IeHHO-
cru. B kaxkjom corydae pacemarpusaeM marpuryy M = ({0,1,2,3}, F, {1, 3}),
riae {V,—} C F, u Bce oneparuu B F' coxpansitor muoxectso {0, 1}.

Teopema 11. Ilycmv mampuya M 3adaem nodaiunro napanoimyro aozuxy L.
Ecau onepayuu {V,—} we coxpanaom mmoocecmeo {2}, mo L asasemca so-
2uKOl POPMaNLHOT HEONPEIENENHOCTIU.

Aoxazameavcmeo. Cayqait 1. [lycrs 2V 2 = 0. [lyers Oz =: x V x. Tor-
na xx =: —(Ox V O-x) yaosiersopsier onpejesenuto k. Coyuaii 2. ITycrs
=(2) = 0. [Tycrs Oz =: =—z. CroBa xx =: —~(Oz V O-2) yI0BIETBOPSIET OIpe-
JIeJIEHUIO K. [ ]

Teopema 12. Ilycmo mampuya M 3adaem nodAuHMO NAPAMOAHYIO AO2UKY,
ne asamouyoca LFU. Toeda -3 = 1 w3 A1 =1A3 = 3, aubo -3 = 3
u3IN3=3.

Loxazameavcmeo. B cuiny Teopemsr {V,=} coxpansier {2}. Cormacmo
jonymenno, B L umeer mecro —(p V —p) ¥. B cuny onpenenenus {V,—}
—(xV-x) = 0 s Beex © € {1,0}. Tak kak {V, =} coxpanster {2}, ~(2A-2) = 2.
Crenosarensuo, —(z V —x) € D, tonsko ecam —(3 V =3) € D. Ilo onpesere-
auio V, 3V x € D s Becex x. Tak xkak -1 = 0, moaygaem, aro 3V =3 = 3.
CnenoBarenbio, - 3=1u3Vv1=1v3 =3, mbo -3 =3u3A3=23. ]

B cuity Teopem [I1] u [I2] ecan marpuna M 3azaer HOAIMHHO HAPAIIOJIHYIO
goruky L, ve spiisitorytocss LEU, To V orBewaer cxeme Vi u = ecTb —p, Ju00
V oTBedaeT cxeMe Vo U — eCTh —9:

vi | 0 1 2 3 z | iz
0 0 1 02 13 0] 1
1 1 1 113 3 1|0
2 02 13 2 13 2| 2
3 1|3 3 13 13 3] 1
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1 2 3
0 1 02 13
1 1 1 13 13
2 02 13 2 13
3 13 13 13 3

\/2‘

0
0

[SUI SR el
W N O =N

POBOpI/IM, 9TO JIOTUKa MAKCUMAADHO NapanosHa (B abCOMIOTHOM CMbICJIe),
€CJIn H1 OJJHO ee COOCTBEHHOE pacoinpeHnue B TOM 2Ke A3bIKEe He ITapallOJIHO.

Teopema 13. Ilycmv mampuya M 3adaem napanoanyro saoeuxy L. Jlozu-
xa L marcumanrvro napanosna, moavko ecau M ne corpamsem muoncecmso
{0,1,2}.

Aoxaszameavcmeo. Eciu M coxpansier muoxkecrso {0,1,2}, To y M ume-
ercst Takas nogmarpuna M’ = ({0,1,2},V, -, {1}), uro (1) 8 ¥ a,~a B M’
u (2) 8,76 F a,~a 8 M'. Onnako 8,8 ¥ «a,-a B M. Iockonbky M’ —
noamarpuna M, takske umeer mecro: Cn(M) C Cn(M'). To ects M’ zanaer
naparoJHoe cOOCTBEHHOE PACIIpeHre JIOIUKH, 3aiaBaeMoii M, 6e3 n3MeHeHust
S3BIKA. |

Teopema 14. Ilycms mampuya M 3adaem nodaurro napanoanyro aozuxy L,
ne asasmowyroca LFU, xomopas maxcumarvho napanoina. Toeda onepayuu F
coxpansrom mmoscecmeso {2}.

oxazameavcmeo. Tak kak L MakcuMajbHO HapariojiHa, B CUIy 1eopeMbl

Hafierca takas oneparust f € M, aro f(x1,...,2,) = 3 Ha HEKOTOPOM
nabope (ai,...,an), vae a; € {0,1,2} mia seex 1 < i < n. [Ipeamnonoxum, 410

9(2) # 2 st HekoTOpOit oneparuu g € M.
Coyuait 1. g(2) = 1. IIycrs f'(z) = f(P1,...,Py), ue:

g(x), ecim a; = 1,
®; = { —g(z), ecm a; =0,

T, ecim a; = 2.

dcno, uro f'(2) = 3. Ecom f'(1) = 1, o xx = f'(—(x V —z)). Ecin f/(1) = 0,
To xx = f'(z V —x). B oboux cmyuasx ¢ F *p,p,—p. Ho 310 nporusopednt
YCJIOBUIO TEOPEMBI.
Caywuaii 2. g(2) = 0. Comurcs K npeplaymeMy, Tak kak —g(2) = 1.
Cuayuaait 3. g(2) = 3. Ecim g(1) = 1, To xx = —(g(x V —x)). Ecau g(1) = 0,
1o *x = g(x V —z). CHOBa ¢ - *p, p, P, U NPUXOJUM K HPOTUBOPEIHUIO. [ |

B 3ak/rounTebHOM pasaesie O6’be,ZLI/IHI/IM pe3yabTaThl, IIOJTYyYE€HHbIE B OTHO-
IMIeH1 IIapaHEIIPOTHUBOPEYUBLIX W ITapallOJIHBbIX JIOTHUK, W HUCCJ/IEJYyEM JIOTUMKH,
KOTOPbBIE ABJIAIOTCA OJHOBPEMEHHO IMTaPaHEIIPOTUBOPEYINBBIMUA 1 IIapPallOJTHBIMM.
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4. IlapanopmaJibHbIE JIOTUKU

Cuenyst |Béziau, 1999|, HasbiBaeM JIOTUKY NapaHopMasvHoti, €CJIU OHa OJTHO-
BPEMEHHO [apaHelpoTuBopednBa u naparnoJta. Kak nokasano B [Arieli, Avron,
2017|, MuUHUMAIEHOE YUCJI0 UCTUHHOCTHBIX 3HAYEHUIT B MATPUIE TaKON JIOTUKH
paBHsIETCSI YeThIpeM, IPUYEM JBa W3 HUX — BBbIJIEJEHHBIE, & JIBA — HEBBLIE-
JIEHHBbIE. BylieM roBOPHUTH, UTO JIOTUKA NOOAUHHO NAPGHOPMAALHA, €CJIH OHA
[IO/IJTMHHO MMapaHelPOTUBOPEYNBA U IOJJINHHO [APAIIOJIHA.

Hwuxe nac OyayT mHTEpPECOBATH IMOJIMHHO ITapaHOPMAJIbHBIE JIOTUKU, KOTO-
pble He SIBJISTIOTCS HU JIOTUKAMHU (pOPMaJIbHOM ITPOTUBOPEINBOCTH, HI JIOTUKAMEI
dopMaIbHOM HEOIPEIEJIEHHOCTH.

s Teopem [4] BbiTekaer cieiyiomee. [lycre M = ({0,1,2,3},
F,{1,3}) — marpura, koropas coxpansier {0, 1} u 3a/aer noJIMHHO TAPAHOD-
MaJbHyIo jJoruky L, koropas me sapasercda au LFI, nu LFU. B takom ciry4dae
{N\,V,=} C F u A,V,— oTBedalOT cXeMaM, [IPUBEJIEHHBIM HUKE.

A2 | O 1 2 3 Va | O 1 2 3 z | o
0 0 0 02 02 0 0 102 13 0] 1
1 0 1 o2 13 1 1 13 13 1| 0
2 |02 o2 2 082 2 |02 13 2 13 2| 2
3 02 13 o2 3 3013 13 13 3 3] 3

[Tepeuncanm HECKOTIBKO CBOMCTB, KOTOpPbIMHU OO/ajiaer marpuia M, onu-
caHHas BbIle, U Jjoruka L, KOTopyio oHa mopoxkiaeT. fAcHo, uro B Jjioruke L
HMeeT MecTo cieyiomniee: ¥ —(aA-a); =(aV-a) ¥ —(aV-a) ¥ =(BA-f). Kak
caenyer u3 Teopemsl [7], ecin M 3a1aeT MAKCUMAJIBHO [APAHEIIPOTHBOPEYNBYIO
JIOTWKY ¥ He coxpaHnsieT {3}, To B Heil MoxkHO onpeeanThb (), TO €CTh COOTBET-
CTBYIOIIAsl JIOTUKA SIBJISIETCsT JIOTMKON (pOpMaJibHOI mpoTuBOopevunBocTr. Kax
cinenyer n3 Teopewmsr [[4] eciim M 3a78eT MaKCHMAIBLHO HAPATIONHYIO JIOTHKY
u He coxpansieT {2}, To B Hell MOXKHO OIPeIeUTh W, TO €CTh COOTBETCTBYIOIAST
JIOTHKA $IBJISE€TCs JIOTUKON (POPMAJILHON HEOIPEIEIEHHOCTH.

Byziem roBoputrh, 4TO JIOTUKA MAKCUMAALHO NAPAHOPMaAoHG (B aBCOIOT-
HOM CMBICJIE), €CJTH OHA MAKCHMAJIbHO MapaHeIPOTUBOPEYNBA U MAKCUMAJBHO
naparnosiga. [lycrs marpuna M 3a1aer MakCUMaIbHO TAPAHOPMAJIBHYIO JIOIHU-
ky L. Ecin naiinerca takas dopmyna «, 9ro - a B L, To L ects LFU. Ecim
Haiimercs Takasg popmysia «, uro o - B L, To L ects LFI. Takum obpasom, 10-
OapjieHne KJIaCCUIeCKUX — WIN <~ K Marpuiie M maet, coorercrBenno, LFU
wim LFI, nockosbky x — x € D, x <+~ x ¢ D s Beex x € {0,1,2,3}.

NHTepecHBIM HPUMEPOM TOJJIUHHO [MAPAHOPMAJILHON JIOTUKHU, KOTOpasi
He sBasiercss au LFI, uu LFU, Boicrynaer jgoruka FDE [Belnap, 1977]. Omue-
paluu ee YeThIPEX3HAYHONW MarTpullbl umeror cieayomuii sug (0 = £, 1 = t,
2=1,3=T):
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A 0 1 2 3 vV 0 1 2 3 T | ox
0 0 0 0 0 0 0 1 2 1 0 1
1 0 1 2 3 1 1 1 1 1 1 0
2 0 2 2 0 2 2 1 2 1 2 2
3 0 3 0 3 3 3 1 1 3 3 3

DTa JIOTUKA U €€ PACIIUPEHUs HEOTHOKPATHO IPUBJIEKAJIN BHUMAHUE UCCIIE-
soBaresieii. O630pbI TAKMX paCIIMPEHHil OCTYIIHBL, Hapumep, B |Arieli, Avron,
2017], |Karpenko, 2017, |[Omori, Wansing, 2017]. Huke mbI mpesyiaraem Ho-
BBIl KJjacC paclIMpeHuil, a MMEHHO PAaCIIUPEHUN, COXPAHAIONINX MHOXKECTBO
{0, 1}, KOTOpBIE MAaKCHMAJIBHO MAPAHOPMAJIBHBI ¥ MOJINHHO HapaHOPMAJIbHBI,
HO HE SIBJISIIOTCS JIOTUKAMU (DOPMAJILHON IIPOTUBOPEUNBOCTH JINOO HEOIIpeIe-
JIEHHOCTH.

Hukecneayione TeopeMbl JAIOT YCJIOBUS, TOCTATOUHDBIE JJIsI TOTO, ITOOBI
pacminpenue marpuilpl Jorukn FDE 3a1aBaso MakcuMaJbHO TapaHernpoOTUBO-
PEUUBYIO U MAKCHMAJIBHO TAPAIIOJHYIO JIOTUKY.

Teopema 15. Ecau M — coxpansaowee {0, 1} pacwupernue mampuyss so2uku
FDE, u M ne coxpansem {0,1,3}, mo aoeura L, 3adasaeman M, marcumans-
HO NAPAHENPOMUBODEUUEA.

Loxaszameavcmeo. Ilpennonoxum, uro L' = (L,IF) — joruka B sizbike L,
koTopas crporo cuiabHee L. Torma malimyTca Takme (GOpPMySbI ¥ U v, UTO
h*(y) € {1,3} u h* () € {0,2} st mexoropoii orerikn h* B M, oanako v IF a.
Taxke jomycrum, aro Marpuna M joruku L ve coxpanser {0,1,3}. B srom
cmydae Haiiaercss Takas dopmyna (3, uto h2(B) = 2 u h?(r) € {0,1,3} ana
kaxx0it 7 € Var(f).

Omupenenum nogcTanoBku st Kaxkoit 7 € Var(8) u p € Var(y, a):

(po A qo) A (po A —qo), ecm h?(r) = 0,
@(r) = § ~((po A @) A (po A —qo)), ecmm h?(r) =1,
po, ecm h2(r) = 3.

(Po A qo) A (po A —qo), ecma h*(p) = 0,
=((po A go) A (po A —qo)), ecom h*(p) = 1,
©(B), ecm h*(p) = 2,

po, ecau h*(p) = 3.

st kaxk ot onerku h B M umeer mecro: ecam h(pg) = 3 u h(qo) € {0, 1,2},
to h(e(y)) C {1,3} u h(e(w)) € {0,2}. Kpome Toro, nockonbky M coxpansier
{3}, ecimm h(po) = h(qo) = 3, 10 h(e(a)) = 3 u h(e(v)) = 3. Takum obpaszom,
umeer Mecto cresytomee: (1) po, —po F e(7); (2) po, —po, (@) F qo.
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Benomumm, uwro L' crporo cmibnee L. Tlostomy po,—po IF  &(7)
u po, —po, £() IF go. Kpome roro, B L rak:ke Boimonnsiercs (%) |- e(a).

N3 po,—po Ik e(y) momywaem po,—po |- e(v),e(e) (MoHOTOHHOCTD).
U3 () IF e(a) momyqaem e(7y), po, —po I+ €(a) (monoToHHOCTB). W13 PO, —po I
e(y),e(a) m e(v),po,~po IF e(a) momywgaem po,—py Ik e(a) (ceuenne).
U3 po, —po IF e(a) momyaaem pg, —po IF £(a), qo (MorOTOHHOCTE). U3 Do, =P IF
e(a), qo u po, —po,e(a) Ik go nomyaaem po, =po Ik qo (ceuenue). B cuiy nocies-
nero L He sBIseTCS NapaHEeIPOTHBOPEINBOI. [ |

Teopema 16. Ecau M — coxpansaowee {0, 1} pacwupernue mampuyse sozuku
FDE, u M ne coxparsem {0,1,2}, mo woeuxa L, 3adasaeman M, maxcumano-
HO NAPAMONHA.

Hoxasameanvcmeo. Broeb npeanonoxum, uro L' = (£, 1) — soruka B si3b1ke
L, xoropas crporo cuibree L. Torma maiigyrcs takme v u «, aro h*(y) C
{1,3} u h*(«) € {0,2} musa mekoropoii onerku h* B M, ognako v |- a. Takxe
qoycTuM, 9to Marpuia M noruku L we coxpansier {0, 1,2}. B srom ciryuae
Haiinercs Takas dopumyna (8, aro h3(8) = 3 u h3(r) € {0,1,2} axa xaxmoit
r e Var(p).

Oupejesum nozcranoBkY st Kaxoit 7 € Var(8) u p € Var(y, a):

=((po V qo) V (po V 7qp)), ecau h3(r) =0,
@(r) =< (po V q) V (po V =q0), ecim h3(r) =1,
po, ecmm h3(r) = 2.

=((po V q0) V (po V —qo)), ecim h*(p) =0,
(po V qo) V (po V —qo), ecitm h*(p) =1,
po, ecau h*(p) = 2,

©(B), ecim h*(p) = 3.

st kazk1oit onenku h B M umeer mecro: ecan h(pg) = 2 u h(qo) € {0,1, 3},
To h(e(y)) C€{1,3} u h(e(w)) € {0,2}. Kpome Toro, nmockonbky M coxpamser
{2}, ecim h(po) = h(qo) = 2, 10 h(e(a)) = 2 u h(e(y)) = 2. Takum o6pazom,
nmeer Mecto caemyiomntee: (1) e(a) F po, —po; (2) go F po, —po, (7).

Benomunm, uro L’ crporo cunbree L. TTostomy e(a) IF po,—po u qo |-
Po, Po, (7). Kpome Toro, B L’ takzxke Boinonusiercs () I e(a).

Us e(a) IF po,—po nomyugaem e(7y),e(a) IF po,—po (MOHOTOHHOCTB).
Uz e(y) IF e(a) momyuaem () IF e(a), po, —=po (MonoTOHHOCTE). U3 £(7), &) IF
po, —po 1 () IF e(a), po, —po nmomyuaaem () I+ po, —po (ceuenne). Uz () IF
Po, —po 1oaydaeM qo,e(y) IF po,—po (Monoronnocts). U3 qo,e(y) - po, —po
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u qo Ik po, —po,e(y) nomyuaem qo IF po, —po (cevenne). B cuiny nocnenuero L
HE IBJIFETCS MaPAIIOJIHOM. [ |

Takum 06pazoM, HEOOXOAUMBIE M JIOCTATOYHBIE YCJIOBHUSI, IIPU KOTOPBIX CO-
xpansonas {0, 1} marpuna M, npezcrasisitoras coboil paciupenue MaTpu-
upl jjorukun FDE, 3a7aetr 10/yIMHHO TTApAHOPMAJIBHYIO JIOTHKY, KOTOPasi MaK-
CHMAaJIbHO TIapaHopMaJibHa, a Takke He siBiastercss Hu LFI, uu LFU, TakoBsr:
(1) M coxpanster {2} (Teopema [14)); (2) M coxpansier {3} (Teopemal[7); (3) M
ne coxpansier {0,1,2} (Teopemsi [13|u [16); (4) M ne coxpanser {0,1,3} (Teo-
peMbl |§| u .

[ToMuMO 1TpOYEro, 9TO MO3BOJISIET IaTh OIMCAHUE TOJOOHOTO PACIINPEHUSsT
FDE, obnanaroriero sHanbosibineil BeipasuTesbuoit cusioit. Takoe paciimupenue
sagaercst Marpunein M = ({0,1,2,3}, F,{1,3}), rue F' — nopoxjaormast cu-
creMa 3aMKHyTOro Kijacca gyakuuit Ty N Ty N T5; Th; — 3aMKHYTBIH KJIace
Beex dyHKIwmit, coxpansomux {0,1}, To — 3aMKHYTHI Kiace Bcex DyHKIWMIL,
coxpansronux {2}, T3 — 3aMKHYTBI KJ1acc Bcex yHKIuUii, coxpansionmx {3}.
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Abstract: A logic (£,F,) is said to be paraconsistent if, and only if {«, —a} ¥, S, for some
formulas a, 8. In other words, the necessary and sufficient (the latter is problematic) condition
for a logic to be paraconsistent is that its consequence relation is not explosive. The definition
is very simple but also very broad, and this may create a risk that some logics, which have
not too much in common with the paraconsistency, are considered to be so. Nevertheless, the
definition may still serve as a reasonable starting point for more thorough research.

Paracomplete logic can be defined in many different ways among which the following one may
be of some interest: A logic (£,F4) is said to be paracomplete if, and only if {8 — o, = —
a} ¥4 a, for some formulas «, 8. But again, just as in the case of paraconsistent logic, the
definition is very general and may be seen to overlap with the logics that have nothing in
common with the paracompleteness.

In the paper, we define some calculi of paraconsistent and paracomplete logics arranged in
the form of hierarchies, determined by several criteria. We put central emphasis on logical
axioms admitting only the rule of detachment as the sole rule of inference and on the so-called
bi-valuation semantics. The hierarchies (no matter which one) are expected to shed some
light on the aforementioned issue.
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1. Introduction

Let var denote a (non-empty) denumerable set of all propositional variables.
The set of formulas F is inductively defined (in Backus-Naur form) as follows:

pu=p|alavValaha|a—a,

where p € var, a € F and the symbols =, V, A, — denote negation, disjunction,
conjunction and implication, respectively.!

!The connective of equivalence, o < 3, is treated as an abbreviation for (o — B)A(8 — «).
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A logic (L, F,) is said to be paraconsistent if, and only if {a, ~a} ¥, 3, for
some formulas «, 8. In other words, the necessary and sufficient condition for
a logic to be paraconsistent is that its consequence relation is not explosive.
Despite this definition being very broad and open to criticisms on a number of
fronts, it may still serve as a good basis for further discussion. In what follows,
however, we will need some additional criteria to be considered valid, i.e.

1. the principles of explosion: o — (—a — ), (a A —a) = 8
2. the law of contradiction: —(a A —av)

3. laws of double negation: -—a — o, a - ——«
must not be provable in any calculus of the hierarchy.?

2. Paraconsistent Calculus B!

The paraconsistent calculus B! is defined, in Hilbert-style formalization, by
the following axiom schemas:

The sole rule of inference is Detachment Rule, (MP) a — B3, a / 3.3 It is easily
seen that B! contains the positive fragment of Classical Propositional Calculus.
Besides, it is an extension of PI.*

2For modern discussion on the topic, see e.g. |Avron et all, 2018] (Chapter 2) and [Carnielli,
Coniglio, 2016| (Chapter 1).

5The calculus B' originally appeared in |Ciuciura, 2014| as mbC"*. The abbreviation mbC"
was chosen to emphasise that the calculus mbC' proposed by Carnielli, Coniglio and Marcos
(see |Carnielli et all, 2007, pp. 37-41]) was a logical inspiration for mbC"*/B*. We should
stress, however, that mbC' /B! is not equivalent to mbC. See |Ciuciura, 2018, p. 140], for
details.

4In literature, the logic PI is also known as CLuN. See |[Batens, 1980, pp. 204-205|, and
|Batens, De Clercq, 2004, p. 229|.
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Definition 1. Let « € F and I' € F. A formula « is provable from I within
B! (I' k1 «, in symbols) iff there is a finite sequence of formulas, 31, B2, .., Bn
such that 8, = « and, for each ¢ < n, at least one of the following is true:

1. g; el

2. f3; is an axiom of B!

3. B; is obtained from some of the previous 3; by application of the rule of
(MP).

Definition 2. A formula « is a thesis of B iff § Fp1 a.

Before going any further, we should demonstrate that B! meets the criteria
specified in the clauses 1, 2 and 3 of Introduction. With that in mind, let us
consider the matrix

My = <{1>2)O}a {1,2},_\,/\,\/,—> >7

where {1,2,0} is the set of logical values, {1,2} is the set of designated values
and the connectives —, A, V, — are defined by the tables®:

=1 2 0 -
1[1 1 0 1] 2
21 10 210
01 11 01
ALl 2 0 V|l 2 0
11 10 11 11
2(1 1 0 21 1 1
0/0 0 0 0|1 10

Each axiom schema of B! is valid in the matrix M; and (MP) pre-
serves validity. The principles of explosion take the non-designated value O:
1-(-1-0=1-2—-20=1—-0=0,(1A-1)=0=(1A2)=0=1—
0 = 0; so do the laws of double negation: =——0 - 0=-1—-0=2— 0=0,
1 -—-1=1—= -2=1— 0= 0 and the law of (non-)contradiction:
~(1A=1) =—(1A2)=-1=0.

Lemma 1. For every ', A C F and o, 8, v € F, we have:
1. ifael, thenl' Fp «
2. if T CA and I'Fp1 «, then AFp «

5The truth tables for the binary connectives were of interest to many logicians, e.g. da
Costa [da Costa, 1974, p. 499] and Sette [Sette, 1973, pp. 176, 179]. The three-valued table
for negation was presented in |[Post, 1921 pp. 180-181] (the so-called cyclic negation) and
|Stupecki, 1939, p. 112].
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3. if Arpg1 «a and, for every f € A such that I' g1 8, then I' Fp1 «
4. ifTU{a} b1y and T U{B} kg1, then T U{aV B} Fp1 v

5. ifTU{a} kg v and AtFp a, thenTUA Fpi v

(in particular, if TU{a} g1 v and D Fpi a, then T Fpi v)

6. T' kg« iff for some finite ACT, Abpg a.

Proof. The proof is similar to that of the classical case. We refer the reader
to [Wajcicki, 1988] and [Pogorzelski, Wojtylak, 2008 for details. [ |

Theorem 1. Deduction theorem holds for B'.

Proof. Tt suffices to observe that B! includes (A1), (A2) and the sole rule of
inference in B! is (MP). |

Theorem 2. Some (weaker) variants of the indirect deduction theorem hold
for B, i.e.

1. if T U{a}t kg {B,—8,7—6}, then ' Fp1 -«

2. if TU{~a} bFg {B,—8, -5}, then T Fpi a.

Proof. First, notice that (« — 8) = ((« = =) = ((« = =—=5) = —a)) and
(~a = B) = ((ma = =p) = ((ma — ==B) — «)) are provable in B'. Now
assume that I' U {a} Fp1 {8,768, -—=8}. Then, by the deduction theorem, we
obtain that ' kg1 {a — B, — =8, — —=f}. Since § Fp (a — B) —
(¢ = =8) = (o = ==pB) = ), so {a = B,a = =, = =5} Fp1 —a.
The relation g1 is transitive (by Lemma, therefore I' Fp1 —a.

The second item can be proved analogously. ]

Remark 1. The formulas
1. ~(a A —a A —~—a)
2. a — (ﬁa — ﬁﬁﬁa)
3. ma = (A a)
4. (a = B) = (—a VvV p)
are provable in B!.

Remark 2. B! is not maximal with respect to P*.6

Proof. Let CB*' denote the calculus obtained from B! by adding a new axiom
schema, that is, ——a — a. Note that the axiom is a theorem of P! [Sette,
1973, pp. 174-175] and so are all axioms of B! |Ciuciura, 2018, pp. 116-120].

6Sette used — and — as primitive connectives. Other connectives, viz. conjunction, dis-
junction and equivalence, were introduced through definitions. See [Sette, 1973 pp. 178-179.
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We show now that the formula (a — 8) — =—(a — )7 is unprovable in CB*.
To demonstrate this fact, employ the matrix

M2 = <{17270}a {172}7ﬁ7/\7\/a_> >7

where {1,2,0} consists of the logical values, {1,2} contains the designated
values and the connectives =, A, V, — are defined by the truth tables:

=1 2 0 -
1[1 20 1[0
21 2 0 2|1
01 11 01
ALl 2 0 vl 2 0
11 10 11 11
2(1 1 0 21 1 1
0/0 0 0 0|1 10

All axiom schemas of CB! are valid in the matrix My and (MP) preserves
validity. Observe that the formula (o — 8) = —==(a — ) is not valid in My
since (1 +2) - (1 —>2)=2—--2=2— -1 =2—0=0. Hence, there
exists a calculus that is both an extension of B! and a proper subsystem of P!.
This calculus is CB*. |

Below we will propose a semantics for B!, but first we recall a few simple
facts about the calculus. Since they are quite obvious and do not require
detailed comments, their proofs will be omitted.

Remark 3. Enriching the set of axiom schemas of B! with the formula
a — —a, results in obtaining the axiom system of Classical Propositional Cal-
culus.

Remark 4. Enriching the set of axiom schemas of B! with the formulas
- — « and (a* ) = ——(a * (), where x € {A,V —}, results in obtaining
P! of Sette.

As a direct consequence of the above remarks, we have the following;:
Remark 5. B! is a proper subsystem of Sette’s calculus P'.

Remark 6. The calculus B! is not maximal with respect to Classical Propo-
sitional Calculus.

"The fifth axiom of P. See ibid., p. 173.
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Now we present a bi-valuational semantics for B!.

Definition 3. A Bl-valuation is a function v : F — {1,0} defined in the
following way:

(V) v(aVvp)=1liff v(a) =1orv(B) =1

(AN v(aAB)=1iff v(a) =1 and v(B) =1

(=) v(a—=p) =1iff v(a) =0o0rv(B) =1

(=) if v(—a) = 0, then v(a) = 1

(=) if v(==a) = 1, then (v(a) = 0 or v(—a) = 0).

Definition 4. A formula o is a B'-tautology iff for every Bl-valuation v,
v(a) =1.

Definition 5. For any o € F and I' C F, « is a semantic consequence of I’
(T [=p1 «, in symbols) iff for any Bl-valuation v: if v(8) = 1 for any 8 € T,
then v(a) = 1.

A doubt might arise as to how some formulas should be interpreted. Let us
give an example to illustrate the point. Suppose that we work with the formula
——=a. Then the question appears: How should the formula be interpreted, as
—(—=—a), or maybe rather as =—(—a)? The answer is quite obvious: it depends
on the logical value we assign to the formula via B'-valuation. To be more
precise, if v(=——a) = 0, then v(——a) = 1, and consequently v(a) = 0 or
v(—a) = 0; if v(=—=—-a) =1, then v(—a) = 0 or v(——a) = 0, etc.

Theorem 3. For everyI' CF anda € F, 'k a iff T Ep1 a.

Proof. The proof of soundness can be done in the standard way. The proof of
completeness is by contraposition: Assume that I' t/51 a. The method applied
in this paper is based on the notion of maximal non-trivial sets of formulas.
We use the technique described in |Carnielli, Coniglio, 2016| (see Section 2.2).
To start with, let us recall some important definitions and results.

Definition 6. Let A C F and o € F, we say that a set A is a closed theory
of (L,F,) if, and only if the following holds: A F, a iff a € A.

Definition 7. Let A C F and a € F, we say that a set A is maximal non-
trivial with respect to « in (£,F,) iff

1. AW, o, and

2. for every f € F,if § ¢ A then AU {5}, .

By Lemma[1] it follows that the consequence relation Fp1 satisfies the so-
called Tarskian properties (reflexivity, transitivity and monotonicity). Then,
the next lemma holds for Fz1 as well:
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Lemma 2. Let (L,F,) be a logic that satisfies the Tarskian properties, then
any mazimal non-trivial with respect to o in (L,F,) set of formulas is a closed
theory.®

Consequently, we may formulate the so-called Lindenbaum—Los’ theorem:

Theorem 4. Let (L,t,) be a Tarskian and finitary logic over the language L.
Let T'U {a} C L be such that T’ t/, a. Then there exists a set A such that
I' C A C L with A being maximal non-trivial with respect to a in L.

Proof. We refer the interested reader to |Carnielli, Coniglio, 2016] (see the
proof of Theorem 2.2.6) and |[Pogorzelski, Wojtylak, 2008| (see Theorem 3.31),
for details. [

Now, we need to prove the following lemma:

Lemma 3. Let A C F and a € F, where A is a maximal non-trivial set with
respect to a in BY. The mapping v : F — {1,0} defined as

(x) v(¢p) = 1 if and only if ¢ € A,

for every ¢ € F, is a B'-valuation.

Proof. We limit ourselves to proving that the lemma holds for (=) and (—=—).
The rest of the proof proceeds in the same way as in Theorem 2.2.7 of |Carnielli,
Coniglio, 2016].

(—). Let ¢ = —=3. Assume that v(—3) = 0 and, by contradiction, v(8) = 0.
Then by (%), we have =8 ¢ A and 8 ¢ A. Observe that A is a maximal
non-trivial set with respect to «, so AU {S} Fp1 a and AU {=4} Fp «a.
From Lemma [1](4), we obtain AU {8V =8} Fp1 a. Since the law of excluded
middle, 3V —f, is a thesis of B!, then, by Lemma (5), we have A Fp1 a. Note
that A is a closed theory. This entails that « € A. But o ¢ A by the main
assumption, i.e. I' /g1 «, and Theorem[j A contradiction. This implies that
if v(=p) = 0, then v(8) = 1. As a result, the mapping v satisfies the clause (—)
of Definition [3

(——). Let ¢ = ——f. Suppose that v(=—F) = 1 and, by contradiction,
v(B) = 1 and v(=f) = 1. Then by (x), we obtain that -—8 € A, g € A
and =8 € A; and consequently, A kg1 =—8, A kg1 § and A kg1 =5, by
Lemma (1) This means that A Fgi {8,—8,-—5}. Notice that 8 — (- —
(==B8 — 7)) is a thesis of B!. Thus {#,-3, =8} 51 7, by the deduction
theorem. The relation Fpgi is transitive (by Lemma [1]), so A Fgi . Observe

8Cit. per |Carnielli, Coniglio, 2016|, Lemma 2.2.5.
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that A is deductively closed, then v € A. Since v is any formula of B!, so in
particular v = a and a € A. But a € A. A contradiction. This implies that
if v(==p) = 1 then v(B) = 0 or v(—=f) = 0. Therefore, the mapping v satisfies
the clause (——) of Definition[q [ |

Now, recall that I /51 a. Let A be a maximal non-trivial set with respect
to a in B! extending I'. Since Lemma @ holds for B!, there is a valuation
function v such that: v(5) = 1 for any € I', and v(a) = 0. But if v(5) =1
for any f € T, and v(a) = 0, then T" g1 a. It means that if ' F/g1 «a, then
I' g1 «, and finally that I' =1 « implies I' Fz1 a. [ |

We have already noticed that B! fulfils the basic criteria to be regarded
as a paraconsistent calculus: neither the consequence relation Fpg1 is explosive
nor the law of non-contradiction is provable in B'. On the other hand, it
can be easily proved that {a, ~«a,——a} Fpi B, for any formulas «, 8 and so
is the formula —(a A = A ==a) a thesis of B!. This could be greeted with
some scepticism and one might raise the question whether the calculus with
a — (ma = (=—a — ) being a thesis was paraconsistent at all. If we answer
negatively, the next question arrives: What about the calculi with o — (—a —
(7 = (——a = B))) or a = (~a = (7a = (—oa = (moa — ())))
being provable? Are they paraconsistent or not? This turns the issue into
a sorites-style argument. To put it metaphorically, the point here is that we
are always made to specify how many destructive formulas (i.e. a, —a, =—a,
———q, ete.) is needed to accept any 3.

3. Hierarchy of B™-calculi (n € N)

There are several hierarchies of paraconsistent logic among which Newton da
Costa’s hierarchy of C-systems is probably the most famous one. The hierarchy
introduced in this section differs in many respects from the hierarchy C-systems.
One of them is that the law of double negation, =—a — «, does not hold in
any B™-calculus; the other is simplicity.

For each n € N| let B"™ result from (A1)-(A9) and (MP) by adding to them
the axiom schemas:

(ExM) aV —«
(DS*) a = (ma — (=%a = (.. = (=Fa — B)...),

where k = n + 1 and =« is an abbreviation for ——...— .9
N —

k

°Tf n = 0, then (DS') @ — (—a — f) is an axiom schema of B® (and B° is Classical
Propositional Calculus).



54 Janusz Cliuciura

Consequently, the semantics needs to be modified as follows:

Definition 8. Let n € N. A B"-valuation is a function v : F — {1,0}
inductively defined in the following way:

(V)v(aVvp) =1iff v(a) = 1orv(B) =1

(N v(aAnp)=T1iff v(a) =1 and v(B) =1

(=) v(a—p) =1iff v(a) =0 o0rv(f) =1

(=) if v(—a) = 0 then v(a) =1

(=%) if v(=*a) = 1 then (v(a) = 0 or v(-a) = 0 or ... or v(=*"1a) = 0),
where k > 2.

Definition 9. A formula « is a B"-tautology iff for every B"-valuation v,
v(a) = 1.

Definition 10. For any o € F and I' C F, « is a semantic consequence of I'
(T Epn «, in symbols) iff for any B™-valuation v: if v(5) = 1 for any g € T,
then v(a) = 1.

Theorem 5. For everyl' CF anda € F, I'Fpn a iff T Epn a.
Proof. The proof is analogous to that of Theorem [3 [ |

Observe that each calculus in the hierarchy B!, B2, ..., B" is weaker than
the preceding one(s); obviously, except for B!. To put it more accurately:

Remark 7. For any m, n € N such that m > n, B™ is a proper subset of B".

Proof. Note that the only difference between the axiomatizations B™ and B™ is
due to the axiom schema (DS™*1)/(DS™*1), respectively. Hence, it suffices to
demonstrate that, if m > n, then (DS™*!) is a thesis of B", whereas (DS"1)
is not provable in any B™-calculus. But this can be easily proved with the help
of the completeness theorem and semantics for the calculi. ]

Remark 8. Enriching the set of axiom schemas of any B"-calculus (n € N)
with the formula o« — ——a, results in obtaining the axiom system of Classical
Propositional Calculus.

From the philosophical viewpoint, each member of the hierarchy brings an
answer to the question that has arisen in the section 2: ‘How many destructive
formulas do we need to accept any 57’
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4. Paracomplete calculus Q!

Paracomplete logic can be defined in many different ways among which the
following one may be of some interest: A logic (£, ) is said to be paracomplete
iff {8 — a,-8 — a} ¥, «, for some formulas «, 3. But, once again, just as
in the case of paraconsistent logic (see Introduction), the definition is very
general and may be seen to overlap with the logics that do not have too much
in common with the paracompleteness. As a result, some additional criteria
should be established to introduce a paracomplete calculus. On the basis of
these generalizations, it seems noteworthy to mention at least some the most
important and frequently used ones.

Definition 11. A logic (£,t) is said to be paracomplete iff it cumulatively
meets the following conditions:

AB = a, -8 = a} ¥y a, for some formulas o, 8
- Aa} ¥, {B, 8}, for some formulas a, 5

. 0¥y aV —a, for a formula o

. 0¥, (ma — a) = a, for a formula «

T W N =

. 0¥y (@ = —a) = —a, for a formula o.

In what follows, we will additionally postulate that each paracomplete cal-
culus must satisfy two extra requirements, viz.

6. 0¥y a — ——a, for a formula a

7. 0¥y ~—a — a, for a formula a.1

Now we can introduce the first calculus of paracomplete logic. The calculus,
denoted as @', is presented in Hilbert-style formalization:

(Al) a — (8 — «)

— (Vv p)
(@—=7) = ((B—=7) = (aVp—7)

10 A list of the alternative definitions of paracomplete logic is given, e.g., in [Petrukhin, 2018}
pp. 425-426]. Some examples of the paracomplete calculi can be found in |Ciuciura, 2015b],
|Karpenko, Tomova, 2017|, |Lopari¢, da Costa, 1984], |Popov, 2002| and [Sette, Carnielli,
1995].
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(ExM?) aV —-aV -—a
(DS) a = (—ma — B).

The sole rule of inference is Detachment Rule, i.e. (MP) a — 8, a / . The
definitions of a formal proof (deduction), a syntactic consequence within @Q*
and a thesis of Q! are analogous to those given in Section 2.

Remark 9. Q! can be viewed as a dual counterpart of the paraconsistent
calculus B! (in a sense given in [Lopari¢, da Costa, 1984, pp. 119-120]).

To demonstrate that the calculus Q' satisfies the conditions specified in the
above, it suffices to apply the matrix

M3 = <{17270}7 {1},_\,/\,\/,—> >7

where 1 is the only designated truth value in M3, the connectives =, A, V, —
are defined as follows:

- 11 2 0 -
111 0 0 110
211 1 1 211
01 1 1 0|2
Al 2 0 vil 2 0
111 0 0 11 1 1
210 0 0 211 0 O
0/]0 0 O 01 0 O

Notice that that all axiom schemas of Q' are valid in M3 and the rule
of detachment preserves validity. To show that Q' satisfies the criteria, it is
enough to assign 0 to « in the formulas: oV —a, (ma — ) = «, (@ = —a) —
=« and 7« — «; and 1 to a in @ — ——a. To prove that, for some «, 8 € F,
neither {3 — o, = — a} Fg1 a nor {a} Fg1 {3, =3} holds in Q', assign the
value 0 (or 2) to o and 0 to S in the former; and 1 to o and 0 to £ in the latter.

Remark 10. Lemma |l and the deduction theorem hold for Q*.

Remark 11. The formulas
L (B=a)=((-8—=a)= (-8 —a)—a)
2. ((ha— a) = a) & (aV-a)
3. 7(aV-a) = "«
4. (~aV p) = (a—p)
are provable in Q.
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A bi-valuational semantics for Q! coincides, to some extent, with the se-
mantics presented in Section 2. The essential difference lies in the way the
connective of negation is defined.

Definition 12. A Q!-valuation is a function v : F — {1,0} defined as follows:
(V) v(aVvp)=1liff v(a) =1orv(B) =1
(N v(aAnp)=T1iff v(a) =1 and v(B) = 1
(=) vla—=pB)=1iff v(a) =0orv(fB) =1
(=) if v(—a) = 1 then v(a) = 0
(=) if v(==a) = 0 then (v(a) = 1 or v(—a) = 1).

Definition 13. A formula « is a Q'-tautology iff for every Q'-valuation v,
v(a) = 1.

Definition 14. For any o € F and I' C F, a is a semantic consequence of T’
(T Egi a, in symbols) iff for any Q*-valuation v: if v(8) = 1 for any § € T,
then v(a) = 1.

Theorem 6. For every ' C F anda € F, I'Fgu a iff T g a.

Proof. The proof of soundness is standard (by induction), and we omit it here.
The proof of completeness is more involved. The proof method presented in this
section is based on the notion of relatively maximal sets of formulas. To begin
with, assume that I' =1 @ and T' g1 a. If T' /51 «, then there exists A C F
such that 1. a ¢ A; 2. A is deductively closed, that is, A g1 8 iff B € A;
3. A is relatively maximal with respect to the formula a, i.e A /51 a and, for
every B € F, if 8 ¢ A then AU{B} Fg1 o; 4. T' C A.

Now we ought to prove that the Lindenbaum-Asser theorem holds.
The proof is similar to the one found in the proof of the completeness of mbC
(see |Carnielli et all, 2007, Section 3.3), so we omit it here. Before introducing
the definition of the canonical model for Fg1, we need to prove an auxiliary
lemma.

Lemma 4. Let A C F and 3,7y € F, then
if B €A, then B & A

if =B & A, then B€ A or—-pe€A
.BVyeAffBeAoryeA
.BAYEAfBEA andyEA
By EeANfBE A oryEA.

~

CrAs o o

Proof. We only prove the cases 1 and 2. The proof of the other cases is similar
to the ones in Classical Propositional Calculus.
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1. Suppose that -3 € A and, by contradiction, 8 € A. Then A Fg1 —=f
and A ko1 8. It means that A g1 {3,—8}. Observe that ) -1 8 — (=8 —
a) (DS). Since {8,-8} Fg1 a (by the deduction theorem), then A Fgi «
(by the transitivity of g1). A is deductively closed, so a € A. But a ¢ A.
A contradiction.

2. Assume that =8 ¢ A and, by contradiction, 8 &€ A, =8 & A. It results
in the following AU {-=3} Fg1 a, AU{=8} Fo1 a and AU {B} Fo1 . From
Lemma (4), we receive AU{BV =8V -8} b1 a. Since (ExM?) is a thesis of
Q", then, by Lemma (5), we get A Fg1 a. Note that A is deductively closed,
soa € A. But a ¢ A. A contradiction. [ |

Let us define the canonical Q'-model for For as M. = <A, UC>, where

e )L i BEA
”(5)_{0, if B¢ A.

All we have to do, at this point, is to show that the canonical valuation v¢
satisfies the conditions (=), (=), (A), (V) and (—), which is obvious, because
Lemma |4 holds. Now, since A /51 a then, for every 8 € A, v(f) =1 and
v(a) = 0. This implies that A g a. Since I' C A, so I' g1 o But
I' Fgr a. A contradiction. |

5. Hierarchy of Q"-calculi (n € N)

The Q' is not the only paracomplete calculus that satisfies the criteria
discussed in the previous section. There is a whole family of such calculi: Q*,
Q?, ..., Q™, having properties analogous to those of Q'. We put them into the
form of a hierarchy.!! Each member of the hierarchy is expected to fulfil the
following condition: Q™ is a proper subset of Q", for any m, n € N such that
m > n. To achieve the goal, we need to replace the axiom (ExM?) with a more
general schema, that is

(BExMF) aV-aV-—aV..V-Fa,

where kK = n + 1, n € N. This entails replacing the evaluation condition for
(=—) with a more general one:

(=) if v(=*a) = 0 then (v(a) = 1 or v(—a) = 1 or ... or v(=F"1a) = 1),

where k£ > 2. Roughly speaking, the more negated formulas appear as the
disjuncts in (ExM¥), the weaker calculus is.

The hierarchy proposed in this paper is not the only one that appeared in logical literat-
ure. There are some interesting hierarchies in da Costa-style presentation, e.g. da Costa and
Marconi’s hierarchy of paracomplete calculi P, (see |da Costa, Marconi, 1986|) or Arruda
and Alves’ logic of vagueness (see [Arruda, Alves, 1979a| and |Arruda, Alves, 1979b|).
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Theorem 7. For everyI’ CF and o € F, I'Fgn o iff T Egn a, n € N.

Proof. The theorem can be proved in the same manner as in the case where
n = 1. The only essential difference is that we have to make some changes in
the auxiliary lemma. To be precise, we need to replace

2. if ==& A then fe€Aor—-pfeA
with

2% if -F8 ¢ A then B € Aor-f€Aor.. orF15ecA, where k> 2.
[ |
Remark 12. For any m, n € N such that m > n, we have
Q™ is a proper subset of Q".
Proof. The proof is analogous to that of Remark 7 |

Remark 13. Enriching the set of axiom schemas of any Q"-calculus (n € N)
with the formula ——a — «a, results in obtaining the axiom system of Classical
Propositional Calculus.

In conclusion, let us stress that every member of the hierarchy has the
prerequisites for being a good paracomplete calculus. The idea behind it is
much simpler than that given in |[Arruda, Alves, 1979a|, |Arruda, Alves, 1979b|
or |[da Costa, Marconi, 1986|, and this is supposed to be an advantage.
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1. Computability logic (CoL): a formal theory of computability
in the same sense as classical logic is a formal theory of truth

This talk is about number theories based on computability logic. 1 will be
using the abbreviation CoL for the latter. So, first of all, what is computability
logic? This is an approach introduced by myself some time ago, which I char-
acterize as a formal theory of computability in the same sense as the classical
logic is a formal theory of truth. Let us compare the two logics to see what this
means.

In classical logic the central semantical concept is truth, formulas represent
statements, and the main utility of classical logic is that it provides a systematic
answer to the questions: 1) Is P (always) true? 2) Does truth of P (always)
follow from truth of Q7

Now, what is computability logic and how does it differ from this?
Everything is the same, except that truth is replaced with computability. So
the central semantical concept here is computability. Formulas represent not
just statements as before, but computational problems, as computability is a
property of computational problems. And the logic provides a systematic an-
swer to the questions: 1) Is P (always) computable? 2) Does computability
of P (always) follow from computability of Q7 Moreover, it provides answers
to these two questions in a constructive sense. Namely, when it establishes
that P is computable, it not only merely establishes existence of a computation
(algorithm) for P, but rather also tells us exactly how to compute P; similarly
it tells us how to construct an algorithm for P from an algorithm for Q.

Things are naturally arranged in such a way that classical statements (pre-
dicates, propositions) are special cases of computational problems, and classical
truth is a special, simplest case of computability. This eventually makes clas-
sical logic a conservative fragment of computability logic. Conservative frag-
ment in the sense that the language of CoL is more expressive than that of
classical logic, containing the latter just as a fragment, but if we restrict the
language back to that of classical logic, CoL’s semantics validates nothing less
and nothing more than what the classical semantics does.

Anyway, first and foremost, we want to agree on our understanding of what
computational problems are. If you go back to Church, computational prob-
lems are just functions to be computed. But for us the understanding of com-
putational problems is more general. Namely, a computational problem is a
zero-sum game between a machine, symbolically namd T, and its environment,
symbolically named 1. Functions are just special cases of such games, but
otherwise here we have computational problems of arbitrary degrees of inter-
activity (the problem of computing a function is not very interactive, with only
two steps involved: receiving an input and generating an output).
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I don’t specify or define exactly what is meant by a “machine”, but let us
understand it as an algorithm. So, instead of a machine you can always think
of an interactive algorithm, some mechanical procedure to follow. We say a
machine M wins (computes, solves) a game/problem G iff M wins G regardless
of how the environment acts. Such an M is said to be an algorithmic solution
(algorithmic winning strategy) for G. A problem/game is computable iff it has
an algorithmic solution.

CoL’s logical operators (connectives, quantifiers) represent operations on
games. There is a whole zoo of operators, but in this presentation we only
consider the modest fragment of it consisting of

- AV, =, V, 3,10, 1L

Here we see all operators of classical logic and something in addition to that.
These operators, just like all operators of CoL for that matter, are operations on
games. The classically-shaped operators generalize their classical counterparts,
and do so in a conservative fashion. That is in the sense that such operators
automatically retain their classical meanings when applied to statements that
also happen to be legitimate sentences of classical logic.

A run of a game is a sequence of moves, each one prefixed with T or L to
indicate which player has made the move. I am not giving any formal definitions
in this presentation, but of course they do exist.

Atomic sentences such as 2 + 2 = 4 are moveless games, that is, games
whose only legal run is the empty run (). Such a game is won by the machine
if the sentence is true in the classical sense, and lost if false. The same can be
seen to be the case for all formulas built from atoms using only —, A, V, —,V, 3
once we define these operators.

So, (the empty run of) 2 +2 =4 or Va(z = z) is won by the machine, and
24+2=50r0=1A2=2is lost. This means the problem/game 2+ 2 =4 or
Va(x = ) is computable (by a machine that does nothing) while 2 +2 =5 or
0 =1A2=2is incomputable.

The bottom line to remember here is that formulas of classical logic repres-
ent moveless games. Some may ask in frustration: “how can we call something
a game if there are no moves in it?!” Well, let me remind you the situation
with the concept of zero. The Romans did not have this concept, and the
subsequent European tradition for a long time resisted the idea of accepting
zero as a legitimate number. The attitude was that a number is supposed to
represent a quantity, but zero means no quantity at all, so it is not a meaningful
number. But now we know that we can not do much in mathematics without
zero. Similarly, the above moveless sorts of games make perfect sense under
CoL’s approach.
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Now let us look at the operations on games that we will be dealing with.

First comes the choice conjunction of two games A and B, written AN B
and read “A chand B”. This is a game where the first legal move is (only) by
the environment, which should choose between the two available moves “left”
and “right”. After that the game continues according to the rules of the chosen
component A or B, respectively. This choice is not only a privilege of the
environment, but also an obligation, because if the environment fails to make a
move (choice) here, then it loses, with the machine correspondingly considered
to be the winner.

Choice disjunction (“chor”) AU B is similar, with the difference that here
it is the machine which makes the first move/choice and which loses if no such
move is made. So the roles of the machine and the environment are interchanged
here.

The choice universal quantification of a game A(z) is in fact a “big choice
conjunction” in the sense that this game, written [lzA(x) and read “chall
zA(x)”, is a game where the first legal move is, just like in the case of choice con-
junction, by the environment, which, however, instead of choosing between left
and right, simply chooses a natural number n, after which the game continues
as A(n). If no such move is made, then the environment loses.

Choice existential quantification Lz A(x) (“chexists xA(x)”) is similar, with
the difference that, in it, it is the machine which makes the first move and
which loses if no move is made.

Here is an example. (L6, Tleft) is a machine-won run of the game
[Nz(Even(z) U Odd(z)), and the following sequence shows how it “modifies”
the game:

[Nz(Even(z) U Odd(x)) = Even(6) U Odd(6) = Even(6).

According to this scenario, the environment chose 6 for x, after which the
game continued as Even(6)LOdd(6). In response, the machine made the move
left, meaning that the left component was chosen, so the game continued as
Even(6). It also ended as Even(6), because tno further moves were made (or
could have been made). The machine won as Fven(6) is a true proposition,
and true propositions are automatically won by the machine.

Negation —, read as “not”, is a role switch operation: the moves and wins of
the machine become those of the environment, and vice versa. More precisely:
for a run @, let the negative image of ® mean the result of changing all labels
in ® to their opposite. For instance, the negative image of (L6, Tleft) is
(T6, Lleft). Then, given a game G, =G is the game whose legal runs are the
negative images of those of G, that is, the environment and the machine have
interchanged their moves, and where a given player wins a given run of the
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game iff the other player wins, in the sense of GG, the negative image of that
run.

Example: we have —[ lz(Even(z) U Odd(z)) = Uz(Odd(x) N Even(z)).
Indeed, consider the negation of [ lz(Even(z) U Odd(x)). Without a negation
this is a universally quantified game, meaning that the environment makes
the first move in it. But negation interchanges players’ roles, so now it is
the machine that can make the first move. That is why [ lz becomes Llz. For
similar reasons, LI becomes M, Even becomes Odd (= —Even) and Odd becomes
Even.

We can see that DeMorgan’s laws remain valid with choice operators. In
fact, CoL has several (4-+) sorts of conjunctions, disjunctions and quantifiers,
and DeMorgan’s laws go through for all of them.

When applied to an atomic sentence S (or any moveless game for that
matter), = behaves exactly like classical negation, because the only legal run in
games represented by atomic sentences is the empty run (), and the negative
image of () is the same (); so, only the winners are interchanged, and the
machine wins this “run” of S (in other words, S is true) iff the environment
wins it in game —S (that is, S is false).

The same can be seen to be the case with all operators that look like oper-
ators of classical logic: A, V, —, V, 4. When applied to moveless games, the
behavior of such operators is exactly classical. Their new meanings coincide
with their classical meanings, and this happens naturally /automatically rather
than being “manually” postulated.

Whether S is moveless or not, we have =—S = S. The double negation
principle remains valid, because interchanging the roles twice brings each player
to its original role.

The parallel conjunction of games A and B, written A A B and read “A
pand B”, is a game where A and B are played simultaneously (no choice is
made between the two), and where, in order to win, the machine needs to win
in both components. To indicate in which component a given move is made, it
should be prefixed with “left” or “right”.

Parallel disjunction (“por”) AV B is similar, with the only difference that
here winning in just one component is sufficient.

Example: (Lright.6, Tleft.6, Lleft.left, Tright.left) is a legal run of
the game

Uz(Odd(xz) N Even(x)) V [Nz(Even(x) U Odd(x)).

The meaning of the first move Lright.6 is that the environment chooses 6 for
x in the right V-disjunct. As a result, the game turns it into

Uz (Odd(x) M Even(z)) V (Even(6) U Odd(6)).
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The move Tleft.6 made by the machine in response signifies choosing the same
number 6 for x in the left V-disjunct, and the game correspondingly continues
as

(Odd(6) M Even(6)) V (Even(6) LI Odd(6)).

The next move Lleft.left by the environment, whose meaning is choosing the
left M-conjunct in the left V-disjunct, further brings the game down Odd(6) V
(Even(6) L1 0dd(6)). The final move Tright.left made by the machine turns it
into Odd(6) V Even(6)). The machine wins because Even(6) is true and thus
it wins in one of the two V-disjuncts.

Parallel implication (“pimplication”) — is simply understood as a standard
abbreviation: A — B =4 —AV B. Due to the prefix -, the players’ roles are
interchanged in A, turning it into a computational resource that can be used by
T in solving B. The computational intuition associated with this combination
is the most interesting one as, intuitively, A — B can be seen to be the problem
of reducing B to A. Here is an example. Consider the following two predicates:

e Halts(x,y) = “Turing machine x halts on input y”;

e Accepts(x,y) = “Turing machine z accepts input .

The renowned Halting problem as a decision problem can be written this way:
Mal ly(Halts(x,y)U—Halts(z,y)). In this game the environment chooses some
particular values for « and y, and the machine should reply by telling whether
x halts on y (Tleft) or not (Tright). Similarly for the Acceptance problem
Ml y(Accepts(x,y) U ~Accepts(z,y)). Both problems are known to be un-
decidable. But the pimplication from one to the other can be shown to be
computable.

Halting problem Acceptance problem
[al ly(Halts(x,y) U —=Halts(z,y)) — [zl ly(Accepts(x,y) U ~Accepts(z,y))

Reduction of the acceptance problem to the halting problem

The winning strategy here relies on reducing the consequent to the ante-
cedent. Roughly it goes like this. While both players have initial legal moves
in this game, the machine waits until the environment makes a choice of some
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values m and n for z and y in the consequent (otherwise it loses) and thus
brings the game down to

Mal ly(Halts(z,y) U —Halts(z,y)) — Accepts(m,n) L —~Accepts(m,n).

Then the machine chooses the same m and n in the antecedent, so the game
continues as

Halts(m,n) U —Halts(m,n) — Accepts(m,n) U —Accepts(m,n).

Now, again, both players have legal moves: T in the consequent and L in the
antecedent, but it is wise for the machine to wait to let the environment move
first. If the environment fails to make a move, the environment loses in the
antecedent and thus the machine wins the overall game. So, assume the en-
vironment makes a move in the antecedent, telling whether m halts on n or not.
We may assume that whatever the environment says here is true, or else it loses.
If it says that m does not halt on n, then the machine chooses —Accepts(m,n)
in the consequent and wins because if m does not halt, then it does not accept
either. Otherwise, if the environment says that m halts on n, the machine
simulates the work of m on input n, and this simulation will show whether the
halting was with acceptance or rejection. The machine correspondingly chooses
between Accepts(m,n) and - Accepts(m,n) in the consequent and wins.
What we call blind quantifiers are ¥ (“blall”) and 3 (“blexists”). 3 is the
DeMorgan dual of ¥V (34 = —V=), so let us just look at the blind universal
quantification Vo A(z). Unlike ['l, no move is associated with V, i.e., no value
for z is specified (by either player); in order to win, the machine needs to play
“plindly” in a way that guarantees success in A(x) for every possible value of x.
As an example, consider the game

Va(Even(z) U Odd(z) — ['Ny(Even(z + y) U Odd(x + y))).

The following scenario unfolds according to the run (Lright.5, Lleft.right,
Tright.left): The environment chooses 5 for y in the consequent, bringing the
game down to

Va(Even(x) U Odd(z) — Even(x + 5) U Odd(z + 5)).

The machine has to tell whether x + 5 is even or odd. But it does not know .
Can it still determine the parity of = + 57 Yes, it can, if the machine just
knows whether x is even or odd without otherwise knowing what particular
number z is. And this information about the parity of x can be obtained from
the antecedent, where the environment is obligated to move. By making the
move Lleft.right and bringing the game down to Vz(Odd(z) — Even(x+5)U
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Odd(z + 5)), the environment says that x is odd. But then x + y is even, so
the final move Tright.left, resulting in Vo (Odd(x) — Even(z+5)), makes the
machine the winner. Notice how V persisted in the above sequence of games,
and so did —. Generally, the classical structure of a game when it evolves
in this fashion will remain unchanged, all changes will happen exclusively in
choice (M,U, 11, 1)) components.

2. Clarithmetics: formal number theories based on CoL

In CoL, the standard concepts of time and space complexities are naturally
and conservatively generalized to the interactive level, making them meaning-
ful for games. Also, a new complexity measure — amplitude complezity — is
introduced. It is concerned with the sizes of T’s moves relative to the sizes of
1’s moves.

Instead of computability-in-principle, we can now just as meaningfully speak
about computability with limited resources (amplitude, space, time). For in-
stance, polynomial space computability rather than just computability.

Example: each of the problems is the left column below is polynomial time
computable. The right column tells us what this means in standard terms.

Mally(z =yUz #y) “=” is  polynomial time
decidable

MalyUz(z = 2+ y) “4+” is  polynomial time
computable

MNe(Fy(z =y xy) = Uy(z =y x y)) “square root”, when exists, is

polynomial time computable

MUy (p(z) < q(y)) p is polynomial time reducible
(A + B abbreviates (A — B)A(B — A)) togq

Clarithmetics are formal number theories based on CoL in the same sense
as PA (Peano arithmetic) is based on classical logic, usually in the lan-
guage whose logical vocabulary is the one that we surveyed in the preceding
section: —, A,V,—,V,3,M,U,I'l,LJ. The non-logical vocabulary is standard:
0,4, x,= (2/ means x + 1). We need some technical preliminaries before we
proceed.

e By a bound we mean a pterm (term or pseudoterm) for some monotone
function (the term was coined by George Boolos). Pseudoterms are not
really terms strictly speaking, but one can pretend that we do have special
terms for them in the language. Nothing will change this way because
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each formula with pseudoterms can be equivalently rewritten as one with
only real terms. Terminologically we identify a pterm with the function
it represents.

e A boundclass is a set of bounds closed under variable renaming.

o A tricomplexity is a triple R = (Rumplitude, Rspace, Rtime) of boundclasses
satisfying certain regularity conditions. I will not show here those condi-
tions, but they are natural. Suffice it to say that all naturally emerging
tricomplexities are regular as long as Rgmplitude is at least linear (con-
tains all linear functions), Rgpace at least logarithmic, and Ryjme at least
polynomial.

e An R tricomplexity solution of a given problem G is a solution for
G whose amplitude complexity is upper-bounded by some bound from
Rompiitude, space complexity by some bound from Rpgce, and time com-
plexity by some bound from Ryjne. In other words, this is a T’s winning
strategy/algorithm that runs in time from Ryjme, in space from Rgpgee
and in amplitude from Rgmplitude-

e |z| is the standard arithmetization of function “the length of the binary
representation of z”, i.e., of “[loga(z + 1)]”.

e Bit(x,y) is the standard arithmetization of the predicate “the y’th
least significant bit of the binary representation of x is 17, i.e., of
“lz/2Y] mod 2 =1".

e s (resp. |s|) means a tuple (si,...,s,) (resp. (|si|,...,|sn|)), where
$1,...,8, are variables.

e Let B be a boundclass. We say that a formula F' is B-bounded iff
every [ I-subformula of F' has the form [ lz(]z| < b(|s|) — F) and every
Ll-subformula has the form Uz(|z| < b(|s|) A F'), where z, s are pairwise
distinct variables not bound by V,d in F, and b is a bound from B.

A number of systems of clarithmetic were developed for various purposes, cor-
responding to various complexity classes. In this presentation we will look only
at one system of clarithmetic, called CLA11. It is a scheme of clarithmet-
ical theories rather than a particular theory, generating a particular theory
CLA11R® per each tricomplexity R.

We fix some tricomplexity R = (Rampiitude, Rspace; Rtime) to define the
corresponding theory CLA11R. The logical basis (axioms, rules) of such a
theory is a certain axiomatization CL12 of CoL, sound and complete in a very
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strong sense. It is the logical basis of CLA11R in the same sense as classical
logic is a logical basis of Peano arithmetic. Having said that, here we shall only
focus on the nonlogical postulates of CLA11R,

The nonlogical azioms of CLA11R are the following:

1. Va—(0 = /)

2. VaVy(z' =y — 2 =)
3. Va(z +0 =)

4 Vay(z +y = (z+y)")

5. Va(z x 0 = 0)

6. VaVy(z x i = (z x y) + )
7

. The V-closure of F(0)AVz(F (z) — F(2')) — VaF(x) for each M, U, '], LI-
free formula F'

8. [axly(y = 2')
9. Naly(y = |=)
10. MMy (Bit(x,y) U —Bit(z,y))

Formulas (1)-(7) are nothing but the so-called Peano axioms, that is, axioms
of standard PA.. Of course, (7) is a scheme of axioms, generating infinitely many
particular axioms. In addition, we have three extra-Peano axioms (8)—(10).
The first one expresses the computability of the successor function. The second
one expresses the computability of the logarithm function. The third one says
that the question of telling whether the y’th least significant bit of (the binary
representation of) x is 1 or not is decideable.

Along with CLA11R we also consider CLA11R + TA | where TA stands
for “Truth Arithmetic’. CLA11R 4+ TA differs from CLA11R in that its
axioms include all true sentences of classical arithmetic (rather than just Peano
axioms) as additional axioms. Of course, this system, unlike CLA11® | is no
longer recursively axiomatizable.

On top of axioms, CLA11® has the following two nonlogical rules of infer-
ence:

F(0) [MNx(F(z) — F(x))
Mz < b(|s]) F(x)

where z and s are pairwise distinct variables, F'(x) is an Rgpgee-bounded
formula, and b is a bound from Ryjme;

®  Induction
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My (p(y) U —p(y))
Ulz| < b(|s)Vy < |z|(Bit(y, z) < p(z))

e (Comprehension

where z, y and s are pairwise distinct variables, p(y) is a M, U, [ 1, Li-free
formula not containing x, and b is a bound from Rumpiitude-

As we see, the above induction rule, unlike its standard counterpart, has
[l instead of V. The intuition here is that, if we know how to compute F(0)
and we also know, for all  with = < b(]s|), how to reduce F(z') to F(x),
then we know how to compute F'(z). A restriction is that F'(z) should be an
Rspace-bounded formula and the bound b should be a bound taken from Ryjme.

The intuition associated with the comprehension rule is that, if you can
decide the predicate p, then you can generate (hence, cherists) the number x
such that, for any n, the n-th least significant bit of = is a 1 if an only if p
is true of n. The decidable predicate p thus generates its own number in the
sense that it tells us each bit of the binary representation of z. Again, we have
a restriction here, according to which b should be a bound from Rgmpiitude-

Now we are ready to state the main result below after couple of addi-
tional terminological conventions. By an arithmetical problem we mean a prob-
lem/game that is expressed by some formula of the language of CLA11R,
We say that such a problem is representable in CLA11R if it is expressed by
some theorem of CLA11R. Note that the same arithmetical problem can be
expressed by many different formulas and, in order for the problem to qualify
as representable, it is sufficient that just one of such formulas be provable.

Theorem 1. For any tricomplezity R, the following holds:

e Constructive soundness: For every theorem F of CLA11R + TA,
the problem expressed by F' has an R tricomplexity solution, and such a
solution can be automatically extracted from a proof of F.

e Extensional completeness: Fvery arithmetical problem with an R
tricomplexity solution is representable in CLA11R.

e Intensional completeness: FEvery formula expressing a problem with
an R tricomplezity solution is provable in CLA11R 4+ TA.

The R parameter of CLA11® can be turned in a mechanical, brute force,
“canonical” way to obtain a sound and complete theory with respect to the
target computational tricomplexity. For instance, for

linear amplitude + logarithmic space + polynomial time,

we can choose the R with
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Ramplitude = {all terms built from z using 0,/,+} — you can see that
these are exactly the terms that describe all linear functions.

Rpace = {all pterms built from |z| using 0,/,+} — this can be seen as
the set of pterms that express all logarithmic functions.

Riime = {all terms built from x using 0,/,+, x} — again, you can see
that these are exactly those terms that express polynomial functions.

In a similar fashion, with very little effort, you can generate instances of
CLA11 for a huge variety of tricomplexities. All reasonable complexity triples
can be captured this way, such as:

polynomaial amplitude + polynomial space + polynomial time
linear amplitude + linear space + quastpolynomial time
linear amplitude + polynomial space + exponential time

superexponential amplitude + elementary space + primitive recursive time

... you just name it!

3.

Potential applications of clarithmetics

The two main motivations for studying CLA11 and clarithmetics in general
are that (1) such theories can be seen as declarative programming languages in
an extreme sense, and (2) they can potentially be used (perhaps, hopefully) as
a tool for separating computational classes.

(1) CLA11 as a declarative programming language

Let us say you want a program computing the integer square root function,
such that this program runs in polynomial time, logarithmic space and linear
amplitude. All you need to do to get such a program is this:

1.

3.

Instantiate the R parameter with the corresponding tricomplexity
(cf. the end of Section [2);

Write the formula ['lz(Jy(x = y x y) — Uy(z = y X y)) expressing your
goal in the language of CLA11R;

Find a CLA11R-proof of this formula.

Once you find a proof, the compiler then extracts the sought program from it.
With [Nz(Jy(z = y x y) — Uy(z = y x y)) being in fact a specification of
such a program, the proof automatically also serves as a formal verification of
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the fact that the program meets its specification. This way, the notorious and
generally undecidable problem of program verification is fully neutralized.

Other than that, the proof lines can be seen as (the best possible) comments
for the corresponding steps of the program.

Furthermore, — this is from the realm of fiction at this point, but still —
if we develop reasonably efficient theorem-provers, step 3 (finding the proof)
can be delegated to the compiler, and the “programmer”’s job will be just to
write the goal/specification ['lz(Jy(x = y x y) — Uy(z = y x y)). All of us
can thus qualify as programmers, because we all can very easily understand the
language in which such a formula is written.

(2) CLA11 as a tool for separating computational complezity classes.

The main open problems in the theory of computation are about separating
various naturally emerging computational complexity classes, with the P versus
NP problem being the best known example of problems of this kind. To show
that two (tri)complexity classes R1 and R2 are not equal, it is sufficient to sep-
arate the two theories CLA11R”! and CLA11R2. Separating theories should
to be easier than separating complexities directly. After all, we have seen some
very impressive success stories of separating theories, such as separating dif-
ferent versions of set theory or proving independence results. We do not have
comparable success stories in separating complexities, which mostly has been
just a fruitless struggle so far.

An extensive online survey of CoLL and ColL-based applied theories can be
found at

www.csc.villanova.edu/~japaridz/CL/.

Most relevant publications: |Japaridze 2015|, [Japaridze 2016¢|, [Japaridze
2014, |Japaridze 2015, [Japaridze 2016a|, |Japaridze 2016b)|, |[Japaridze 2016¢].

Acknowledgements. Paper is RAS Institute of Philosophy Seminar Talk, 14 Novem-
ber 2018 (See video https://youtu.be/w9-1Xm8MMmQ ).
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Abstract: In the present paper we introduce a variation of Giles’s game that captures
the semantics of Slaney and Meyer’s Abelian logic. This is a variation of the game earlier
proposed for the Lukasiewicz infinitely-valued logic. We discuss two possible interpretations
of this game. One of the interpretations involves a reference to different types of agents.
We also give a brief description of the Abelian logic which as well corresponds to one of the
comparative logics proposed by Casari. By different types of agents, we understand agents
with diverse cognitive presumptions and capabilities. This reflects the idea that different
agents can be encoded by a game (dialogue) semantics and truth (and validity) can be seen
as a product of different types of communications between agents, establishing the relation
between various types of moves available to the players and the resulting type of rationality.
However, the main focus of the paper is concentrated on the technical result concerning the
game proposed in the paper. In a separate section, we prove that this game is adequate to the
Abelian logic. The game can be extended to the one allowing for the disjunctive strategies.
As immediate future research, we suggest proving that Proponent’s winning strategies for
some formula F' in the game for Abelian logic A with disjunctive strategies correspond to a
derivation of the formula F' in the hypersequent calculus GA.
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1. Introduction

In the present paper we introduce a variation of the Giles’s game that
captures the semantics of the Slaney and Meyer’s Abelian logic A |[Meyer et
al., 1989]. The Giles’s game is a two-player zero-sum game which can be seen
as a valuation game, i.e. semantic game that determines truth in a given model.
The model is represented by the risk assignments for each formula. Giles’s game
is of a particular interest as it combines two types of games:
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e Games determining truth on a model, like Game-Theoretical Semantics
of J. Hintikka |Hintikka, 1996|;

e Lorenzen’s dialogue games determining validity |Lorenzen et al., 197§,
|[Krabbe, 2006|.

Our article comprises five sections two of them being the introduction and
conclusion. In the introduction, we informally show a notion of Giles’s game as
it was presented for Lukasiewicz infinitely-valued logic. This is done in order
to make the initial experiment-based interpretation of the game more evident
for a reader. Later we proceed by suggesting our own interpretation of Giles’s
game for Abelian logic which is much different from the original experiment
based interpretation which is due to semantics of Abelian logic. We proceed by
presenting the notion of Abelian logic in the section 2. In section 3 the notion
of Giles’s game for Abelian logic is formally introduced, and finally we prove
the adequacy of this game to Abelian logic in section 4.

To begin with, we present the basic idea of Giles’s game for Lukasiewicz
infinitely-valued logic L the way it is presented in [Fermiiller, 2009| which will
later be tailored to capture Abelian logic (see section 3). The game G([I'||A], p)
consists of:

e 2 players,i.e. I (me)andY (you). In our own presentation of the game for
Abelian logic we stick to the Lorenzen’s names for players, i.e., Proponent
for I and Opponent for You. Players bet on formulae by asserting them.
As the game proceeds as decompositions of complex formulae, it ends up
in an elementary state, i.e., a state where all the formulae asserted by O
and P are atomic;

e ['is a multiset that contains all the formulae asserted by O and multiset A
contains all the formulae asserted by P. Those are multisets because they
may contain multiple instances of the same formulae unlike ordinary sets.
It is important as each instance of a formula adds up its risk assignment
to the sum of the risk undertaken by a player in question;

e the language is used in a restricted version. The language for the logic L
has only one atomic connective — and a constant L representing falsity.
Other connectives can be defined as follows:

— 2A =4y A— L (negation),

— A&B =4ct ~(A — —B) (strong conjunction),

— AANB =45 A&(A — B) (weak conjunction),

AV B =45 (A= B) = B)AN((B— A) — A) (disjunction);
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e a (repeatable) elementary experiment E, related to some ¢ stating “E,
yields a positive result”. If ¢ can be either true or false as in classical
logic, then the same experiment should lead to the same result over all
repetitions. However, if we allow our experiments to exhibit dispersion
meaning that the same experiment may yield different results under repe-
tition, then we are not any more in the realm of the classical logic. That
means that now the risk associated to asserting each proposition is not a
value from the set {0, 1} but rather a fixed risk value (denoted (g)) in the
real unit interval [0, 1] is ascribed to any atomic g. That yields the game
corresponding to the logic L as proved in [Fermiiller, 2009];

e fixed risk value (-) in the closed interval [0, 1] (for non-classical case) for
each propositional variable. (L) = 1;

e the risk for a multiset! p1,po, ..., pn is the following: (p1,p2,...,pm) =

Z?;l@i);

e (R.,) if a user X has asserted A — B and another user Z attacks this
statement by asserting A, the user X has to assert B. The user Z can
also grant the formula A — B asserted by X. In the latter case, the
granted formula A — B is just deleted from the X set of assertions.

Possible Interpretations of the Game

Giles’s game was motivated by the need to account for logical reasoning
in physical theories. Atomic statements represent experiments that have fixed
probability of a positive outcome. The idea is that players bet on the expecta-
tions related to those experiments, i.e. they agree to pay 1€ for each incorrect
statement. A player asserting the initial formula (whom we call a Proponent)
wins a game if they expect no loss of money (i.e., P either pays the same
amount to O as O pays to P or P even gets some money from O).

Resource based interpretation

Although this interpretation of a game suits well several fuzzy logics, includ-
ing the Lukasiewicz infinitely-valued logic L, it does not seem to be adequate for
the Abelian logic A since the set of truth values is a proper subset of R instead
of an interval (as for instance in Lukasiewicz infinitely-valued logic L: [0,1]).
So we suggest another interpretation of the game. We can think of atomic
statements (represented by propositional variables) as some sort of special re-
sources that can be both positive and negative, for instance, equity securities
(e.g., common stocks) or derivatives. Complex formulae would then represent
simple operations on such assets, like addition and subtraction. When a user

The notion of a multiset will be formally defined in what follows on page
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who is trying to show that the formula is true (we will call them the Proponent)
in a given model states a complex formula, they state that it’s value is non-
negative, i.e. after performing all the operations specified in the formula the
Proponent will have a non-negative budget. This interpretation seems to be
rather close to one of the possible views on Abelian logic as on the comparative
logics proposed by Casari in |Casari, 1989).

Bounded rationality interpretation

Initially, the game was proposed by Robin Giles in 1970s to model logical
reasoning in physics. Thus, Giles’s game can be seen as a game related to the
knowledge of the expected probability of positive results of experiments. From
that follows that the game can be seen as a type of epistemic game, or more
precisely a game related to the epistemic states of agents where an epistemic
state of an agent is represented truth-functionally. The game characterisation
of many-valued logics is also related to our investigations in the area of cog-
nitive presumptions and types of rationality as many-valued logics can be seen
as some alternative variants of characterisation of knowledge and degrees of
belief [Kubyshkina et al., 2016].

Given the above idea, there can also be an alternative understanding of the
Giles’s game for Abelian logic, i.e. in terms of bounded agents with respect to
their epistemic presumptions. One of the main features of the game for Abelian
logic is that there are no versions of the principle of limited liability (sometimes
denoted as LLA and LLD):

Definition 1. Limited liability for attack (LLA): A player X can always decide
not to attack an occurrence of a formula that has been asserted by another
player Y.

Definition 2. Limited liability for defence (LLD): A player X can always assert
1 in reply to an attack by another player Y.

As there is no internal weakening in the corresponding hypersequent calculus
(cf. [Metcalfe et al., 2005|), thus in the game agents cannot grant formulae (i.e.
delete them from the opponents’ side), that means that the agents cannot agree
on any formula, they need to put all those formulae to the test which represents
a very strict understanding of epistemic presuppositions. On the other hand,
the absence of internal contraction can be interpreted as agents discussing some
factual statements, thus a duplicate of a formula cannot be just added in a run
of a game as ¢ being true once, does not grantee it being realised two times.
This interpretation is consistent with the first one, it just adds the idea of
the rules binding agents’ presumptions and capabilities. The detailed study of
possible interpretations of Giles’s game for A is subject of a separate research.
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Motivation

The motivation for the paper is twofold. On the one had, the idea is to
suggest a game semantics for Abelian logic to get its dynamic interpretation.
And this reveals the connection between proof theory and games with respect
to many-valued logics. On the other hand, we are interested in investigating the
rational agency and its epistemic presumptions that are implied in the many-
valued logics. We have discussed a related classification of agent types in our
previous work |[Pavlova, 2017| and this is one of our directions of investigation
with respect to that classification. This direction is related to our study of
agency and the potential use of games and fuzzy logics to model different types
of agents.

2. Abelian Logic

In this section we briefly present some of the basic notions with respect to
Abelian Logic A. It was introduced by Meyer and Slaney |[Meyer et al., 1989|
as a logic of relevance. It also coincides with one of the Casari’s comparative
logics |Casari, 1989| formalising comparisons of majority, minority, and equal-
ity in natural languages. There exists a sequent calculus for A provided by
Paoli [Paoli, 2001] as well as a hypersequent calculus.

Definition 3. Let P be a countable set of atomic propositions. The language
L 4 for Abelian logic is generated by the following BNF:

Fu=p|F|FANF|FVF|F—-F|F+F|t,
where p € P.

Negation can be defined as follows: =F =45 F' — t. It is also worth men-
tioning that truth and canonical falsity are identical in this logic: -t =t — ¢,
thus t = —t.

Definition 4 (Axioms and rules). A is generated by the following schemes of
axioms? and rules:

(A1) A— ((A— B) — B),
(A2) (A= B)=(B—=C)— (A= 0)),
(A3a) A— (t— A),
)

(A3b) (t — A) — 4,

2 Alternatively, we could have used axioms plus substitution rule.
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(Ada) (AVB)—=C)— ((A=C)AN(B—=(0)),
(Adb) (A= C)AN(B—=C))— ((AVB)—0),
(A5a) (A+B)—C)— (A= (B—0)),
(A5D) (A= (B —C)) = (A+B) = C),
(A6) (AANB) — A,
(A7) (AANB) — B,
(A8) (A= B)AN(A—=C)) = (A= (BACQ)),
(A9) (AN(BVC))—= ((ANB)V(ANQ)),
(A10) ((A— B) — B) — A,
A2B A yp, jﬁa AL

Some notes on semantics

As for semantic point of view, the appropriate algebras for A are lattice-
ordered Abelian groups. There are well-established results with respect to the
algebraic semantics for Abelian logic, and we are not going into their details
(for the reference, see |Metcalfe et al., 2005]). We should only notice once
again, that the domain of truth values is the set of real numbers R, whereas
the designated value is > 0, i.e., [0, +00), and the primitive ¢ = 0. One should
also keep in mind that intensional disjunction and intensional conjunction are
identical, which is one of the differences from the LL linear logic.

Definition 5. The assignment function I assigns each propositional variable
of the language £ 4 of Abelian logic a real number: I: Prop — R.

Later in section 4, we will need the definition of valuation for our proof of
Adequacy of Giles’s game for A to Abelian logic. Valuation can be defined as
an extension of assignment as follows:

Definition 6. A valuation v for A is a function from the set of formulae
into the set of real numbers R (v: £4 — R) that extends an assignment I to
propositional variables of values in R by:

u(t) =
v(A — B) =v(B) —v(A)
v(AV B) = min(v(A),v(B))
v(A A B) =maz(v(A),v(B
v(A+ B) =v(A) +v(B)
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As —A is not a primitive as it was defined earlier via ¢ and implication
(mA =gcf A — t), one can deduce the valuation for negation the following way:

v(=A)=v(A—=1t)=v(t) —v(A) =0—v(A) = —v(A).

3. Giles’s Game for Abelian logic A

In this section we give a formal and precise definition of a Giles’s game
and highlight some differences between the game for the Lukasiewicz infinitely-
valued logic L and the one for Abelian logic discussed in the present paper.
Those differences can also be interpreted as representing alternative types of
agents featuring their cognitive presumptions.

3.1. The Structure of a Game

We start by providing the basic definitions with respect to the structure
of Giles’s Game for logic A. The general idea is that a game start with the
initial state which a sequence of formulae asserted by O and P and ends up
in the elementary state of the same form containing, however, only atomic
propositions. If players start with the initial state and play until the elementary
state according to the rules, we would call this a run of a game. Here follows
the formal definition.

Definition 7. A run of a game is a sequence of attacks and defences obeying
the logical rules and some regulation p that begins with the state [II || X] a
finite (possibly empty) multiset II of formulae that are initially stated by the
Opponent (we will use O as a shortening) and a finite (nonempty) multiset ¥
of formulae that are initially stated by Proponent (here and elsewhere we shall
use P) and ends with an atomic state of the game.

Here we use the notion of a multiset which can be informally described as
a modification of the concept of set which allows for multiple instances of the
same elements®. Ordinary sets are composed of pairwise different elements, i.e.,
no two elements are the same. As we are making use of multisets here, that
means that our II and ¥ can contain the same formulae multiple times, for
instance, we can have the following state: [p,p,q || , ¢, p, 7).

3For the sake of being precise, we put here a formal definition of a multiset (which is not
pertinent to the topic of the paper).

Definition 8. Let S be a set. A multiset over S is just a pair (D, f), where D is a set and
f: D — N is a function.
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What are the states?
There are two types of states in the game: d-states and i-states. We first
provide a definition of a d-state (meaning “dialogue state”):

Definition 9. A dialogue state (d-state) of a game is [II | X] where
IT={Ay, Ay, ..., Ay} is a multiset of formulae that are currently asserted by
the Opponent and ¥ = {By, Bs,..., By} is a multiset of formulae currently
asserted by the Proponent.

Each statement can be attacked at most once. We also introduce a notion
of i-states that that refers to a special state that indicates the active formula
of the corresponding d-state. Thus, the i-state follows each d-state (except for
the atomic one) in a game:

Definition 10. An i-state is an intermediary statement that reflects a player’s
choice of active formula, i.e. the formula occurrence that gets attacked or
defended (like in the rules for disjunction, for instance). These states are the
same states as the corresponding d-states [II || ¥] where II = {A;, Ao, ..., A}
and ¥ = {By, Ba,..., By}, that also contain a special marking of an active
formula denoted by underlining: [II, 4; || 3, B;] or [II, 4; || £, B;].

In our definition of a run of a game (as well as in some other definitions
that will follow) we used the notion of an elementary state which contains only
atomic propositional variables, but no complex formulae. It is time to give a
formal definition to it:

Definition 11. A state [p1,p2,.--,Pm || ¢1,42,--.,qn] is called elementary
(or atomic) if all p; are atomic propositional variables asserted by O and all g;
are atomic propositional variables asserted by P.

Moving from one state to another

Now that we know what a state is and what types of states constitute a
game (and a run of a game), it is important to specify how players go from
one state to another in the most general sense (i.e., regardless of the formulae
they asserted). We need to specify the protocol of the game which sometimes
referred to as structural rules in the literature (especially on Lorenzen games).
And the first question that arises is that of whose move it is at a certain state
of a particular game. There is no standard way to determine the sequence of
moves, e.g., in Lorenzen’s games (or Dialogue Logic) the moves between the
Opponent and Proponent alternate whereas in Hintikka game (also known as
GTS) moves are determined by the main connective or the outermost quantifier
(or modality). A peculiar feature of Giles’s game is that the order of moves
does not make any difference, thus there is no unique way to determine the
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sequence of moves. We introduce the notion of requlation p which determines
whose move it is at a particular state of a game.

Definition 12. A regulation p is a function that assigns to each non-elementary
d-state either the label P read as “P initiates the next round and chooses a
formula to assert” or the label O, for “O initiates the next round chooses a
formula to assert”.

The label for an i-state should match to the corresponding d-state.
Definition 13. A round consists of the following components:

e Player o* who's turn it is to move according to a particular regulation p
selects an active formula;

e « either attacks the active formula (by either selecting a subformula that
B should state or stating a formula itself as in the case of implication)
if it is in the §’s set of statements or states a formula according to the
logical rules if it belongs to a’s own set of statements. [ should react
immediately to each attack, as specified in the following logical rules.

One may notice that the response to an attack (when one is possible ac-
cording to the logical rules specified below) cannot be postponed. Furthermore,
unlike in the Lukasiewicz infinitely-valued logic L, in the game for Abelian lo-
gic A, players cannot grant formulae (i.e. delete them from the states without
attacking them). This corresponds to the lack of internal weakening in A.

Given the above definitions, we are ready to define the game for A. We dis-
tinguish here several rather similar concepts, namely: a game, a game form,
and a run of a game. If a run of a game is a precise play that is performed by
players, a game form represents all possible strategies (i.e. possible runs of a
game) that O and P may have in a game with both fixed initial state [II || X]
and regulation p.

Definition 14. A game form G([II | ], p) is a tree of starts with the initial
d-state [II || X] as the root together with all possible successor states S with
respect to a particular regulation p and the logical rules described below.

A game G is obtained from the game form by adding a playoff function (-)
for propositional variables. The playoff function maps all propositional variables
to the set of reals R.

“Variables alpha and j refer to arbitrary players s.t. if o is P, then 3 is O and visa versa.
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3.2. Logical Rules

Having defined the general course of the game, we now need to specify the
rules for attacks and defences which depend on the logical form of a formula
in question. We call them logical rules (though sometimes they are also called
particle rules in the literature on logical games).

Definition 15. The Giles’s game &4 for Abelian logic A contains the
following logical rules for connectives:

]| 2,A>B]® (RD) [AD B IT||ZF (L D)

| |
[A, 1T %, B] (B, 11| %, 4]

IS, AAB]®  (RA) [AAB ISP (LA) [AAB I X7 (LA)
|

|
IS A [0S, B [A L[| 3] [A L[| 3]

|2, AvBP (Rv) [I|S,AVB° (Lv)  [AVBIT|X]® (Lv)

|
(I %, A] [ %, B

(AT ] [A ] 2]
T2, A+ BI® (R+) [A+ B[ X]° (L+)
iy 2‘, A, B] [A,B,‘H [
[T =, 4" (Rt) [t 1] X% (L)
| |
[T ]| %] [T %]

We also introduce a separate rule for truth ¢ which is a special case of the
distinguished value for Abelian logic as it coincides with the canonical falsity:
t = —t, i.e., t = 0. Thus, intensional disjunction and intentional conjunction
are the same: A+ B = —(=A+-B). Given that negation of a formula is defined
the standard way via implication and canonical false, i.e. =A = A D t, one can
see that the following rules are admissible (and derivable) given the rules for ¢
and the rules for implication (so for simplicity we add it to our logical rules):

Theorem 1 (The rules for negation).
I 2, 24]9 oA, 1| 5P

| |
(A, TL ]| 53] [T %, A]
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Proof. Given the definition of negation as follows =A =4,y A D t, we derive
the rules for —A as follows:

] %,A454° (RD) At | =P (LD)
(A, TT ||‘ ¥, ¥ [t, 11 || ‘E,A]O
(AT 2,47 (Rt) [t 1] E,‘A}O (Lt)
[A,H‘ | 3] [T ] ‘E,A}

3.3. Winning Conditions and Strategies

Before we can define the winning conditions for players, it is necessary to
make a few remarks on the playoff of the Giles’s game for the Abelian logic.
As we have stated before, in the original Giles’s game we associate to each
atomic variable a risk value (r) which can be related to the valuation of the
formula in L as follows: v(r) = 1—(r). Asin the Abelian logic A propositional
variables rage over the R, we may directly interpret arbitrary real valued payoffs
in a Giles-style game as truth values.

Definition 16. A playoff function (-) is a function that assigns each proposi-
tional variable a number from the set of real numbers, i.e, () = f: Prop — R,
where Prop is a set of all propositional variables of £ 4.

Now we are ready to define the winning conditions (abbreviated as w.c.) for
P and O in a run of a game with a given regulation p, and playoff function ().

Definition 17. The Proponent wins in a particular game if the atomic state
satisfies the following conditions: > 7" p; <377, q;°. Otherwise, the Oppon-
ent wins.

However, to define satisfiability and validity via games, we need the concept
of a winning strategy for a player in a game. Normally a strategy for a player is
defined as a function from states to states that determines a unique choice for
that player but includes all the possible actions of the other player (or players
if there is more than two). A strategy is subtree of a game G([II || ], p, (-))
such that:

1. The root node is the d-state [II || XJ;

2. All leaf nodes are elementary d-states;

®Note that the elementary state [II || £] can be empty (or have II = § or £ = ) in
particular cases of games on the formulae containing ¢, e.g. G([t || t], p) for some arbitrary p.
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3. If for some node [II; || £;] in the tree p([II; || ;]) = P, then [II; || ¥;] has
exactly one successor i-state which has only one successor d-state which
is the choice of the Proponent with respect to the logical rules;

4. If for some node [II; || £;] in the tree p([II; || £;]) = O, then [II; || £;] has
a set of all possible successor i-states representing the possible marking.
These i-states has a set of successor d-states which represent all possible
choices of the Opponent with respect to the logical rules;

Definition 18 (Winning Strategy). A finite game tree T is a winning
strategy 7 for P with respect to a particular playoff function (-) iff each
leave (of the tree representing the strategy) ends with the elementary state
[DasD2, - Pm || @152, - - -, qn] satisfying the condition : Yoropi < Z?:o qj
where Z?:o ¢ ={(q1,q2,---,qn) and >_;" pi = (Pa, D2, - - - ,Pm)°.

We shall define the playoff (- || -) of the run of a game G([IT || )], p, {-))
that ends with the elementary state (pq,p2,...,Pm || ¢1,62,- - -, qn) as follows:

MIT)=>"¢—=> n

§=0 i=0

4. Adequacy of Giles’s Games &, to the Abelain logic A

In this subsection we establish the relation between the existence of a win-
ning strategy for the Proponent and validity. However, there are several pre-
liminary steps that should be made before we come to the main theorem of the
paper.

Auxiliary remarks

Fist of all, we need also to extend the semantics of A from formulae to
multisets I' of formulae as follows (henceforward F' € Ly, i.e., is an arbitrary
formula of the above defined language for A):

v(T) =dges Y v(F).
Fer

Secondly, we should establish the correspondence between the playoffs in the
game and valuation in Abelian logic. Unlike Lukasiwicz logic, here the corres-
pondence is direct, i.e., we use the following mapping:

(p)" = v(p).

5That means that each elementary state should be as follows with respect to risk assign-
ment (q1,q2,- -, qn) 2 (Pa,P2;- - -, Pm)-
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The mapping (p)¥ = v(p) which places playoff value assignments in one-to-one
correspondence with truth value assignments can be extended to:

(Pasp2s - Pm | @162, -+, qn)” = 0([q15 G2, - - s Gn]) — V([Pas P2, - - -, Pm))-
Correspondingly, we define the following function for arbitrary states:
(I ) = v(E) — v(ID),
Finally, note that
o(F) = o([F]) > 0 iff (| F)¥ > 0.
Thus, we prove the following theorem:

Theorem 2. A formula F is valid in A iff there exists a winning strategy for
Proponent in the game G([|| F],p, (-)) with any playoff assignment (-) and with
respect to an arbitrary consistent regulation p.

Proof. To prove this theorem, we are going to use induction on the complexity
of states. First, we observe that each game G is a finite tree ending up with
elementary states. Thus, a winning strategy for P is a finite tree ending with
elementary states satisfying the winning conditions for P, i.e. Z}”:O G =D,
Given the playoffs (-) for propositional variables, we can construct an optimal
strategy for P which would maximize the playoff of P (and the playoff of the
game the way we defined it in the section 3) as follows:

1. For any choice of the Opponent at a state .S, we take the minimal playoff
(for P) of all successor states S’ that follow from the state S;

2. For a state S where it is the Proponent’s choice, we take the maximal
possible playoff (for P) of possible successor states S’ that follow the
state S.

Now we have to show that the notion of the maximal playoff can be extended
from the elementary states [pa,p2, ..., Pm || 41,92, - - ., qn] to arbitrary states of
the form [II; || ¥;] such that the following conditions are satisfied:

(IT| X,AD> B)=(A1I|| £, B) (1)

(ADB,II|| %)= (A1 %, B) (2)

(L] %, AV B) = maz((IL || X, A), (IL || %, B)) (3)



88 Alexandra Pavlova

(AV B, IL| ) = min({A, 1L ]| ), (B, 1T || X)) (4)
(IL]| %, AN B) = min({IL || 3, A), (IL[| X, B)) (5)
(ANB, I 5) = maz((A,IT || ), (B, IL || 3)) (6)
(I X,A+B)=(II| X,A,B) (7)
(A+B,1I||X)=(AB1II| %) (8)

(I %, ¢) = (I ]| %) 9)

(¢, L[| %) = (I ]| %) (10)

(I %, =4) = (A, 1] %) (11)

(AL %) = (A I %) (12)

Now we check that (IT || ') is well-defined, i.e. the above conditions
together with the definition of the Proponent’s playoff for elementary states
can be simultaneously fulfilled. We have to show that (- || -) indeed specifies
P’s playoff with respect to his optimal game strategy. We proceed by induction
on the complexity of the obtained states. The base cases are obvious. For the
equation (1 we consider the following induction step:

): {(IL|[X,AD B) = (2): (A B, %) =
v(X ) v(ll) +v(AD B) = v(X) —o(l) —v(A D B) =
( ) — v(Il) + v(B) —v(A) = v(%) —o(Il) — v(B) + v(4) =

IT[| %) + v(B) —v(A) = (IL || 2) —v(B) +v(A) =
(A, 11| %, B) (B,I1]| %, A)

It is straightforward to check other connectives, so we obtain the following
corresponding induction steps:
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: (IT'|| X,AV B) =
v(X) —v(l) +v(AV B) =
v(X) — v(Il) + maz(v(A),v(B)) =
(L[} ) + maz(v(A),v(B))

ol
maz ({1 || =, A), (I || =, B))

B): 1|, ANB) =
v(X) —v(Il) +v(AAB) =
v(X) —v(II) + min(v(A),v(B)) =
(L] ) + min(v(A),v(B)) =
min((I1 || £)+v(A), (L || Z)+v(B)) =
min((I1 || ¥, A),(IL | £, B))

@: | =,A+B)=

v(X) —v(Il)+v(A+ B) =
v(X) —v(Il) + v(A) +v(B) =
(IL]| ) + v(A) +v(B) =
(I'|| 3, A, B)

@: )%t =
v(X) —v(Il) +o(t) =
v(X) —v(Il)+0 =
(IT]| %) + 0 = (I || %)

@: (Av B I %) =
v(X) —ou(ll) —v(AV B) =
v(X) — v(Il) — max(v(A),v(B)) =
(IL || %) + min(—v(A), —v(B)) =
min((I1 || X)—v(A), (Il || £)—v(B)) =
min((A,IL || %), (B, I1 || %))

©): (ANB,II|| %) =
v(X) —ou(ll) —v(AAB) =
v(X) —v(II) — min(v(A),v(B)) =
(IL | ) +maz(-v(A), —v(B)) =
maz({(A,I1 || %), (B,IT || %))

[):(A+ B, IL || X) =
v(X) —o(ll) —v(A+ B) =
v(X) —v(l) —v(A) —v(B) =

And finally the supplementary case for negation:

[LL): (I 2, ~4) =
v(X) — o) +v(—A) =
(L] %) —v(4) = (A, I || )

[12): (AT %) =
v(%) —o(l) —v(=4) =
(I %) +v(4) = (IL || %, A)

Given the correctness of the statements we prove that our formula
F > 0 given a certain valuation v iff P has a winning strategy in a game over
F (formally G([IT | T, F], p, (-)), where Il =T =0, i.t. G([|| F], p, (-))) with the
playoff function (-) = v and arbitrary regulation p.
=-direction:Assume that F' > 0. We proceed by induction on the length of
the winning strategy in a game over F. Assume that F is a game of n moves,
and P has a winning strategy in a game of n — 1 moves:

1. F = p (is atomic). Then we automatically have that p > 0, thus P wins
in the first move, so she has a winning strategy;
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6.
7.

. F = A D B. Then, the next state has the following form: [A | BJ.

By induction hypothesis P has a winning strategy for the state [A || B],
thus B > A. By according to the statement |1} (IT || £, 4 D B) = (A, I ||
Y, B), thus P still has the strategy for the state A D B;

F = AV B. Then, the next state has the following one of the follow-
ing forms: either [|| A] or [|| B]. According to the statement (3| P has a
strategy to keep the maximal of the disjunction as it is her choice whether
to select A or B. By IH (here a later, IH refers to the Induction Hypo-
thesis), P has a w.s. (= winning strategy) for either [|| A] or [|| B], so
she has a w.s. for F;

F = A A B. Then according to the logical rules, the next step will be
either [|| A] or [|| B]. As it is the choice of O and her aim is to minimise
the overall playoff for P, we should assume that O choses the minimal
conjunct. We have proved that (Il || ¥, A A B) = min((IL || £, A), (IT ||
¥, B)). By our IH P has a w.s. for the game n — 1 with the initial state
being the minimal (w.r.t. to the P’s playoff) of the 2 possible states,
namely [|| 4] or [|| B:

F = A+ B. Then, the next state is [|| A, B]. As we have proved that
(Il || £,A+ B) = (Il | ¥, A, B) (statement [7). By IH, P has a w.s. in
the game of n — 1 with the initial state being [|| A, B], so P has a w.s.
for the game of n;

F =t. This case is trivial as t = 0;

F = —A is just a case of implication: F'= A D t.

=--direction:Assume that P has a w.s. in a game over F. We proceed by
induction on the structure of F:

1

2.

F =p (i.e. it is atomic). Then P has a w.s. iff (|| p) > 0. Thus, v(p) > 0;
F =t. This case is analogous to n[i}

F=AD>B. Phasa w.s. in agame over A D B, ie. (| AD B)>0. By
proposition[l] (|| A > B) = (A || B). By IH, as P has a w.s. for [A || B],
then v(B) — v(A) > 0. By definition v(B) — v(A) = v(A D B). Thus,
v(AD B) = 0;

F=AV B. Phas A w.s. in a game over AV B, ie. (| AV B) > 0. By
proposition (3] (|| AV B) = maz((Il || £, A),(II || ¥, B)) as it is P who
choses a disjunct (thus it is mazimum) and P has a w.s. in one of the
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games: either [|| A] or [|| B]. Thus, either (|| A) > 0 or (|| B) > 0. By IH,
either v(A) > 0 or v(B) > 0. By definition of the valuation function in
our semantics, we have v(AV B) = max(v(A),v(B)), hence v(AVB) > 0;

5. F=AAB. P has A w.s. in a game over AA B, ie. (| AANB) > 0. By
proposition [f, (|| A A B) = min((Il || £, A), (Il || X, B)) as it is O who
choses a conjunct (thus it is minimum), and P has a w.s. in both of the
games: [|| A] and [|| B]. Thus, both (|| A) > 0 and (|| B) > 0. By IH,
both v(A) > 0 and v(B) > 0. By definition of the valuation function in
our semantics, we have v(AAB) = min(v(A),v(B)), hence v(AAB) > 0;

6. A+ B. P has A w.s. in a game over A+ B, i.e. (|| A+ B) > 0. By
proposition[7} (|| A+B) = (Il | X, A, B) (there is no choice of conjuncts),
and P has a w.s. in in a game over [|| A,B]. Thus, (|| A,B) > 0.
By IH, v(A,B) > 0. By the definition of valuation for multisets’, we
get v(A4,B) = v(A) + v(B). But by def. of valuation function in our
semantics, we have v(A + B) = v(A) + v(B), hence v(A + B) > 0;

7. F = —Ais just a case of implication: FF = A D t.

If v(F') > 0, then there is wining strategy for the Proponent for G([|| F1], p)
with some playoff assignment (-) for any consistent regulation p®. As a formula
F is valid iff for any valuation v holds v(F) > 0, F > 0 for every playoff
function (-). [ |

As a future path of research, we would like to extend the game for Abelian
logic with disjunctive strategies to get a unified strategy for family of games
corresponding to one particular formula in question. By a disjunctive strategy
we understand the one that allow players to duplicate states, so that there are
2 kinds of non-leaf nodes:

e playing nodes;
e duplicating nodes.

Let us use D = S1V S V...V S, to denote a state disjunction which can be
viewed as a multiset of states because there might be several instances of the
same state but the order of the states (S1,S9,...,Sy) is not relevant. We as-
sume the definition of a disjunctive strategy to be the same as in |Fermiiller,
2009|, namely:

7
ct.
8Since do not depend on the order in which they are decomposed.
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Definition 19. “A disjunctive strategy for D respecting a regulation p is a tree
of state disjunctions with root D where the successor nodes are in principle
determined in the same way as for ordinary strategies”.

Definition 20. A disjunctive strategy is wining for a player X iff at every
leaf node there is at least one component (an elementary d-state) S; of a state
disjunction Sy V So V...V S, that is winning for the player X.

It is important that for a collection of games on the same formula there
exists a disjunctive winning strategy for a player X iff there is an ordinary
strategy for every game in that collection.

5. Conclusion

In the present paper we have proposed a new game interpretation of the
Abelian logic A. This game is based on the Giles’s game explaining how reason-
ing about experiments in physics proceeds. There is a well studied version of the
game for the class of Lukasiewicz many-valued logics, including the infinitely-
valued logic L. We have constructed a game for Abelian logic in section 3 and
provided two possible interpretations of the game in 1. The first interpretation
suggests that players reason about the resources/costs and budgeting. As the
value might be negative, it is natural to think of these assets as securities (i.e.,
tradable financial assets). This is indeed related to the one of the standard
interpretations of A. The second interpretation suggests that the moves that
are allowed to agents, represent their cognitive presumptions and the type of
their rationality. Both interpretations are subject to our future study in more
detail.

The main technical result of the paper is the proof of adequacy of the game
to the Abelian logic that is shortly described in a separate section. We have
provided a full proof in the section 4. This gives rise to the future work related
to the game that we have proposed.

Future work

The future work is related to constructing disjunctive strategies for game for
Abelian logic and proving the correspondence between hypersequent calculus
GA and the game G4, where a derivation in the calculus decodes a winning
strategy for Proponent in the game with disjunctive strategies. Furthermore, in
the future research our aim will be to analyse the game interpretation of fuzzy
logic from the point of view of epistemic and other agents’ presumptions taking
into account the truth-functional interpretation of epistemic states. We shall
also look into possibility of interpreting modal operators in the Giles’s game
and more generally dialogue game framework to attempt to modal epistemic
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modalities for non-classical logics and information change in this particular
game framework.
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Annoranmsi: Boobparkaemas (Heapucroresesa) joruka H.A. Bacuibesa, 0HOro u3 0CHOBO-
TIOJIO?KHUKOB COBPEMEHHOI HEKJIACCUYECKOU JIOTHKH, ABJIAETCA €r0 CaMOM U3BECTHOU JIOrude-
CKOI1 cuctemoii. JlelyKTUBHAS CHCTEMA, IPEJIOKEHHA UM, [IPE/ICTABIISET COOOM CUIIJIOTUCTH-
Ky 0CO0Oro THIa, B sI3bIKE KOTOPOW BMecTe ¢ (hOpMaMM yTBEPAUTEIBHBIX U OTPULIATETbHBIX
CyKaeHuii cofepKarcs hbOpMbl TPOTHBOpedmBLIX (b bEpeHTHBIX) cyXKaennii. [Tocen-
HIE TPEJCTABIISIIOT CO00i CY>KJEHUsS HOBOTO KadeCTBA M COMEPKAT CBSI3KY «E€CTb U HE eCTb
onHOBpeMeHHO». CTaThs HOCBAIIEHa U3JI0KEHHIO PE3YJIbTATOB UCCJIEIOBAHUSI OJHOTO U3 BapH-
aaToB Boobpazkaemoit jjormkn Hukonas Anexcammposmda Bacunbesa. dtor BapumanT Boob-
parKaeMoil JIOTUKY OTJINIAETCS He TOJIBKO OT TPAIUIIMOHHON CHIJIOTUCTUKH, HO 1 OT OCHOBHOM
Bepcur. 3J1eCh C KaXKIbIM TEPMUHOM KaTErOPHUYECKOTO CyKIEHUsI CBI3BIBAETCSI HE MHOZKECTBO
WHIUBUJIOB, & COBOKYITHOCTh MPU3HAKOB, & CUJIJIOTUCTUIECKUE KOHCTAHTHI PAaCCMATPUBAIOTCS
Kak 0003HAYAIOININEe HHTEHCHOHAIbHBIE OTHOIIIEHNST MeXK Ay moHATuAMu. VccienoBanue mpes-
0JIarajIo0 pacCMOTPEHHUE 3TOT0 BapuanTa BoobparkaeMoil JIOTMKY KaK CUJIJIOTUCTHYECKON Teo-
pPUH ¥ TPOM3BOAMIIOCH HA 0Oa3e CHCTEMBI, TIOCTPOEHHOM myist marHoi jsoruku B.M. Mapkuubim
u JI.B. Baiinessim. B crarbe kpaTko uznoxena cucreMa BoobparkaeMoil JIOruKu-2, JI0Ka3aHbI:
3aKOHBI TOXKIECTBA, 3aKOHBI IIPOTHUBOIIOJIOXKHOCTE, 3aKOHBI IO TYMHEH ST, 3aKOHBI 00paIleHusT
¥ 3aKOHBI UCKJIFOYEHHOTO YeTBEPTOr0, IPUHUMAEMbIe B 9TOi joruke. /lasee mociemoBaTeibHO
PaccMOTpeHbI BCe YeThbIpe (pUrypbl CUJLJIOTU3MOB. B KaxK10il purype pacCMOTpPEHbI BCE BO3-
MOXKHBIe KOMOMHAINY IOCBUIOK (36 KoMOuHAINI, 1t KaXK10# (DUIYPBI) CO BCEMU BO3MOXKHBI-
MU 3aKJIIOICHUAME (IECTh BO3MOXKHBIX 3aKJIIOUEHHH, /sl KazKJ0H KOMOMHAIIN TOCHLIOK ).
[IpousBeneHo m0Ka3aTENHCTBO MIPABUILHBIX CHJJIOTU3MOB KarK10#1 DUTYDPHI, a TaKXKe IpPUBe-
JIEHBI IPUMEPHI BO3MOXKHBIX KOHTPMOJIEJIEH /1151 OTIPOBEPXKEHUsT BCEX HEIIPABUILHBIX MOJLYCOB.
Pesysnprarom paboThl SIBJIst€TCsT BBIIETEHWE 3aKOHOB JAHHOW CHUJITOTHCTUYIECKONW TEOPHUH,
a TakXKe HaMedYeHO JajIbHelilllee HAIIPABJIEHHE FCCJIEIOBAHMUs, CTABUTCS BOIPOC O BO3MOXK-
HOCTH (POPMYJIMPOBaHMsI OOIMMX IIPABHJI CHJUIOIM3Ma JaHHOIO BapuaHta Boobparkaemoit
JIOTUKU.

KuaroueBsie ciioBa: Boobpaxkaemas soruka, jjoruka H.A. Bacunbesa, Hekaccuyeckast Jio-
rMKa, MHONO3HAYHAS JIOTUKA,
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Bsenenne

B cBoux rtpynax |[Bacuiabes, 1989] mocsie m3/102KeHUs] OCHOBHOTO BapHaH-
Ta Boobpaxkaemoil JIOTmKU, PEKOHCTPYKIUS UIeli KOTOPO#l ObLIa IIpon3BeaeHa
B.1. Mapkunsim u T.IT. Kocriok [Kocriok, Mapkun, 1998|, [Markin, 2013, cra-
BHUT BOIIPOC O BOZMOXKHOCTH U JIPYTHUX, aJbTEPHATUBHBIX BAPDUAHTOB €TI0 JIOTUKU.
O/iHUM U3 TAaKUX BApUAHTOB sIBJisieTcss Boobparkaemasi JIOTHKa-2 UJIN JIOTUKA
<IIOHSITUIY, TJe C CyOBEKTAME W MPEJMKATAMIA aTPUOYTUBHBIX BBICKA3BIBAHUI
MOXKHO CB$I3bIBaTh HE MHOXKECTBA OO'BEKTOB, & COBOKYITHOCTU IIPU3HAKOB, T.€.
coJiepKaHus MOHATUH. B nannoit murepuperanun, Kak 1 B OCHOBHOM BapUaHTE
Boobpazkaemoit JIOruKu UCHOIB3YIOTCS CY2KIEHUS TPEX KAYECTB: YTBEP/IUTE b
HbIE, ¢ ADCOJIIOTHBIM OTPUIAHKEM (OTPHUIATEIbHbBIE) U ¢ OOBIYHBIM OTPUIIAHUEM
(namuddepenrrnie). Cam BacnibeB mHTEPIIPETHPYET CIIEAYIONIM 0Opa30M:

(1) «Bce S ecrb P» — Bce mpusHaku, COCTaBJISIIONIME IPEJIUKAT, YTBEPIKIa-
I0TCsl U B CyObEKTE.

(2) «Bce S me ectb P» — Bce IpU3HAKE, COCTABJISIIOIIME TIPEJIUKAT, OTPUIIA-
IOTCS B CyObeKTe.

(3) «Bce S ectb u He ecTb P» — HEKOTOPBIE IPU3HAKU, COCTABJIAIONIUE TIPE-
JIUKAT, YTBEPXKIAIOTCA B CYObEKTe, & HEKOTOPBIE OTPHUIAIOTCS.

BakHbIM MOMEHTOM $BJISIETCS TO, 9TO BacUIbeB MPU U3JI0KEHUH HAOPOC-
Ka 9TOoro papmanTa BoobparkaeMoil JOTHUKN IHUIIET TOJIBKO 00 MHTEPIIPETAIINI
obmumx cyxaennii [Bacuibes, 1989], Ho Hudero He roopur o dacTHbIX. [Ipu
9TOM B OCHOBHOM BapUaHTE JIOTUKHU OH CaM 2K€ UCIIOJIb3YeT YaCTHBIE CYXKICHUSI,
Tak KakK 0e3 HUX HEBO3MOXKHO IOCTPOUTH PA3BEPHYTYIO CUILIOTUCTUKY. [lo3To-
my B.M. Mapkun n /1.B. 3aiiues |3aiines, Mapkun, 1999| npu dbopmysinposke
TOYHON (POPMATHLHON CEMAaHTUKH, SKCIIUIIAPYIONIEH YKa3aHHYIO TPAKTOBKY aT-
pUOYTUBHBIX CY2KJIEHUIl B aJbTepHATUBHOM BapuanTe Boobpazkaemoii JormKu
U 1IpH 1ocTpoennu nmu ncuancienus IL2, npesjaraior BBECTU B sI3bIK HE TOJTHKO
obIue, HO U HeOIpeJleJIEeHHO-YaCTHBIE CYXKIeHUs. Bce 9TO MO3BOJISIET B sA3LIKE
Boobpazkaemoit JIOTUKK TOCTPOUTH JIOTUYECKYIO TEOPUIO C MHBIMH 3aKOHAMU,
KOTOpBIe HE UMeJIn MeCTO HU B TpaguIinoHHON CUJIJIOTUCTAKE, HI B OCHOBHOM
BapuanTe BoobpazkaeMoii JIOruKM.
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1. Cemanruka IL2

B.U. Mapkuubiv u J1.B. Baituessiv [3aites, Mapkun, 1999), [Saiiues, 1998|
IpeJIIoYKEeHa, CaeIyIolas ceMaHTrkKa Jiuist TL2:

Onpepesienne 1. L — MHOXKECTBO AUMeEPan06 (NMOJOKUTENLHBIX U OTPUIIA-
TeJIbHBIX IIPU3HAKOB): {P1,~ P1, P2, ~ D2, D3, ~ D3, ... }.

Onpenenenue 2. [lonamue ecTb TOAMHOXKECTBO « MHO2kKecTBa L, KoTOpoe
VJIOBJIETBOPSIET YCJIOBUSIM: ( # &; He CyIIecTBYeT p; TaKOoro, UTro p; € «
un~p;€a.

Omnpegenenne 3. M — mHOXKecTBO Beex mousitmii. Ha muoxkectBe M ompe-
HesaeHa (PYHKIMA ¥, COMOCTABIISIONIAs KAXKAOMY HOHSITHIO (¢ IIPOTHBOIIOJIOXKHOE
noHATHE Q*: p; € < ~p; Ea;u~p; €a* < p; € a.

OyHKIMS * yIOBJIETBOPSAET CASLYIOMIUM YCIOBHSIM:

aNa*=g;a™ =a;a C = a* C [*.

Onpenenenue 4. Humepnpemupyrousan Gyrnkuus d — QYyHKIUS TPUTACHIBA-
Husl 3Ha4YeHuii TepmuHam: d(P) € M, T.e. OHa COIOCTABIISIET KAXKIOMY TEPMUHY
HexoTopoe nousare. Ouenxa dbopmyi ||? cesazamna ¢ d.

Onpenenenue 5. s obo3HadeHnsT OOIMUX CyKIEHUI OyIeM HCIIOJIb30BaTh
OykBy A, it 0003HAUEHUs] YaCTHBIX — OYKBY [, yTBEpAUTEIbHBIE CYyXKICHUS
00603HATAIOTCST € MCTOIH30BAHNEM HUKHErO WHIEKCA 1, OTpHUIaTeIbHbIE — WH-
nekca 2, naauddepeHTHbIE — UHIEKCa 3.

Kak y»xke ormedeno, B JaHHOM BapuaHTe Boobparkaemoil JIOTUKU IIPeIIo-
JKeHa MHTepHpeTalnus st oomux TabJl. (1| m yacTHbIX TabJl. [2| cyx neHnii.
Tabsmuma 1
WNuaTepnperanus obiuxX BbICcKasbiBaHuii B 112
| A1SP |9=1 <= d(P) Cd(9)

| ApSP [9=1 <= d(P)* C d(S)
| A3SP |'=1 <= d(P)nd(S) # @ u d(P)* Nd(S) # @;

Tabauma 2
VaTepnperaiiusa HeonpeaeJeHHO-YaCTHBIX BbICKa3bIiBaHuii B L2
|LSP|i=1 <= d(P)*Nd(S)=o

| LSP|'=1 <<= d(P)nd(S)=o2
| ISP %=1 <= d(P)\d(S) # @ n d(P)"\d(S) # 2;
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st cimoxkuEbIX  (POPMYJT YCIOBUS HCTUHHOCTH cTaHgapTHbie. Popmysia
OOIIe3HAYNMa, €CJIi OHA WCTHHHA (IpUHUMAaeT 3HadeHue «l») mpu Jroboi
uHTepperanun d.

2. Axcmomaruzanus IL2

Akcnomaruszanust ncauciaenns tabu. [ upencrasnena B nyxe 4. Jlykacesuua,
Ha OCHOBE KJIACCHYECKOI'O IIPOIIO3UIINOHAJIHLHOIO UCINCTICHUS.

Tabsma 3

Axkcuomaruzamus IL2

AO. CxeMbl akcuoM Kiaccrdeckoro mcuucjieHusl BLICKA3bIBAHUM.

Al. (A{MP&ASM) > A SP Al0. —(A;SP&I>SP)

A3. (AgMP&AlSM) D ASP Al12. ISP DO LPS

Ad. (AsMP&A;SM) > A\SP A13. [,SP S LPS

A5. (AMP&LSM)> LSP  Ald. ASP S LSP

A6. (AMP&ISM)> LSP  Al5. AySP S LSP

AT. (AgMP&IlSM) O ILSP Al16. A3SP =-LSP&—-I,SP
)

A8. (AQMP&IQSM > LiSP Al17. I3SP =-A;SP&—AsSP
A9. ASS

EnnacTBeHHOE TTpaBMIIO BRIBOAA — Modus ponens.

[TosiHOTA W HENPOTHMBOPEYUBOCTH CHCTEMBI JoKazana B.M. MapkunbiM
u JI.B. Baiiuessiv |3aiines, Mapkun, 1999).

3. 3akoun! IL2

«IIpu mocTpoeHn” CHJLIOTHCTHYIECKOW TEOPpHHM KakK JIeIyKTHUBHON CHCTEMBI
OOBITHO BBIJEJISIIOT CJIeIyIoNIe Hanboee PpyHIaMEeHTAIbHBIE 3aKOHBI U TTPUH-
IUITBL: 3AKOHBI TOXK1eCTBA (UM UX OCJIabJIeHNs ), 3aKOHBI, OCHOBAHHBIE HA JIOTU-
YIEeCKUX OTHOINEHUSIX MEXKJIY CYXKICHUSIMUA C OJTUHAKOBBIMU CyObEKTaMU U OJU-
HAKOBBIMU IIPEIUKATAME, IIPUHITAIBI OOpAaIeHns Cy2K/IeHil, TPpaBUIbHBIE MO-
JIyChbl YeThbipex (Uryp IpocToro Kareropudeckoro cuiiorusmas |[[lapdenona,
2019].

Caenyst sToit cxeme, OBLIN BBIIEIEHBI M JOKA3aHBI CJIELYIONINE 3aKOHDI
B IL2:

1. 3akoHBI TOXKIECTBA.
A155 u I15S. 3akon TOXKIECTBA JIJIsi OOIMNUX BBICKA3BIBAHUN TOCTYIUPY-
ercst akcoMoii (A9), /uist YacTHBIX Ke Jierko BeiBoguTest u3 (A9) u (Al4).
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2. 3aKOHbI IOIUMHEHUSI.

3aKOHBI MOIYUHEHUsT JJIS YTBEPIUTETHLHBIX U OTPUIATEIHHBIX BbICKA-
spiBaruit A1 SP D I1SP; A3SP D IbSP seusiiorcs akcuomamu (A14)
u (Al5). 3Bakon mnomuunenus st UHAUMDQEPEHTHBIX BBICKA3bIBAHUIL
A3SP D I3SP 6bL1 JoKa3aH HaMH, IPUBEIEM JI0KA3aTEIbCTBO.

ﬂonasame.n,bcmeo.
1. AgSP = —JlSP&—!IQSP (A16)
2. L,SP D -A3SP (1; JIB)
3. ISP D —A3SP (1; JIB)
4. ASP > LSP (A14)
6. IgSP = ﬂAlSP&—'AQSP (Al?)
7. A3SP D> -A|SP (2,4; .HB)
8. A3SP D —AySP (3,5; JIB)
9. A3SP > ISP (6,7.8; JIB)

. 3aKOHBI HpOTI/IBOHOJIO}KHOCTefL

SaKOHbI HpOTI/IBOHOHO)KHOCTef/'I JIEI'KO JIOKa3bIBaIOTCA C ITIOMOIIBIO aKCUOM
(A10), (A11), (A14), (A16) u (Al7). Tak, B IL2 gokasyeMmbl CJIe[yiO-
e 3aKOHLI IIpoTuBoIoaoKHOCTE: A1SP D —I3SP; A1SP D —I3SP;
AySP D =1 SP; AySP D —I3SP; A3SP D -1 SP; A3SP D —I,SP.
Kpome Toro, 3aKOHLI IPOTUBOIOJIOXKHOCTE! NMEIOT MECTO U I OOLINX
BBICKa3bIBaHU pasHbiX KadecTB: A1SP D —A3SP; AySP D —A3SP u
AsSP D —A3SP. Ilpusenem 31ech HAIA JOKA3aTEILCTBA STUX 3aKOHOB:

,Hona,a‘ame./b'bcmeo.

1. —(A,SP&L,SP) (Al0)

3. —(A1SP&A>SP) (1,2; JIB)

4. AlSP D) —|A25P (3)

]

,ﬂonasame.ﬂ’bcmeo.

2. A3SP = ~I,SP&-I,SP (A16)

3. A1SP D -A3SP (1,2; I[B)
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Hokaszarenbero st AsSP D —A3SP aHAJIOrMYHO HOKa3aTeIbCTBY
A1 SP D —A3SP.

4. 3aKOHBI UCKJIIOYEHHOI'O YE€TBEPTOrO.
B pmammom BapumanTe peKOHCTPyKIuu BoobparkaeMoil JIOrmku-2 mpu-
HAMAETCs 3aKOH WCKJIIOYEHHOTO YEeTBEPTOrO B  CJEJAYIONEM BHJIE:
A1SPV ASPV I3SP. OH BbITEKAEeT HEINOCPEICTBEHHO W3 aKCHOMBI
(A17). B manHOM 3aKOHE BCE TPU WICHA JUIBIOHKIINH IOIMAPHO HECOB-
MECTHUMBI.

U3 akcuombl (A16) HemocpeacTBEHHO BBIBOJIUTCS JPYTON MOXOXKUIL 110
dopme zakon: [1SP V I5SP VvV A3SP. Ho 3nech nepBble [1Ba JU3bHIOHK-
Ta, COBMECTUMBI 10 UCTUHHOCTH.

ITocpeacTBOM 3aKOHOB IOJYMHEHHUSI M3 THUX TEOPEM BBIBOISTCS 0OoJjiee
cnabwie yreepxkaenusi: Ay SPV [bLSP V IsSP, LSP VvV A3SP V I3SP u
LSPV I,bSPV I3SP. B Hux ToXe MMEIOTCS Iapbl COBMECTUMbBIX 110 KC-
TUHHOCTU JIA3BLIOHKTOB.

5. 3akoHBI OOpaIeHMsI.
[Ipunumaerca obpallleHue YTBEPAUTEILHBIX U aOCOMIOTHO OTPULIATE/Ib-
HBIX HEOIPEIEICHHO-YaCTHLIX BbhicKasbiBauuii [1.SP D [1PS u I[bSP D
I,PS, onn sssiores akcnomamu (A12) m (A13) coorBercrsenno. [Tpu-
HUMAIOTCs OOPAIEHUsI ¢ OTPAHUYEHUEM JJI YTBEPAUTETLHBIX OOIINUX BbI-
ckaspiBanuii A1.SP D [1PS u abCco/IIOTHO OTPHUIATEIBHBIX OOIINX BHICKA-
spiBanuii Ao SP D 1o PS.

,ﬂonaaameﬂbcmeo.
ASP D> LPS
LSP> LPS (All)
3. ASPD>LPS (1,2; HB)

o

JlokazaTeabeTBo Iyt abCOIIOTHO OTPULATEILHLIX OOIUX BBICKA3LIBA-
it AySP O I3 PS npoBoAuTCst aHAJIOIUYIHO C MOMOIBI0 akcnoM (A15)
u (A13). B janHOM BapuaHTe CUJLUIOMMCTUKH IIPUHUMAETCST YUCTOE 00pa-
menne uHauddepeHTHLIX 00muX BhicKasbBanuit A3SP D AsPS.
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ﬂonaaameﬂbcmso.
A3SP D A3PS
1. A35P = —JlSP&—JQSP (A16)
2. LPSDOLSP (A12)
4. A3PS = _|[1PS&_‘IQPS (1,2,3; HB)
5. A3SP D A3PS (1,2,3,4; JIB)

Yo kacaercs 9acTHbIX UHIN(MMEPEHTHBIX CYXKIECHUN, TO 37eCh OHU HE 00-
parmaroTcs.

4. Cuanornsmsl IL2

B cucreme IL2 ObLin paccMOTPEHBI BCe BO3MOXKHBIE 864 MOJIyca CHUJLIOTU3-
MoB aist Beex derbipex duryp |[Tapdenosa, 2019]. Cam H.A. Bacuines |Bacu-
sbeB, 1989, c. 72-76] ciemoBan ApuCTOTENIO U BBIJE/ISI TOJIBKO TPH (PUTYDHI,
HO JIIsl TIOCTPOEHHUsI TIOJIHON CHJIIIOTUCTUIECKOl cucTeMbl |[Bouapos, Mapkus,
2010, c. 13-61] HeoGxoaMMO paccMaTpuBaTh BCe YeTbipe (DUTYDPBI, MOITOMY
1V ¢duezypa Takxke ObLaa paccMoTpeHa. B Kaxk 10t ¢dpurype ObLIO PacCMOTPEHO
36 BOBMOXKHBIX KOMOMHAIUH [TOCBLIOK C MIECTHI0 BO3MOXKHBIMU 3aKJIIOUECHUSIMA
T KaXK 10 KOMOMHAITIH MTOCBHITIOK. B X0/1e mpoBepKu ObLIN BBISIBJICHBI U JOKa~
3aHbI TPABUJILHBIE MOJLYCHI JJIst KaXK/I0# (PUTYPBI U PUBEIEHBI KOHTPMOJIEIH
TSI BCEX OCTAJIbHBIX MOIYCOB.

I ®urypa

IIpu paccmorpennn mepBoil GuUrypbl ObLIM  BLIBACHBI U JIOKA3a-
Hbl CJIEAYIONIUE IIPABWILHLIE CUJIOTH3MDL: JAHHLIE CHJLIOIM3MbBI SBJISIOT-
cst akcmomamu (Al), (A2), (A3) u (A4) paccMaTrpuBaeMOro HMCUUCJIECHUS:
(AlMP&AlsM) D ASP; (AlMP&AQSM) D AsSP; (AQMP&AlsM) D)
A9SP; (AaMP&A2SM) D A1 SP. VlnrepecHbIM CpeJii HUX SIBJISIETCS MOJLYC
¢ ABYMs OTPULATEIbHBIMY IIOCHLLIKAMU, KOTOPBIA B JAHHOM BapUAHTE JIOTUKU
JlaeT yTBEPAUTETHLHOE 3aKIIOUECHNE.

KpOMe 9TUX YeThIPpEX MOJYCOB aKCUOMAaMM MCHYUCJICHUS ABJIAIOTCA U MOJ/TYChI
C MeHbIIell JacTHOH HOChLLIKON Takmx ke KadecTB (A5), (A6), (A7) u (AS)
COOTBETCTBEHHO. Kpome TOro, OHHU SIBJISIOTCS IPABUILHLIMUA B CIJIY 3aKOHOB
MTOIYMHEHNST JJIsi BHICKA3bIBAHUI.

Takke K HUM J100ABJISIOTCS €Ie YeThIpe CJAA0bIX MPABUILHBIX MOIyCa
C YACTHBLIM 3aKJIoueHneM. MHTepecHo, 9TO B JaHHOM HCUMCJICHUN IIPABUIb-
HBIMH OKA3BIBAIOTCSI MOJYCHI ¢ mHIu@epeHTHbIME HochuiKaMu. JIBa m3 Hux
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H.A. Bacunbes [Bacuibes, 1989, c. 74| Bbiensier cam n jaeT UM Ha3BaHHe
Mindalin (AsMP&A1SM) D A3SP u Kindirinp (AsM P& SM) D I3SP,
B HUX OOJIBIITasT MOCBLIKa obImenuanddepeHTHasI, a MeHbIAas MOCBLIKa 00IIe-
U 9aCTHO- yTBEP/IUTE/IbHAS.

[TpuBiekaoT BHUMaHUE CUJLIOTU3MBI C OOJIBITIEH TOCHLIKOM nuHIu(pDepenT-
HOH, & MEeHbIIIel — OTPUIATEJIbHOI
(AgMP&AQSM) D A3SP u (AgMP&IQSM) D I3SP.

Taxum obpazom, B maHHOM BapuaHTe BoobparkaeMmoil JOTUKU OKa3bIBAIOT-
CsI TPABUJIbHBIMA HEKOTOPBIE MOJYChI ¢ O0CUMU OTPUIATEIBHBIMU ITOCHLIKAMEI
(CHJTBHBIM 1 CJIAObIM OTPHUIIAHIEM ).
IIpescraBuM JI0Ka3aTEIBCTBO:

,HO’KJGISG,mEJL’bcmeo.
3. LPM>ILMP (A 2)
4. L,SP>IPS (A12)
5. (LSP&ASM) > I,MP (1,3,4; JIB)
6. ILSP D> ILPS (A13)
7. LPM > LMP (A13)
8. (I,SP&AISM) > LMP (2,6,7; JIB)
9. (=L MP&ASM) > ISP (5; JIB)
10.  (~I,MP&ASM) > —~I,SP (8; JIB)
11. (~[;MP&—~I,MP&ASM) > (~I;SP&—1SP)  (9,10; JIB)
12. AgsP = (—JlSP&—\IQSP) (A16)
13.  A3MP = (I, M P&—I,MP) (A16)
14. (A3MP&A;SM) > A3SP (11,12,13; JIB)
|
,ﬂOTCaSameJL’bcmGO.
2. IbSM D IL,MS (A13)
3. (ASP&LSM) > L,MP (1,2; JIB)
1. (~L,MP&I,SM) > —A;SP (3; JIB)
5. (AQSP&IQMS) >DLMP (A8)
6. (A2SP&ISM) > I,MP (5,2; JIB)
7. (~[[MP&I,SM) > —AsSP (6; JIB)
8. (~[1MP&-I,MP&,SM) > (wA1SP&-A;SP)  (4,7; JIB)
9. AsMP = (-, MP&—IsMP) (A16)
11. (AsMP&LSM) > I3SP (8,9,10; JIB)
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HokazarenscrBo miust (AsMP&LISM) O I3SP u (AsMP&ASM) D
A3S P npoBoanuTCcs aHaJIOrIIHLIM 00Pa30M, ¢ IIOMOIILIO 3aMEHBI AKCUOM. TaKKe
K 3TUM MOjIycaM J00aBJISIETCS ellle JIBa CJIaDbIX ¢ YaCTHBIM 3aKJIOUEHUEM.

Kak MbI y»ke ormMedaju BbIIIe, JJisi BCEX BO3MOXKHBIX MOJIYCOB, KOTOPBIE
OKa3bIBAIOTCSI HEIPABUILHLIMU B JAHHOM BapuaHTe Boobpaykaemoil JIOrMKH,
HAMH I0I00paHbl KOHTpMogean. as xomOunaumii noceliok A; M P& AsSM
n AlMP&IgsM, AgMP&AgSM n AQMP&IgSM, AgMp&AgsM n
AsM P&I3SM nomapHo MOXKHO HOZOOpaTh OOIIMEe KOHTPMOIEIN, B KOTOPBIX
06€ MOCBIJIKI UCTUHHBI, a 3akJrodenust 1,SP n A,SP 10XHbI.

Konrpmonemu mist AyMP&A3SM u A1 M P&I3SM. llpusenem cHadama
KOHTPMO/IEJIA, IIe IOCHLIKKA UCTHUHHBI, HO JIOXKHBI 3akjaodenus [1.SP u I[bSP
Tabu. [d] a 3aTem KOHTPMOZEND, T J10KHO 3akmodenne [3S5P rabur. [5]

Tabsma 4 Tabmumna 5
g [LSP u I,SP nns ISP
ap) = {p1,p2} ap) = {p1,p2}
Py = {~p1,~p2} d(pP)* = {~p1,~p2}
d(M) = {p1,p2,p3} d(M) = {p1,p2,p3}
dM)* = {~pi,~p2,~ps} diM)* = {~p1,~p2,~Dp3}
d(is) = {p1,~ p2} aes) = {p1,p2,~ p3}

Bemosnsem  ycsioBusi  mermnHHOCTH  noceuiok  d(P)  C d(M) =n

(d(M) Nd(S) # @ud(M)*Nd(S) # @) u (d(M)\d(S) # @ ud(M)"\d(S) # 2)
tabs1. {4, #Ho d(P)Nd(S) # @ n d(P)* Nd(S) # &, rak xak d(P) Nd(S) = {p1}
u d(P)*Nd(S) = {~ p2}, snaunr, sakmouenus [} SP u I3SP noxusl. JIoKHbIM
OKasblBaeTcs 1 3akyodenne I3SP rtabu. [Bl 3mech IpH MCTUHHOCTH HOCBLIOK
B saksouennn d(P)\d(S) = @, a smaunt |I3SP|¢ = 0.

Konrpmonenu miist AsM P& A3SM u AsM P&13S M. AuanorudHo mepBoMy
CJIydaro cHadaJsa yKaykKeM KOHTPMOJIE/Ib, I/le J0KHbI 3ak/aoderus 1.5 P u 155 P
Tabur. [0 a 3aTem KOHTPMOZEND, T J10KHO 3akmodenne [3S5P rabur. [7)

Tabmra 6 Tabmma 7
g IhSP u IsSP nna [ SP
ap) = {p1,p2} dp) = {p1,~ pa2}
ap)s = {~p1,~p2} d(p)* = {~ p1,p2}
d(M) = {pl,sz,p:s} d(M) - {pl,pQ,ps}
dM)* = {~p1,p2,~ps} dM)* = {~pi,~p2,~ps}
d(S) = {p1,p2,pa} d(S) = {~p1,p3}

B npencraBiieHHON KOHTPMOJIEIN IIOCBUIKH MCTUHHBI, & BOT 3aKJ/IOYEHNUSI,
tak Kak d(P)Nd(S) = {p1,p2} u d(P)*\d(S) = @, noxubl. JIOKHBIM OKa3bl-
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Baercd 1 3akodenne 115 P, Tak Kak [IPU UCTUHHOCTU IIOCBLIOK B 3aKJIIOYCHUI
d(P)*nd(S)={~p1}.
Konrpmonemn juiss AsM P& A3SM u Ao M P&I3SM nopdupaiorcss aHajo-

TUYHBIM CIIOCODOM.

B I @urype HeT HE OIHOrO TPABMJILHOTO MOJMYCA, TJE OOJIBINAST IMOCHLI-
Ka ObLTa ObI YACTHOM, a MeHbImas — obImeit. /It CHIIOrn3MOB ¢ MOCBIIKAMEA
I MP&ASM, Iy MP&ASM, IsM P& A1SM ykazkem OOIIYI0 KOHTPMOIEID,
B KOTOPOI#i 06€ MOCBUIKN UCTHHHBL, HO JI0KHBI popmystbl [1.SP u I5SP rabu. [§]

a 3arem I3SP Tabu. [0

Tabsmia 8 Tabsmia 9
s [1SP u IbSP nns I3SP
d(pP) = {p1,p2} d(pP) = {p1,p2}
d(p)* = {~p1,~ p2} d(P)* = {~p1,~pa}
dM) = {ps} dM) = {ps}
as) = {p3,p1,~ p2} d(S) = Aps,p1,p2}

B 91X MOJEIAX COBIIONEHBI yCIOBHs UCTUHHOCTH IIOCBUIOK, HO TakK Kak
d(P)Nnd(S) ={p1} u d(P)*Nd(S) = {~ p2}, To u sakmouenunss [1;SP u [5SP
J0KHBL. 3akioyenne [3SP Takxke OKa3bIBAETCS JIOXKHBIM IIPH UCTUHHBIX IO-
CBLIKAX.

st ocraBimxcst KOMOUHAIUI TOCHLTIOK 1T0/100p KOHTPMOIEJIEH TPOBOIUTCS
AHAJIOTUIHBIM 00Pa30M.

Mps1 obocHOBAJHN CJIEIyIOIEe MeTay TBEPK ICHIE:
1. Iy MP&A,,SM ¥ ISP,
rje k, m, n — npou3BoJibHbIe nHjeKcehl u3 {1,2,3}.
Paccyxknast oT mpoTUBHOTO, JOIYCTUM, UTO JJisi HEKOTOPBIX k, M, N BEPHO:

+2. [ MP&I,,SM = I,SP.

B IL2 cupaBenuBbl 3aKOHBI TOIINHEHUS, TIOITOMY:

3. AnSM E I,,SM.

U3 (2) u (3), B cuity CBOCTB KIIACCHYIECKOTO OTHOIIEHNUST CJIeJOBAHNUSI, BHITEKAET:
A [,MP&A,,SM & I,5P.

Yreepxaenus (1) u (4) uporusopedar JApyr JApyTy.
Nrak, Mbl NOKa3aJd, 4TO U3 JBYX YACTHBIX MOCBUIOK B CHJUIOIH3MAaX

I gueypu, He crmemyeT HuUKakoe 3akiaodenne Buma [,SP. A B cuay 3aKoHOB
MOTYMHEHUsT U3 HUX He cJielyeT 3aKkaodenne suga A, SP.



104 A.B. KonrkoBa

11 ®durypa

IIpu paccmorpenun BTOpoii (DUrYpPbI, aHAJOIMYHO HEPBOH durype, ObLIN
BBIJIEJIEHBI U JIOKA3aHBbI [IPABUJIbHBIE MOJIYCHI U IPUBEJIEHBI KOHTPMOJIEIN JJIsT
HEIPABUJILHDIX.

K unciy npaBuibHbix MogycoB 1 gueypw, oraocsires: (A1 PM&A3SM) D
A35P, (AQPM&AgSM) D) AgSP, (AgPM&AlsM) D A3SP,
(AsPM&ASM) D A3SP, x HuMm J00aBIJSIFOTCS  €Ile YeThIpe MOJLyca
co ciabbiM 3akiodeHneM, a Takke eme 4: (A1PM&I3SM) DO I3SP,
(AQPM&IgSM) D I3SP, (AgPM&hSM) D I3SP, (AgMP&IQSM) D I3SP,
UX J0Ka3aTeJIbCTBO IIPOBOJAUTCH AHAJOIMYHBIM 00pa30M € IIOMOIILIO 3aKOHa,
[MOAUMHEHNs NI NMHANMEPEHTHBIX BhlcKasbiBanuii A3SM D I3SP.

,ﬂona&'ameeﬂ/bcmso.

1. AJSM = ﬁflsM&—!IQSM (A16)

9. L,SM > —~A3SM (1; JIB)

3. I,SM > —AsSM (1; JIB)

5. (A PM&A3SM) > ~I,SP (4,2, JIB)
6. (A PM&ISP) > L,SM (A6)

7. (AlPM&A3SM) D) —\IQSP (6 3 HB)
8. AgSP = —JlSP&—'IQSP (A16)

9. (AlpM&AgsM) D A3SP (5 7,8; HB)

(2) (AaPM&A3SM) D A3SP nokasplBaeTcst aHAJOTMYHO; BMECTO aKCHOM
(A5) u (A6) ucnonb3ytores (A7) u (AS).

,ﬂo%aaameﬂbcmeo.
(3) (AsPM&ASM) > A3SP

(AlSM&IgPS) D ILPM A6)
ISP > LPS A12)
(ILSP&A1SM) > I, PM 1,3; JIB)

(

(

(

(
LPS > ISP (
(I,SP&ASM) > LPM (2,5; JIB)
(—JlPM&Al;S’M) > -LSP (
(=L PM&A,SM) > ~[,SP (
(—JlPM&—'IQPM&Al‘S’M> D) (—JlSP&—JQSP) (
AgSP = (—JISP&_\IQSP) (

C O XD O W

—
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12. (A3PM&ASM) D A3SP (9,10,11; JIB)
|

(4) (AsPM&A2SM) D A3SP noka3blBaeTCsi aHAJOIHYIHO; BMECTO AKCHOM
(A5) u (A6) ucrosbzyrorest (A7) u (AS).

[TpuBenem momapHo OOIME KOHTPMOIEIH JJIsi MOIYCOB C 0DemMu OOIUMM
HOCBIIKAME U MOZYCOB, TJ€ MEHbIIAs IIOCBLIKA YacTHAs.

Konrpmonenu jyist (Aj PM&A1SM) u (A PM &1 SM) Tabn. 1/1 Tab1.

Konrpmopesnu jyist (A1 PM&A3SM) u (Ay PM& IS M) Tab. 1/1 Tab1.

Tabsmma 10 Tabmra 11
g [1SP un ISP nas I3SP
d(P) = {p1,p2,p3} d(P) = {p1,p2}
d(P)* = {~pi,~pa2,~ p3} d(P)* = {~pi,~p2}
dM) = {p1,p2} dM) = A{pi,p2}
diM)* = {~p1,~ p2} dM)* = {~p1,~p2}
is) = {p1,p2,~ p3} d(S) = {p1,p2,p3}
Tabmmra 12 Tabmmma 13
g [LSP u I3SP g I, SP
ap) = {p1,p2} dP) = A{p1,p2}
dp): = {~p1,~ p2} dP)* = A{~pi,~p2}
dM) = {p1} d(M) = {p1}
dM)* = {~pi} dM) = {~pi}
d(S) = {~ p1,~ p2} d(S) = {~ p1,p2}

Hecmoxuo momobpaTh KOHTPMOIENN W JJIS OCTAJBHBIX KOMOWHAITHN II0-
colioK: Ao PM&A1SM n Ao PM&ILSM; Ao PM&ASSM u AsPM&IsSM;

Bo Bropoit durype, kak u B I[epBO#, HET NPABUILHBIX CUJIJIOTU3MOB
¢ Gosblieil yacTHOHM mnocwLikoil. B komOunanusax nocwuiok: 1 PM&A1SM,
ILiPM&ASM, ILiPM&A3SM, IbPM&ASM, ILbPM&ASSM  n
ILbPM&A3SM 6onbmme noceiku [1PM u IbPM B cuiy 3akoHOB obpa-
mennst (Al12) u (A13) sksusasentel B IL2 dopmynam [1MP u IbMP.
[TosToMy maHHBIE KOMOWHAIIMNA SKBHUBAJIEHTHBI ciemytonmuMm: [oPM&A1SM,
IbPM&AsSM, IbPM&A3SM, ipu paccMOTPEHUY NIEPBOI (PUTYPBI MBI ITOKa-
3a/Ii, 9TO IPABUJIbHBIE 3aKJOUEHUs] U3 HUX HEBBIBOAUMEBIL. [l KoMOMHAIMIA
IIOCBLIIOK JIEIKO IPUBECTH KOHTPMOIEIN AHAJIOTMYIHO TOMY, KAK MBI JEJIAJIM 3TO
paHbIIIE.
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O6ocunosanue rtesuca I, PM&I,,SM ¥ I1,SP coBeplIeHHO aHAJIOIMYHO
TOMY, KOTOPOE OBLJIO TIPEJCTABICHO BBIIIE JJIsI CJydasi IBYX YaCTHBIX MOCBLIOK
B [ ¢ueype. Takum oOpazom, m3 JABYX YACTHBIX TOCBLIOK B CHJLIOTH3MAX
II gueypor He cieayeT HUKaKoe 3akjaodenue Buja [, SP. A B cumy 3akoHOB
[IOTYMHEHHUsI U3 HUX He CJIeyeT 3ak/iodenne Buga A, SP.

11T ®urypa

[Ipu paccmorpenun Tperbeil pUryphl KaK U B IPOILLILIX ABYX ObLI IIPOBE-
J€H aHaJINn3 BCEX BO3SMOZKHDBIX BapI/IaL[I/IfI MOIAYCOB, BCJIEJCTBUE Y€Ir'O0 BbIABJICHDBI
n JOKa3aHbl IIPaBUJILHBIC CHUJIJIOTU3MBbI, WU IIPEACTaBJICHBI OIIPOBEPZXKCHUA JIJIsd
TEeX KOM6I/IH8,H,I/HU/I IIOCBLJIOK, 9TO HE€ Mal0T IIPAaBUJIbHOI'O 3aKJ/IIOYECHUAI.

Hamu JOKa3aHO, 9TO B ,ILa;HHOI';I d)Hpre IPpaBUJIBHBIMHU OKa3bIBalOTCA CJIEAY-
omye CUJIJIOI'M3MbI:
(AlMP&AlMS) O 11 SP; (AlMP&AQMS) D [LSP;
(AQMP&AIMS) D) IQSP; (AQMP&AQMS) D) IlsP;
(AgMP&AlMS) D I3SP; (AgMP&AlMS) > L SP.

,ﬂ-O’KJG,BG,mEJL’bC’n’T,GO.

(1) (AiMP&AMS) > I, SP (2) (A;MP&AMS) D I,SP
1. (AAMP&IL,SM) > ISP (A5) 1. (A MP&ILSM) > ISP (A6)
2. LMSD>LSM (A12) 2. L,MS D> LSM (A13)
3. AMS>LMS (Al4) 3. AsMS > ILMS (A15)
4. (A MP&A,MS) > ISP (1,2,3) 4. (A MP&A;MS) S ISP (1,2,3)

Cuwnorusmer (3) (AoMP&AIMS) D ISP u (4) (AaMP&ASMS) D ISP

JIETKO JIOKa3aTh ¢ ucnosb3oBanneM (A7) u (A8) coorBeTcTBEHHO.

ﬂo%aaameﬂ/bcmeo.
(5) (AgMP&AlMS) D I3SP
1. (AlSP&IlMS) >LMP (A5)
3. AAMS>I1MS (A14)
4. (—JlMP&AlMS) D —-ASP (1,3; HB)
5. (—\IQMP&AlMS) D —AsSP (2,3; ﬂB)
6. (-1 MP&—ILMP&AMS) S (~A,SP&—A35P)  (4,5; JIB)
7. A3MP = (~I; MP&—I,MP) (A16)
8. IgSP = (‘!AlsP&—\AQSP) (A17)
9. (AsMP&AIMS) > I3SP (6,7,8; JIB)
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Cumormam (6) (AsMP&A;MS) O I3SP 1oKka3bIBaeTCs aHATOTHIHBIM 00-
pasom ¢ ucnosb3oBarneM (A6), (A8) u (Al5).

K Hum j06aBiisitoTest erie 4eTbipe CU/IOTH3Ma, OJ1aroiapst IPUMEHEHUIO 3a-
KOHa oOpallieHust JIIsl MeHbIIell nocelIky B akcuoMax (Ab), (A6), (A7) u (A8):
(AlMP&IlMS) O 11 SP; (AlMP&IQMS) D ILSP; (AQMP&IlMS) D ILSP;
(AoM P&IoMS) D I[1SP. A takxke eme jBa Mojyca 6arogapsi IpUMEHEHUTO
cHavaJIa 3aKOHA ODOpAIEHUsi, a 3aTeM 3aKOHA IOJMUHEHUs JJI MeHbIeH Io-
coutku: (AsM P&IoMS) D IsSP u (AsMP&IIMS) D I3SP.

Kpowme Toro, B I1I Queype nosiBaAsIETCS MIECTb TPABUJIBHBIX MOIYCOB € D0JIb-
el YaCTHOM ITOCBLJIKOI:

(IlMP&AlMS) > L SP; (IlMP&AQMS) D [LSP;
(IQMP&AlMS) D) IQSP; (IQMP&AQMS) D) [1SP;
(IgMP&AlMS) D I3SPu (IgMP&AQMS) D I3SP.

,ﬂo%aaameﬂbcmeo.
(1) (LMP&AMS) > ISP (2) (LMP&A;MS) S [,SP
1. (A\MS&LPM) > L PS (A5) 1. (A;MS&LPM) > LPS (AT)
2. LMP>LPM (A12) 2 ILWMP>ILPM (A12)
4. (LMP&AMS) > ISP (12,3) 4. (LMP&ASMS) S LSP (1,2,3)

(IoMP&AIMS) D ISP u (IoMP&AsMS) D 11 SP 10Ka3bIBaloTCsl 110 aHa-
qoruu ¢ ucrnob3zobanueM (A6) u (A8).

W3 ocranbubx Tpex KoMOuHanuii nocoliok Ay M P& AsM S, AsM P& AsM S
u AsM P& As M S Heb3si BBIBECTH HYKHOT'O 3aKJIFOUEHUSI.

Yrobbl 000CHOBATH 3TO yTBEPXKJIEHUE, OTMETUM, UTO ITU KOMOWHAIINM,
B cmty umeromerocss B IL2 3akona obpamenus (A3SP = A3PS), sxkBuBa-
senTHbl caeaytomum: (A1 M P&AsSM), (AsM P& A3SM) u (AsM P&A3SM).
A g mociaemnumx Tpex KOMOMHAIME Hy>KHbIE KOHTPMOMEIN € WCTUHHBIMA
[IOCBIKAMHU M JIOKHBIMU 3akK/oueHusaMu Buga [,SP y:Ke IOCTPOEHLI IIPH
paccmorpenun I ¢ueypu. B cuny 3akonoB mogumbenust Ap,SP O I,SP stn
KOMOMHAIINN IOCBLIOK TOXKE JAIOT JIOXKHOE 3aKJII0UEHHE.

IV ®urypa

Hamomunm, uro paccmorpenue IV dueypvr ABsieTcst 00sI3aTEIbHBIM JIJIsT
[IOCTPOEHUSI ITOJIHOM CUJIJIOTUCTUYIECKON Teoprur. BhlIn BBISIBIEHBI BOCEMb IIpa-
BUJIbHBIX CHJLJIOTM3MOB € OOeMMH OOIIUMM IOCBLIKaMM, JABa UHIubepeHT-
HBIX MOjJyca ¢ MeHbIueli 4actHoil nocwuikoii: (AsPM&ILIMS) D I3SP u
(AsPM&I;MS) D I3SP, a Takye 4deTbipe Mojyca B OOJIbIIel 4acTHOM 1o-
CBLITKOW:
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Cusnormamer: (A PM&AIMS) D 1SP; (AiPM&AIMS) D I:SP;
(AoPM&AIMS) D I,SP; (AaPM& A M S) D I1.SP Jjierko JoKasyembl U3 CHJl-
aoruamoB I gpueypv ¢ momorpio akcuom (A12), (A13) u (Al4). U3 uux, B cBOIO
ouepesb ¢ MOMOIILIO 3aKOHA HMOAYMHEHMs JI0KA3yeMbl CHUJLIOTU3MBI C 0OJIb-
meii gactHOi nocwlikoit: ([ PM&A1MS) D I1SP; (IaPM&AIMS) D ISP,
(LPM&ASMS) D IoSP; (IaPM&AMS) D I1SP. Kpome toro, B I dhueype
JIOKa3yeMbl CUJLJIOTU3MBI C JBYMsI OOIIMMU IIOCBLIKAMHU, TJe MEHbIIas sIBJIser-
ca unguddepentnoii: (A PM&AsMS) D A3SP; (AaPM&AsMS) D AsSP.

[IpuBesnem moKa3aTEIHLCTBO:

Jloxazameavbcmeo.

3. LSM>IL[{MS (Al?)

4. IL,SM D> IL,MS (A12)

5. (AL PM&ISP) > I MS (1,3)

6. (A PM&LSP) > LMS (2,4)

7. (AlpM&ﬂI1MS) > -1 SP (5, HB)

8. (AlpM&—\IQMS) O =SSP (6, JIB )

9. (AlpM&ﬂflMS&—'IQMS) D) (ﬂllSP&—'IQSP) (7,8 JIB )

11. A3PM = (~[; PM&—I,PM) (A )

12. (A PM&A3MS) > A3SP (9,10,11; JIB)

Kombunanust (AaPM&AsMS) D A3SP nokasbiBaeTcsi aHAJOTUIHO C TIO-
Morbio 3amenbl akcnoM (A5) u (A6) Ha (A7) u (A8) u TakKe Jjaer 3aK/IIOYEHIE
A3SP.

Custormamer: (AsPM&AIMS) D I3SP; (AsPM&I1MS) D I3SP no-
ayqatorest u3 custornamos Mindalin (AsM P&A1SM) D A3SP u Kindirinp
(AsMP&I1SM) D I3SP I Queyps. ¢ MOMOIIBIO 3aKOHA OOpAIEHUsT JJist 00~
mux UHAUGOEPEHTHLIX BLICKA3LIBAHNN, & TaKKe 3aKOHOB IOJYUHEHUS U 00-
pamennst. Cusnornsmol (AsPM&AaMS) D I3SP u (AsPM&I2MS) D I3SP
JIOKA3BIBAIOTCS AHAJIOTUYHO.

N3 koMOuHAIINY TOCBLIOK C ABYyMsT HHAN(M(MEPEHTHBIME CY K ICHUSTMEI HEJTb-
35 IOJIyYUTD PABUILHLIA cutorusM. Panee B I huzype Mbl 060CHOBAIN HEBO3-
MOXKHOCTb IIPABUJIBHOTO MOJyca W3 KoMOumHanuu mocbliok AsM P& A3SM,
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TaK KakK 3Ta KOMOWHAIMS IIOCBIIOK B CHJIY 3aKOHA OOpallleHusl s WH-
nuddepeHTHRIX BhICKa3biBauuii sKkBuBasienTa As PM&AsMS, To u u3z sroi
KOMOMHAIINHI TIOCBLIOK HeJIb3sI BBIBECTH MPaBUIbHOE 3akKiatodeHne. KomOuHa-
uust nocbioK AsPM&IsMS B cBoio ouepenn sksupaientna AsM P&I3SM
nepBoit duryper, a IsPM&A3MS sksuBanentna IsM P&A3SM 6aaroma-
ps 3aKoHAM OOpallleHusl U MOXYUHEHHs I UHINPQEPEHTHLIX BbICKA3bI-
BaHMiI, a 3HAYUT TOXKE HE JAI0T HPaBUILHOIO 3akKjiodeHus. V3 KoMOMHa-
unii noculiok AiPM&IZMS, AyPM&IsMS, A\PM&IsMS, AsPM&I; M S,
AsPM&IsMS, AsPM&IsMS u A3PM&I3M S Helb3st BHIBECTH 3aKJII0YCHUE
suna A, SP u I,SP. Takxe He Jal0T IPABUJILHOIO 3aK/II0YEHN 1 KOMOMHAIIMI

ITOCBLJIOK IlpM&AgMS, IgPM&AgMS, I3PM&A1MS, IgPM&AQMS

5. 3akJroyenue

B crarbe MBI Bocpon3sBesin Hallle J0KA3aTEILCTBO 3aKOHOB, IIPUHIMAEMbIX
B JaHHOM BapuanTe BoobpakaeMoil JIOTMKH, TOKa3aJ/ii, KaK OIPOBEPraioTCs
HEIPaBUJIbHBIE CHJUIOMM3MBI U JIOKA3aJIu cJiejyomue npasuibabie [[lapdenosa,

2019):

B I gueype 12 npaBUIbHBIX CUJLIOIT3MOB.

(A5MP&A18M) D A3SP 9. (AgMP&AQSM) D A3SP
(AlMP&IQSM) > ILSP 11. (AgMP&hSM) D I3SP
(A2MP&115’M) O ILSP 12. (AgMP&IQSM) D I3SP

A e

Bo II ¢ueype 12 mpaBUIBHBIX CHJIJIOTU3MOB.

1. (A PM&A3SM) > A3SP 7. (AsPM&A3SM) > A3SP
3. (AIPM&A3SM) > ISP 9. (AsPM&A3SM) > [;SP
4. (AgPM&AlsM) D I3SP 10. (AgPM&AQSM) D I3SP
6. (AsPM&LL,SM) > I3SP 12. (A3sPM&I,SM) > I3SP

B III ¢pueype 18 npaBUJIbHBIX CUJJIOTA3MOB.

(AlMP&AQMS) > LSP 11. (AgMP&AlMS) D I3S5P
(AQMP&AlMS) O LSP 12 (AgMP&AQMS) D I3SP

W=
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8. (LMP&AsMS) > L,SP 17. (IzMP&AMS) > ISP

B IV ¢dueype 14 npaBUIbHBIX CHJLIOIT3MOB.

3. (AgPM&AlMS) D I3SP 7. (AgPM&AQMS) D I3SP
9. (AsPM&IMS) > ISP 10. (AsPM&IMS) > ISP
13. (IlPM&AQMS) D) IQSP 14. (IQPM&AlMS) D) IQSP

B manbmreiimem npemnosiaraercss ¢hopMyJInpPOBATE [0 aHAJIOTHHA C TPau-
[IMOHHON CHUJIJIOTHCTUKON TaKyIO0 CHCTEMY IIPABUJI, KOTOPOW ObI YIOBJIETBOPSLI
KaXKJIplii TPABUJIbHBIN cujioru3m Boobparkaemoit jioruku-2, a Jioboil Herpa-
BUJIbHBIM B 9TOIl TEOpUU CHUJIJIOTH3M HE VIOBJETBOPsJ Obl 10 KpafiHeir mepe
OJHOMY M3 3TUX IIPaBUJL.
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Abstract: Known logical system N.A. Vasiliev, who is one of the founders of modern non-
classical logic, is Imaginary (non-Aristotelian) logic. The deductive system proposed by him
is a special type of syllogistic, the language of which, along with the forms of affirmative and
negative judgments, contain the forms of contradictory (indifferent) judgments. The latter
are the judgments of a new quality and contain a bundle of “is and is not at the same time”.
The article is devoted to the presentation of the results of the study of one of the alternative
“Imaginary logic” Nikolai Alexandrovich Vasiliev. This alternative “Imaginary Logos” differs
not only from the traditional syllogistic, but also from the basic version. Here, each term of
a categorical statement is associated not with a set of individuals, but with a set of symbols,
and syllogistic constants are considered as denoting intentional relations between concepts.
The study assumed the consideration of this version of imaginary logic as a syllogistic theory,
and was carried out on the basis of a system built for this logic V.LMarkin and D.V. Zaitsev.
The article briefly outlines the system of Imaginary Logic-2, proved the laws: the laws of
identity, the laws of opposites, the laws of subordination, the laws of inversion and the laws
of the excluded fourth, adopted in this logic. Further, all four figures of syllogisms are
considered sequentially. In each figure, all possible combinations of parcel (36 combinations,
for each figure) with all possible conclusions (six possible conclusions, for each combination
of packages) are considered. Proof of the correct syllogisms of each figure was made, as well
as examples of possible counterfors to refute all the wrong modes.

The result of the work are proven laws and all possible, proven modes in this system, as
well as a further direction of research is outlined, the question is raised of the possibility of
formulating general rules of syllogistics for all four figures in this version of “Imaginary Logic”.
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Amnnoranus: B crarbe passuBaercs npezyoxkenubiit B.J. [Ilasakom opurnHaIbHBIN TOAXO,
K ITOCTPOEHUIO aI€KBATHBIX CEMAHTHK JJIs1 PA3JIMIHBIX CACTEM CHJIJIOTUCTHUKHU. Ero cyTsh co-
CTOUT B TOM, 4TO CyO'beKTAM U IPEJUKATAM KATErOPUIECKUX BBICKA3BIBAHUN CONOCTABIIAIOTCS
B KadecTBe 3HAUYEHUN (POPMYJIbI SI3bIKa MPOIIO3UIMOHAJILHON JIOTUKH, & CAMU 9TU BBICKA3bIBa-
HUSI HHTEPIPETUPYIOTCS € UCIOJIH30BAHNEM OTHOIIEHNUS JIOTHIECKOTo ciaefoBanust. CeMaHTHKA
JAHHOIO THIIA CTPOUTCS JJIsl JIOTUKH KitaccoB [Ik. Benna — cusutorucruku ¢ HeCTaHIapTHBIM
HaBGOPOM MCXOIHBIX IIPOCTHIX BBICKa3biBaumii: «Bce S ectb Bce Py (SaaP), «Bce S ecTb HeKO-
topeie P» (SaiP), «Hekoropse S ects Bce P» (SiaP), «Hekoropbie S ectb HekoTOpble P>
(StiP), «Hu oguu S ue ectb P» (SeP). Kax/ioMy U3 HUX COOTBETCTBYET OJIHA U3 IISATH KPY-
roBBIX puarpamm ditepa. CyuiecTByIoT 1Be hopMaIM3aiyy CUILUIOTICTUKY BeHHa ¢ JaHHbIM
HaABGOPOM MCXOJHBIX KOHCTAHT: JIOTHKA OTHOIIEHUI MEKJTy TIPOU3BOJIbHBIMA KJIacCaMu (CHCTe-
ma CPV) u Jsioruka orHOLIeHH Mexy HermycrbiMu Kiaccamu (cucrema C4V). Crauasa
cemantuka B crmie B.U. [lanaka dopmynupyercs miist cucrembl C®V. Snadenusamu obImx
TEPMUHOB B Hell sIBJIAIOTCS JIIOObIE IIPOIO3UIINOHAIbHDBIE HOpMyIbl. Saa P 3HadMnMa, €.T.€. 3Ha-
genus S u P caenyror apyr us apyra; SaiP 3HaduumMa, e.T.e. u3 3Ha4eHus S cjejayer 3HaAYeHne
P, 1o He HaobopoT; Sia P 3Ha4uMa, e.T.e. n3 3HaveHust P cienyer 3nadenue S, HO He HAOOOPOT;
SeP 3naumMma, e.T.e. U3 3HAUYEeHUs S CleAyeT OTpullanme 3HadeHus P; SiiP 3naumma, e.T.e.
3uavenus S u P He cieayoT Apyr u3 Jpyra ¥ U3 IEpBOrO HE CJIEAyeT OTPHUIAHUE BTOPOrO.
B cemanTuke juist C4V 3naveHussMu 00X TEPMUHOB SIBJISIIOTCSI TOJIBKO BBIIIOJIHUMBIE IIPOITO-
surponabHble popMysibl. Jloka3biBaloTCs MeTaTeopeMbl 00 aIeKBATHOCTH JTAHHBIX CEMAHTUK
ucuuciieaussMm CP®V u C4V. [lanee, cemantuka st CPV momudunupyercs 3a cIeT 3amMe-
HBI KJIACCHYIECKOIO CJIeJIOBAHMS HA PEJIEBAHTHOE B OIPEJIEJIEHNN 3HAYMMOCTH dJIEMEHTapPHBIX
cutoructuieckux dopmyit. Crpourcs ucancierane MCDV | akcnomaTu3upyroinee Kiace 3a-
KOHOB «PeJIEBAaHTU3UPOBAHHOIO» BapUaHTa CHJUIOIMCTHKY Benna. B 3akiiouenne npoBogurcst
CpaBHEHME BCEX IIPEJJIOXKEHHBIX CHCTEM II0 UX JeIyKTHUBHON CHIIE.
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1. HMuarencuoHajbHas nHTeplperanmud CTaHJapTHbIX CHUCTEM
IO3UTUBHOI CUJIJIOTUCTUKU

B tpagunuonHoit M cOBpeMeHHOMN JIOTHMKE JOMHUHUPYET Cyrybo 9KCTEHCHO-
HAJILHOE TIOHUMAaHUe CUJIJIOTUCTUKY KAK JIOTUIECKOH TeOPUH, KOTOPast BBIIEJISIET
3aKOHBI U CIIOCOOBI KOPPEKTHBIX PACCYKICHUI, OA3UPYIONTHEcs Ha, OTHOIIEHNU-
SIX MEXKJIy MHOXKECTBAMU WHJMBHUIOB. [Ipu Takoil TpaKTOBKE 3TH MHOXKECTBA
BBICTYIIAIOT B KaYeCTBe 3HAUYEHUl 0OIuX TepMUHOB (CyOBEKTOB U IIPEIMKATOB
KATEropruyeCKUX BbICKA3bIBAHMUIA), & CUJJIOTUCTUIECKIE KOHCTAHTBI PACCMaTPU-
BAIOTCSl KAK 3HAKU PA3JMYHBIX OTHOIIEHU MEXK/Iy JIBYMsl MHOXKeCTBaMU (00b-
emamu nousTuii). Hanpumep, B dyHIaMeHTAIBHO CHIOTHCTUKE KOHCTAHTA @
peIpe3eHTUPyeT OTHOIIEHNE TEOPETUKO-MHOYXKECTBEHHOI'O BKJIFOUEHUST 0ObheMa
cybbekTa B 00beM IIpenKaTa, KOHCTAHTA ¢ — OTHOIIeHHnEe 00beMHON COBMECTH-
MOCTH CyObeKTa U TpejnKaTa (Haaumaue oOIHuX 3JIEMEHTOB y COOTBETCTBYIOIIUX
MHOYKECTB) U T.I.

YucTelil MO3UTUBHEIL BapHAHT!' (DyHIAMEHTAILHON CH/LIOIMCTHKH AKCHO-
marusupyer ucancienne C® [Bouapos, Mapkun, 2010, c. 66—67|, ne/ykTuBHO
skpuBaJsienTHoe cucreme Jxk. [Iledepscona |[Shepherdson, 1956]. Cxemamu ax-
cuom C® apistioTcs:

AQ. TaBToyloruu KJIacCUIeCKOW JIOTUKN BBICKA3bIBAHMUIT;
Al. (MaP A SaM) D SaP;
A2. (MeP N SaM) D SeP;
A3. SeP D PeS,
A4. SaS,
A5. SiP D 5iS;
A6. SoP D SiS,
A7. SeP = -SiP;
A8. SoP = ~SaP.
Emuncrsennoe npasuiio seiBoga B CP® — modus ponens.

! SI3bIK YECTOl HOBUTHBHOI CHILIOTHCTHKY COAEPIKUT TOJIBKO OIMH THII HEJIOTHIECKHIX CHM-
BOJIOB — IIPOCTBIE OOIIM€ TEPMUHBI, B HEM OTCYTCTBYIOT CHHIYJISIPHBIE TEPMUHBI 1 TEDMUHO-
o6pasyrolye OnepaTophl.
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B Tom ke camom si3bike cPOPMYJIMPOBAH IIEJIBbIA CIHEKTD JIOTHYECKUX CH-
CTeM, KOTOPbIe OTJIMYAIOTC JIPYT OT APYTra KJIacCaMU BLIJIEJIAEMbIX B HIX 3aKO-
noB. HamboJtee m3BeCTHON CHCTEMON YKA3aHHOTO THUIIA SIBJISETCS CUJIJIOTUCTHKA,
A. Jlykacesuua [J/Iykacesuu, 1959, dopmanusyomas TpajulOHHYIO BEPCHUIO
YUCTON MO3UTUBHOM CHILIOrUCTUKA. C CEMAHTUIECKON TOUKHU 3PEHMUs], CUILIIOIU-
CTHYeCKNe KOHCTAHTHI PENPE3eHTUPYIOT 37eCh Te YK€ CaMble OTHOIIEHUS MeXK-
Iy MHOYKECTBAMU, YTO U B (PYHIAMEHTAJILHON CHUJJIOTUCTUKE, OJIHAKO OOIIUM
TepMUHAM B KadecTBe 3HAUEHUIl COIOCTABJISIOTCS HE ITPOW3BOJIbHBIE, & JIUITh
Henycmole MHOYKECTBA UHIUBUJIOB.

Ncuncnenne, neyKTUBHO SKBUBAJEHTHOe cHIorucTuke JIykaceBmda, Mo-
ket 6bITh noJiydeHo u3 CP mobaBjieHuEM HOBOI CXeMbl AKCHOM

A9. SaP D SiP.
Cnenyst B.A. CymuprOBy, OyeM HasbiBaTh gaHHOe ncuucjerne C4.

Memnee n3BecTeH B HICTOPUU JIOTMKHU UHOI, A IbTEPHATUBHBIN 9KCTEHCHOHAb-
HOMY TIOIXOM K TpakToBKe cujaoructuku. . Jleiibuur B «HoBbix ombiTax o 4e-
JIOBEYECKOM Pa3yMEHHUHU» IOCTABUJ 3aJady OOOCHOBAHUs YUIEHUS] O CHJIJIOTH3-
M€ B MHTEHCUOHAJIBHOM KJIOYE. CI/LH.HO1—‘I/ICTI/IKa7 II0 €ro MHEHHUIO, MO2KET pac-
CMaTpPUBAThCA KAaK TEOPHUsl, OCHOBAHHAA HA OTHOIIEHHUSX MEXK/Y IOHSITHUSIMHI
no codeporcaruro, a He 1o obbemy. Torma, ¢ oOMIUME TEPMIHAMEI CBIA3BIBAIOTCS
He MHOXKeCTBA WHANBHUIOB, & COACPIKAHNS MOHATHUI, TOHNMAaEMble KaK COBOKYTI-
HOCTH NPU3Haxo8 UHANBUIOB. V3 mpuBoguMbix JIefiOHUIIEM IPUMEPOB BHJIHO,
9TO B COJIEPKAHUS MOHSTHII MOI'YT BXOIUTH KAaK IOJIOKUTEJbHBIE ITPU3HAKU
(oHM yKa3bIBAIOT HA HAJIMYKME CBOMCTBA y IPEIMETOB), TaK U OTPHUIATEIbHBIE
npusHaku (puKcupyromme oTCyTCTBIe CBOMCTBA y IPEJIMETOB).

IIpu TaxoM Mmoaxoie CUIIOTHCTUIECKHE KOHCTAHTHI PACCMATPUBAIOTCI KaK
3HaKM OTHONIEHU Me}Kr[[y COoMepPzKaHuAMU ABYX IIOHSITHUI: OIHO N3 HUX CBA3aHO
¢ CyObEKTOM KATErOPHMYECKOI'0 BBICKA3BIBAHUSI, & JIPYroe C €ro IPeIuKaTOM.
HOI/ICKy a,ZLeKBaTHOI';'I naTrepruperanuu CUJIJIOTUCTUYICCKUX KOHCTaHT ITOCBAIICHA
pabora Jleiibauma «Daements ucauciaenusy |Jleinbnum, 1982, 1. 3, ¢. 514-523].

KOHCTaHTa a TpaKTyeTCH KaK 3HaK OTHOIIECHU:d BKJIIOYCHUA COJCP2KaHNA
peuKaTa B cofepKanne cyobekTa. Takas TpaKTOBKA IPSIMO BBITEKAET U3 3a-
KOHa 0OPATHOIO OTHOIIEHUS MEXKJIy COJepKaHuAMU 1 oObeMamu nouaTuii. Ta-
KUM 00pa30oM, BbICKa3biBaHue (popMbl SaP MCTUHHO, €CTM U TOJBKO €CJIN CO-
Jep:KaHue ero cyobekTa S BKIIIOYAET B cebsl BCe NMPU3HAKU U3 COIMEPIKAHMS
npenukara P. IMeHHO B JaHHOM CMBIC/IE OOIIEyTBEPANTEILHOE CYXKIEHNE €CTh
MBICJIb O TOM, YTO IPEAUKAT CONEPKUTCS B CyObEKTe.

st 9aCcTHOYTBEPAUTE/IbHBIX BBICKA3BIBAHUN, COMEPXKAIINX CUJITOTUCTHAIE-
CKYIO KOHCTAHTY %, JIeMOHUII TPeJIOXKIIT CJIEIYIONIYIO NHTEPIPETAIIAIO: TIPE/In-
KaT B 9TOM CJIydae MOXKET, HO He 00sI3aH COJEePKAThCsT B CYO'bEKTe, JIOCTATOIHO,
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ITOOBI OH COEPIKATICS B KAKOM-TO 8ude CyOheKTa, TPUIeM MO 6UdJOM TMEETCsT
B BU/y TIOHATHE, Oojiee boratoe, ueM CyObeKT, 110 COJAEPKAHUIO. 3eCh, IPABIA,
Ccpa3y BO3HUKAET BOIIPOC, & He IMPUBOJINT JIM TaKasl WHTepIIpeTaIis BhICKA3bI-
BaHuit Buma SiP K ToMy, 94T0 Jito00€e U3 HUX OKAa3bIBAETCsl UCTUHHBIM. [leficTBu-
TeJIbHO, €CJIU J0DABUTH K COIEPXKAHWUIO S BCe NMPU3HAKHU U3 cojiepKaHust P, To
MBI KaK Pa3 U MOJIyIUM UCKOMBIN BUJI CyObEKTa, B KOTOPOM COJEPIKUTCS TIPEJTU-
kat. Cys o Becemy, JIefibHUIT He cauTas, 9TO JII000e 00beIUHEHNE COJIEPIKAHUI
JBYX MOHSATUI JIA€T COJepKAaHUe HOBOTO IOHATHSA. Kcjim OJIHO TOHATHE CONEp-
JKUT TIOJIOKUTEIBHBI pU3Hak «00/aaTh (HEKUM) CBOHCTBOM», a JIpyroe —
[IPOTHBOPEYAIIHI €My OTPHUIIATEIHHBII IPU3HAK «He 001a1aTh (TeM Ke CAMBIM)
CBOHICTBOM», TO B Pe3yJibTare 00beINHEHUs COIEPKAHUIN IOy IAeTCsI TPOTUBO-
peuanBoe noHsaTHe. [loaTomy, 9T00bI N36€KATH CUTYAIINH, IIPU KOTOPOI BCe 9acT-
HOYTBEDJUTE/IbHBIE CYKJEHUSI UCTUHHBI, JOCTATOYHO HPUHSTH HPEIIOCHLIKY
0 MENPOMUBOPEUUBOCTNU, TIOHATHI (00 OTCYTCTBUM B WX COJICPKAHUAX IIPOTH-
BOpEUAIUX JIPYT JAPYTY NPU3HAKOB). Ecau uckimounth usz cdepbl paccmMorpe-
HUsI TIOHSITUSI C IIPOTUBOPEYIUBBIM COJEPXKAHIEM, TO JIESHOHUIIEBCKAsT TPAKTOBKA
KOHCTAHTHI § 9KBUBAJICHTHA CJICJIYIONIEN: BhICKa3biBaHue hopMbl St P ucTuHHO,
€CJIM U TOJIBKO €CJI He CYyIEeCTBYeT IMPOTUBOPEUAINNX APYT APYTy IMPU3HAKOB,
OJIUH U3 KOTOPBIX BXOJIUT B cojiepkanue S, a Apyroil B comepxkanue P.

B.1. Mapkun [Mapkus, 2001| mocrponst hopMasbHYI0 CEMAaHTHKY /IS S3bI-
Ka IIO3UTUBHOW CHJJIOTUCTUKHU, B KOTOPOH OOIIUM TE€PMUHAM B KadecTBe 3Ha-
YeHUIi COMOCTABJIAIOTCST HEIYCThIe U HEPOTUBOPEUYNBbIE (B YKA3AHHOM BBIIIE
CMBICJIE) COBOKYIIHOCTH TIOJIOXKUTEIbHBIX U OTPUIIATEIbHBIX IPU3HAKOB, a yCJI0-
BUsI HCTUHHOCTU aToMapHbIX (opmyi SaP u SiP (a TakyKe NpOTHBOPEYAIINX
uM bopmyn SoP u SeP) cOOTBETCTBYIOT JICHOHUIIEBCKON TPAKTOBKE KATEIOPHU-
YeCKUX BBICKA3bIBAHUI. BBLIO YCTAHOBJIEHO, UTO KJIACC ODIIE3HAYUMBIX B 3TOMN
ceMaHTHKe (pOpPMYJI COBIIAJAET ¢ MHOXKECTBOM TeopeM ucuucjienns C4.

B pa6ore [Mapkun, 2002| 6bL1 HOCTABJIEH BOIPOC, KAK U3MEHUTCS MHO-
JKECTBO 3aKOHOB CHJIJIOTUCTHKM, €CJIU OTKA3aThCS OT IMPEIIOCBLIKA O HEIpo-
TUBOPEYUBOCTH COJIEPKAHUI MOHATHUHN, NPUIUCHIBAEMBIX B WHTEHCHOHAJLHOM
CEMAHTHUKe ODOIUM TEePMUHAM, COXPAHUB IPU 3TOM YCJOBUSI UCTUHHOCTU (HOP-
MyJst: SaP uCTHUHHO, €CJIM U TOJBKO €CJIA COBOKYIIHOCTDH IIPU3HAKOB, COIIOCTAB-
JieHHas1 P, BKJIIOUAETCsl B COBOKYITHOCTH IIPU3HAKOB, COMOCTaBIeHHYIO S; SiP
UCTUHHO, €CJIU W TOJLKO €CJIM MHOYKECTBa, TPU3HAKOB, COTIOCTABIeHHbIe S 1 P,
HE COJIEpYKAT TPOTUBOPEYAIUX APYT APYTry npusHakoB. OKa3a/i0ck, 9TO HE BCe
TeopeMbl dbyHamenTaabHOol cuitornctuku C® (a Tem Gosiee, He Bce T€OPEMbI
C4) obrme3HaunMbl B MOJAUMUIMPOBAHHON YKA3aHHBIM CIIOCOOOM CeMaHTUKE.
Kitace obmesnaunmvbix dopmysa (mpu jomyiierun B cdepy paccMOTPeHUst
HOHSITUII ¢ TPOTUBOPEUNBBIMU COJIEPYKAHUSIMHI) aKCHOMATH3UPYET UCUUCICHUE
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NCP, xoropoe nosyaaercss n3 CP 3a cuer oTOpaChIBAHUS aKCHOMHBIX CXEM

A5 (SiP > SiS) 1 A6 (SoP > SiS).

OpuruHaJbHBIN TOIX0J] K MOCTPOEHUIO CEMAHTUK JIJIsi CUCTEM TO3UTUBHON
cusutoructuku 6611 chopmysuposan B.U. Hlanakom [[lasnak, 2015]|. On npes-
JIOXKWJI COTIOCTABJISTH B KA4eCTBE 3HAYEHMI OOIUM TEPMHUHAM SI3bIKA, CHJLIO-
TUCTUKH (DOPMYJIbI SA3BIKA KJIACCUIECKOI MPOIIO3UITMOHATIBHON JIOTUKHU, a CHUJI-
JIOTHCTUYECKNE KOHCTAHTHI MHTEPIPETUPOBATH C UCIIOJb30BAHUEM OTHOIICHUS
BBIBOJUMOCTH B KJIACCHIECKOM UCUYHUCJIEHNH BhICKasbiBaHuii. 1o 3Toit npuyanne
OH HA3BaJI CBOIO TPAKTOBKY KATEIOPUYIECKUX BBICKA3BIBAHUN CUHMAKCULECKOU.
Ecyin 3HageHneM TepMuHa S SIBJISIETCST IIPOITO3UITMOHAJIBHAST (POPMYJIa (v, & 3Ha-
genueM P dopmysa 8, To SaP o3nadaer, 9TO U3 @ B KJIACCUYIECKON JIOI'HKE
BBICKa3bIBaHUI BhIBOIMMA 3, a SiP o3Havaer, 9To u3 Hopmysa « u J He BBIBO-
JIIMO POTHBOpeYre (KOHCTAHTA JIOXKHOCTH).

[Tpennoxennyio B.UM. IllanakoM ceMaHTUKYy MOXKHO IepedOopMyIHPOBATD
6e3 yroTpeb/ieHnsl KOHCTAHTBI JIOXKHOCTH U C UCIIOJIHb30BAHUEM BMECTO OTHOIIIE-
HUSI KJIACCUIECKONM BBIBOJMMOCTH €0 CEMAHTUIECKOTO aHAJOTa — OTHOIIEHUS
JIOTWYIECKOTO CJICIOBAHUS (B KJIACCHIECKOll JIOTUKE BBICKA3BIBAHMIA).

[TycTb § — DyHKIMS, COTOCTABIISIONIAST KAXKIOMY 0DIIEMY TepMUHY (hOPMY-
JIy SI3BIKA KJIACCHIECKO JIOTUKHU BBICKA3BIBAHUI, HE COEPIKAIILYIO MHBIX CBA30K
kpome A, V u —. JIJs OleHKN CHJIOTUCTHIECKUX (DOPMYJT IIPU TOI WU UHOA
HHTepIIpeTanuu OOIMUX TEPMHUHOB 3aJ[a€TCsl JIBYXMECTHBI MeTalpeguKar F.
Banuce F(A, ) anraercs Tak: «cusiorucrudeckas dopmysia A 3Hadnma npu
UHTEpIpeTanun o0IuX TepMUHOB d». OupeeaeHne yeaoBuii 3HAYUMOCTH Pop-
MyJI CUJIJIOTUCTHYECKOTO SI3bIKa TaKOBO:

F(SaP,8) & 8(S)E8(P);  F(=A,8) = = F(A,J):;
F(SeP,8) & 8(S) E —~8(P);  F(AAB,5) & F(A,8) A F(B,5),;
F(SiP,6) < 8(S) £ ~6(P);  F(AV B,5) & F(A,8) V F(B,d);
F(SoP,6) < 8(S) ¥ 6(P);  F(AD B,d) & = F(A,8) V F(B,0).

[Tosicaum 310 ompeiesieHne Ha npuMepax. Kcym Tepmuny S hyHKIM § 1pu-
nuceiBaeT hopmyiny g A r, a repmury P dopmyiy ¢ V 7, TO CU/IOTUCTHIECKAs
dopmysta SaP 3HaunMa TIpHU 3TOW MHTEPIPETAINN, TaK KaK U3 IepBOii MMpo-
MTO3UTTHOHABHON (POPMYIIBI JIOTUYECKU CJieyeT BTOopas. Kcau ke Tepmuny S
npunucata qVr, a repmuay P — dopmysia —g A —r, TO CUAIOTHCTIYIeCKast hOop-
Mysa SiP He sBIsieTCsT 3HAYNMOI, TTOCKOJIBKY W3 TEPBOH CJIeIyeT OTpUIaHWEe
BTOPOit. S3HAYMMO [IPU JAHHON MHTEPIPETAIINY OKA3BIBAETCSI IIPOTUBOPEUAIIAST
eit opmysna SeP.

@opmyna A masbiBaercst F-o0mie3naunmoii, e.r.e. F(A, ) npu o060l uH-
TepIpeTanun o0IuX TepMIHOB 0. MHOXKecTBO JF-00Ie3HATNMBIX (hOPMYJI, KaK
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nokazaj B.J. [Manak [[Hasak, 2015|, coBnajaer ¢ MHOXKECTBOM TeOpeM CUJI-
JioructTudeckoro ucancienust CD.

B pycie paszsuBaemoro um moaxosma B. V. [Tlamak mpeyiosKuit TakKe agek-
BATHYIO CEMAHTUKY Jjisi cuiutoructuku Jlykacesuda (cucrembr C4). Ee moxuO
[OJIYINTh, €CJIU OTPAHUIUTH BO3MOYKHBIE 3HAUEHUSI OOIMNX TEPMHUHOB KJIACCH-
YeCKU HEIPOTHBOPEYUBBIMU MTPOIO3UINOHAIBbHBIME (hopmyiamu. VHbIME CIT0-
BaMM, HEOOXO MO BMeCTO (DYHKIHU § (COMOCTABIISIIONIEN 00IIEMY TEPMUHY 10~
6Y10 TPOTIO3UINOHATIBHY IO (hOPMYJTY ) BBECTH B CEMAHTUKY UHTEPIPETUPYIOILYIO
dbynknuio ¢, Koropast KaxkjoMy 00IIeMy TepPMUHY IIPUIIMCHIBACT B KadecTBe
3HAYEHUs] HEKOTOPYIO 8uinoAHumyto dopmysny. HoBblil npeiukaT 3HAYMMOCTH
F'(A, ") onpenensiercs ananornano npegukary F (A, §). Pazauna sums B ToM,
910 DYyHKIMA § B ONPEJIETECHUN TTOCTIEIHETO MEHSIEeTC Ha ¢ .

@opmyia A nasbiBaercsa F'-obmesnaaumoii, e.t.e. F'(A, ") upu moboit un-
Teprperanuy oomux repmunos 8. 1z noxydennoro B. 1. Illaigaxom pesyabTaTa
[[Tanak, 2015 caemyer, aTo MHOKECTBO J'-00IMIE3HAYUMBIX CUJLIOITUCTHIECKUX
dopMyJT paBHO MHOXKeCTBY TeopeM cucreMbl C4.

«CHUHTAKCUYIeCKYI0»  UHTEPIPETAIU0  CUJUIOTHUCTHKH, [PEJJIOKEHHYIO
B.U. IMlanmakom, He cjeayeT HOPOTHBOIOCTABIATH WHTEHCUOHAJIBLHON WHTEp-
nperanuu. Bojiee TOro, MOXXHO CUHMTATH NPEJIOKEHHBIII UM TOJXOM, HO60U
gepcueti THTEHCHOHAJIBHONW CEeMAHTUKU JIjIs CUJIOTHCTUIECKHX cucTeM. [lejo
B TOM, 4YTO HET HUKAKON PA3HUIIBl B IIPUIIUCHIBAHUNA OOIIUM TEPMHUHAM IIPO-
HOBUIMOHAJBHBIX opmyst (¢ V r, ¢ AT, =g A =r ¥ T.I1.) ¥ B IPUIUCHIBAHUK
UM OEeCKBAHTOPHBIX (DOPMYJI OJHOMECTHON JIOTWKH IIPEJIUKATOB C €JIMHCTBEH-
HOit cBOGOIHOI mepemennoii x (mampumep, Q'(z) vV R'(z), Q'(x) A R'(z),
-Q'(x) A =R(z)). C Tem e ycrmexoM, B KadecTBe 3HAYCHHs OOIIEMY Tep-
MUHY MOXKHO COIOCTABJISATh MEPBONOPsIKOBYIO (opmyiny A(x), Koropas
COJIEPXKUT €IMHCTBEHHYIO IEPEMEHHYI0 T U JIUOO SIBJISIETCS aTOMAapHOM, JIbo
peJICTaBjsIeT coboit OyeBy kKoMOuHanuo aroMapubix dopmyi. Ho, corsacuo
E.K. Boitmsmwiino |Boiimsuiio, 1967|, npexukar A(x) kak pa3 u duxcupyer
codeporcanue nonamusa xA(x). Cremyer, KOHEIHO, OTOBOPUTHCSI, ITO TIPU TAKOM
oJIX0/[e He OyJIeT OXBadeH BECh KJIACC MOHSTHUI, HO TeM He MeHee MbI OyjieM
UMEThH JIeJI0 UMEHHO C MOHATUSAMU U UX COIEPKAHUAMH.

B paccMoTpeHHBIX paHee WHTEHCHOHAJBHBIX CeMaHTHKax jisi cucrem C4
u NCD dopmyna SaP wHTEpnpeTnpyeTcss KaK BHIPAXKAIONIAs YTBEPXKICHNE
0 TOM, UTO cojepkaHue P ecTb dacTb cojepxxkanus S. MerayrTBepxKjieHne
«A(z) E B(x)», corslacio BolinBuiio, Tak:ke 0O3HAYAET, YTO COJEpPIKAHUE 0~
uatust ©B(x) ecth yacThb cojepKanus noustust rA(z). 3HauuT, eciu CyGbeKTy
S conocrasiena dbopmysna A(z), a nupemukary P — dopmyna B(x), To «cus-
TakcuIecKasi» UHTeplperanus SaP aHaJormIHa WHTEHCUOHABHOM.
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CxonHast aHaJIOrusl MeK/ly YKa3aHHBIMU HHTEPIDPETAIUSIMI HMEeT MeCTO
U JIst IPYTHX &TOMAPHBIX cuiitorucrudeckux dopmyi. Tax, SeP MOKHO Tpak-
TOBaTh, ¢ MHTCHCHOHAJILHON TOYKN 3DEHHsI, KAK YTBEPXKJIEHUE O JIOTHIECKOMN
HECOBMECTHMOCTH Cojiepxkanuii cybbekra u npeaukara. Ho u npu uxrepnpera-
nuu B.J1. Manaka ycrosue snadunmoctu SeP — «3(S) F =0(P)» — dbukcupyer
MMEHHO 9TO OTHOIIEHUE.

B.U1. Mapkun B |[Mapkun, 2016a] nocraBui BoIpoc 0 TOM, U3MEHUTCSI JIH
KJIACC ODIIE3HAYNMBIX (DOPMYJI, €CJIU B YCAOBUAX 3HAYUMOCTHU 3aMEHUTH OTHO-
IIIeHre KJIACCUIECKOTO CJIEIOBAHUS Ha OTHOIIEHUE PEJIEBAHTHOTO CJIEIOBAHUSI.

Torya cemanTuka BUJIOU3MEHSIETCS CIeIyomuM obpa3oM. BBoauTcs: HOBBIH
[PEJINKAT 3HAYUMOCTU L, KOTOPBINi HA ATOMAPHBIX CUJIOTUCTUIECKIX (POPMY-
JIaX OIIPEJIEJISIETCS TaK:

Z(SaP,8) < 6(S) Ere 0(P);
Z(SeP,8) & 3(S) Fre ~0(P);
Z(SiP,8) < 3(S) ¥ ~0(P);
Z(SoP,8) < 8(S) ¥re 6(P),

rre § — OYHKINsI, COTOCTABJISTIONIAS KaXKI0MY 00IIeMy TepMUHY (hOPMYJTY SI3bI-
Ka KJIaCCUYeCKOH JIOTUKU BI)ICKa:SI)IBaHI/II'?'I7 HE COJAEpPzKalllyl0 MHBIX IIPOIIO3UITU-
OHAJILHBIX CBA30K, KpoMe —, A U V, a «F.q» — cilenoBaHue B pejeBaHTHON
soruke FDE. YcioBus 3HAMUMOCTH CJIOXKHBIX (POPMYJI OCTAIOTCS TPEXKHUMU.

Xopoto BuaHO, UTO oTmydne Z OT paHee UCIOJH30BABINEroCs MPEUKATa
3HAYUMOCTU JF COCTOUT JIMIIb B 3aMEHe KJIaCcCHYecKoro ciejpoanus (F) Ha pe-
aeBanTHOE (Fpep).

Cusutorucruveckasi popmysia A HasbiBaercs Z-o01me3snaanmoii, e.r.e. Z(A, )
[pu JII0O0I MHTEPIpEeTAIuT 0.

Brisicauioch, 9T0 MHOXKECTBO Z-00mIe3HaYnMbIX (POPMYJI HE COBIAIAET
¢ MHOXKECTBOM JF-00IE3HATUMBIX (POPMYJI: IEPBOE CTPOI'O BKJIIOYAETCST BO BTO-
poe. Takum obpazoM, pu 3aMeHe KIACCUIECKOTO CJIEIOBAHUST Ha PEJIEBAHTHOE
B OIPEJIEIEHNN 3HATUMOCTH CUJLIOTUCTUICCKUX (DOPMYJI CEMAHTHUKA, IIEPECTACT
ObITh agekBarHON cusmoructuke C®. Hampumep, 3akoHbBI (yHIAMEHTAILHON
cujutoructuku SiP D S5iS u SoP D SiS #e sapistiorcs Z-00Ie3HAYNMBIMU.

B pa6ore [Mapkun, 2016a] 6b110 10Ka3ano, 910 Kiace Z-o0Ie3HaINMBbIX
dopmyn akcuomarusupyercs: cucremoir MCP.

Hcnonb3oBamne pesleBAaHTHOTO CJIEIOBAHUS TIPU WHTepIpeTanun hopM Ka-
TEropUIECKNX BBICKA3BIBAHUI IIPEJICTABIISIET UHTEPEC UMEHHO B KOHTEKCTE I10-
CTPOeHNUsT MHTEHCHOHAJIBHON ceMaHTuKH cuymoructuku. E. K. Boitmsuiio Heon-
HOKPATHO OTMEPKUBAJI, YTO PEJIEBAHTHOE CJIEIOBAHUE IIPEJICTABIISIET CODOM OT-
HOIIIEHNE M€Ky BBICKA3bIBAHUSIMU N0 UHPOPMAUUL, TT0 UX COAEPIKAHUSIM, B TO
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BpeMs KaK KJIACCUYECKOe CJieloBaHne (DUKCUPYET CBA3b MEXKJLY BbICKA3bIBAHU-
sIM JIUIIE 110 UX 3HadeHusiM. C 9TOi TOYKU 3pPEHUs], PEJIEBAHTHOE CJIeIOBAHUE
MMeeT WHTEHCHOHAJBbHYIO PUPO/LY, a KJIACCHIECKOe — IKCTEHCHOHAIBHYIO.

AnekBarnble cemanTHKE B ayxe B.U. [Ilajaka ¢ ucroib30BaHIEM KaK KJiac-
CHUYIECKOT0, TAK U PEJIEBAHTHOIO CJIEJIOBAHUS MOYXKHO C(OPMYJIMPOBATH HE TOJIb-
KO JUUIsl YIOMSIHYTBIX BBIIIE UCUYUCIEHUN, HO U JJIS JAPYTUX U3BECTHBIX CUCTEM
MMO3UTUBHOHN CUJJIOTUCTUKY, KOTOPbIE (DOPMYJIMPYIOTCS B SA3bIKE CO CTaHIAPT-
HbIM HAOGOPOM CHULJIOTHCTHYECKUX KOHCTaHT {a,e,i,0} (cm. [Mapkun, 2016b)).
O/ iHaKO HpeJICTaBIseT UHTEPEC MOCTPOCHNE NUHTEHCUOHAJBHBIX CEMAHTUK JJIst
CUJIJIOTUCTUK C HeCTaHJJapPTHBIMU CHJIJIOTUCTUYICCKUMU KOHCTaHTaMMU. OILHOfI
W3 TaKUX TEOPU ABJIAETCS JOTUKa KjaaccoB k. Benna.

2. Jlormka kJjaccoB /I>x. Benna u ee dopmanmsanust

B nepsoii riiase cBoero dpyngaMeHTaabHOro Tpyaa « CHUMBOIMYECKAsA JIOTH-
ka» [Venn, 1881] /Ixx. Benn jaer mocTaTovHO HOAPOGHOE N3JI0XKEHHE OPHUIH-
HAJILHOI JIOTHYECKOI CHCTEMBI, KOTOPYIO MOXKHO OXapaKTePH30BaTh KaK TEO-
puio OMHAPHBIX OTHOIIEHU MexK 1y KiaaccaMu. OH BbLIE/ISeT 9T 0a30BbIX OT-
HOIICHUIT MKy JBYMS MHOKECTBAMU:

1. PaBencrBo MHOXKeCTB;

2. Crporoe BKJIIOYEHHUE IIEPBOTO MHOYKECTBA BO BTOPOE;
3. Crporoe BKJIIOUEHNE BTOPOIO MHOYKECTBA B IIEPBOE;
4. TlepekpenuBanue MHOYKECTB;

5. HecoBmecTnMOCTD (BHEIIOIOKEHHOCTD) MHOXKECTB.

Ka}K,Z[OMy n3 3TUX OTHONIEHUI COOTBETCTBYET OJHa H3 IIATH JUuarpaMM
iinepa—2Kepronna, Kotopsle npusesaensl Ha Puc. [I}

Puc. 1. duarpammsr Ditnepa—2Kepronna

AL NIO/0

Benn craBuT BOmpoc 0 crocobe BBIPAXKEHUsT KaXKJIOI'0 U3 9TUX OTHOIIEHUN
B s3bIKe. [Ipu 9TOM OH CyIIIECTBEHHO OIMPAETCS HA KJIACCU(PUKAIIAIO CYZKICHU,
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IpeIoKeHHy0 Y. ['aMIIbTOHOM, KOTOPBI cauTa/ HeOOXOUMbBIM IIPU OIIPEeJIe-
JIEHMH KOJIMIECTBEHHON XapaKTEePUCTUKI KATErOPUIECKOrO BHICKA3bIBAHUSA IIPU-
HUMaTh BO BHUMAaHUE KBa.HTI/Id:)I/IKaHI/IIO HE TOJIBKO Cy6’beKTa7 HO U IIpeaukKaTa.
Eciu B unymeii or Apucroress Tpagulul KaTerOpUIeCKUe CyKIACHUs IeJIaTCs
110 KOJ'[I/ILIGCTBy Ha O6H_H/Ie n JaCTHBbIE, TO B yquI/H/I FaMI/I.T[bTOHa OHU JOJIZKHDBI
JIeJINTHCSL Ha, 0b11e-0611ue, 0ble-1acTHbIe, YJaCTHO-00IIUEe U YACTHO-YaCTHLIE.

Kaxknoe u3 oTHOmeHUl 1—4 MexKIy ABYMsI MHOXKECTBAMH &JI€KBATHO BbI-
parkaeTcsl OAHOM U3 YeThbIpeX PA3HOBUIHOCTEH yTBEDPIUTEIbHBIX BBICKA3BIBA-
HUIl ¢ KBAHTUDUIMPOBAHHBIMU CyObeKTaMU U IIPeJuKaTaMy, OTHOIIEHHEe 5 —
00111e-00IIUM OTPUIATEIbHBIM BbICKa3biBaHueM (KoTopoe Benn cumraer sKBuU-
BaJIECHTHBIM O6BILIHOMy O6H_IGOTpI/H_[aTe.HI)HOMy BI)ICK&SBIB&HI/IIO)Z

1. Bce S ects BCE P;

2. Bce S ectb HekoTophIe P;

3. Hekoropnie S ects BCce P;

4. Hekoropsie S ectb HEKOTOPBIE P;

5. Hu omun S ne ectb vu oqun P (Hu ogun S He ectb P).

Jlaee Benn momapobHo pa3dupaer CHLJIOTH3MBI IEPBOil (PUTYPBI, MTOCHLIKA-
MU KOTOPBIX SIBJISIIOTCS BBICKA3BIBAHUS STUX IISTU THUIIOB, BBLIESIET CPEIA HUX
KOPPEKTHbIE U HEKOPPEKTHBIE CIIOCOOBI PACCYKICHUSI.

Taxum o6pasoM, jJoruvdeckas cucreMa BeHHa MOXKET pacCMaTpPUBATBCST KaK
CUAAORUCTIUKG C HECTNAHIAPTHBM HAOOPOM CUNAAOUCTIUMECKUL KOHCTNAHIT.
Bribop nMmeHHO 3THUX KOHCTAHT OOYCJIOBJIEH HEOOXOIUMOCTHIO PEIPE3eHTAINN
BBIJEJISIEMBIX 0a30BbIX OMHAPHBIX OTHOIIEHHN Mexkay kiaaccamu. .B. lyba-
koB u B.U. Mapkun B [/lybakos, Mapkun, 2007| npeyioKuin cJieryoryo
CHUMBOJIMIECKYIO 3AIMCh BEHHOBCKUX KOHCTAHT: JIjIsI OTHOIIEHWA [ HCIIOJIb3Y-
eTCst KOHCTAHTa aa, JJIsi OTHOIIEHUs 2 — KOHCTaHTa aif, JIJIsi OTHOIIEHUsT § —
KOHCTaHTAa i@, JIJIT OTHOIIEHUS 4 — KOHCTAHTA 4%, Jijid OTHOIIEHUsI § — CTaH-
JapTHasg KOHCTAHTA €.

[Tpu mpunsaTHN yKa3aHHBIX 0003HAYEHNN aTOMAPHLIMUA (DOPMYIAMU CUJLIO-
ructuku Berna OyiyT sIBJIsIThCs BbhIpaxkeHusi BujioB SaaP, SaiP, SiaP, SiiP,
SeP, tne S u P — obmmue Tepmunbl. Ecin popMasibHy0 PEKOHCTPYKITAIO JTaH-
HOIl JIOTUYIECKOI TeOpUH OCYIIECTBISTh B cTujie JIykaceBuIa, TO €CTh € UCIIOJIb-
30BaHUEM B Ka9eCTBE OCHOBBI KJIACCUIECKON JIOTUKN BBICKA3BIBAHWI, TO B sI3bIK
CJIeIyeT TaK2Ke BBECTU ITPOITO3UITMOHAJIBHBIE CBA3KU 1 CKOOKU. CjioxkHBIE DOp-
MYJIBI 38JIaI0TCS IIPU STOM OOBIYHBIM CITOCODOM.
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CyIecTByIOT JiBa aKCUOMATHYECKUX MCUUCIEHUs, KOTOPbIE MOTYT IIPEeTEeH-
JOBATb Ha POJIb COBPEMEHHON PEKOHCTPYKIINY CUJIJIOTUCTUYIECKON JIOTUKU KJTac-
coB JIxk. Benna: cucrema C4V JI.B. [ly6akosa u B.J1. Mapkuna |Iy6axos,
Mapkun, 2007| u cucrema C®V, nocrpoennasi B.1I. Mapkunbivm B [Mapkus,
2011]. I'1aBHOe paszsmyume MeXKly HUMH B TOM, 9T0 B ucuuciennn CP®V uejo-
Ka3yeMbl HEKOTOPBIE U3 TAK HA3BIBAEMBIX «3aKOHOB IIPOTUBOIIOJIOKHOCTEN», KO-
TOpbIe sBJsTIOTCsT Teopemavu C4V:

—(SaaP A SeP), =(SaiP A SeP), =(SiaP A SeP).

[TpranHa HEOTHOBHAYHOCTH B BBIOOPE aIeKBATHON (DOPMAIM3AINN CUJLIO-
ructuku Benna, kak ormedaer B. 1. Mapkuun [Mapkun, 2011|, cocrour B 180ii-
CTBEHHOCTH IO3UIIMK CAMOI'0 aBTOPAa 110 BOIPOCY O NMPUHSATHH «3aKOHOB IIPO-
TuBONOJIOKHOCTEH». C 0/1HO# CTOpPOHBI, BeHH 1YeTKO 3asiBiISET, 4TO KaXKJIOMY
U3 ISITH aTOMapHBIX CYKJIEHUI COOTBETCTBYET POBHA OJIHA JUArDAMMA, U TO-
[/1a OHU JIOJI2KHBI OBITH MOIIAPHO MTPOTUBONOIOKHBIMEU. C JIpyToil CTOPOHBI, OH
JIAET TaKy0 ajredpo-JOrnIecKyr MHTEPIPETAIINI0 9THX CYXKIEHUi, IpU KOTO-
POii JIOIYCKAIOTCS MyCThIE KJIACCHI B KAYeCTBE 3HAYEHUN CyOHEKTOB U IIPeIKa-
toB. Ho nipu nycteix S u P BeickazbiBarust popm SaaP u SeP oka3bBaroTCs
OJIHOBPEMEHHO UCTHHHBIME; SaiP u SeP uMCTUHHBI IPHU IIycTOM S U HEIyCTOM
P; a nupu nycrom P u Hemycrom S TakKe OyJyT BMECTE MCTUHHBIMHU BBICKA-
spiBaHust popMm SiaP u SeP. [losToMy peKOHCTPYKIUS CUJIJIOTHCTUKYE BeHHA
MOZKeT ObITh OCYIIECTBJIEHA B JBYX BapHAHTaX: «TPaMIMOHHOM» (C UCXOJHOI
IPEJIIOCHUIKONH O HEIlyCcTOTe TePMHUHOB) U «(yHIaMeHTaaIbHOM» (6e3 1aHHOM
9K3UCTEHIINATBHOI TIPEJITOCHIIKN ).

«TpajuIuoHHbIil» BapHaHT COBPEMEHHON PEKOHCTPYKIIUU CUJIJIOTACTHKH
Benna (kak Jioruku OMHADHBIX OTHOINEHWH MEXKILY HENYCMmovLMu KJIacCaMMu)
npejcrapisiercst ucauciaenneM C4V, cxeMaMu aKCHOM KOTOPOTO HAPSILY C IIPO-
HO3UIMOHAILHBIME TaBTosorusiMu (VO) sBIIstroTCst:

V1. (MaaP A SaaM) D SaaP; V11. SeP D PeS;

V2. (MaaP A SaiM) D SaiP; V12. SaaS,

V3. (MaiP A SaaM) D SaiP; V13. =(SaaP A SaiP);
V4. (MaiP A SaiM) D SaiP;  V14. —(SaaP A SiaP);
V5. (MeP A SaaM) D SeP; V15. =(SaaP A SiiP);
V6. (MeP A SaiM) D SeP; V16. =(SaiP A SiaP);
V7. SaaP D PaaS; V17. =(SaiP A SiiP);
V8. SaiP D PiaS; V18. =(SaaP N SeP);

V9. SiaP > Pais; V19. ~(SiiP A SeP);

V10. SiiP D PiiS, V20. SaaP V SaiPV SiaP V SiiPV SeP.
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EumcTBertoe mpaBuiio BBIBOJIA STOTO UCAUCTEHUST — Modus ponens.

[Tpu mocTpoeHnn «pyHIAMEHTAJTBHOTO» BapHaHTa PEKOHCTPYKIIUU CUJIIO-
rucTuUKN Benna Kak JOruku 1006t (B TOM €HCIE, ¥ NYCMLIT) KIACCOB, aK-
cruoMaTuKa BujonsMensiercs. [locrymaramu coorBercrryonieit cucrembl COV
ABJIAIOTCS: mpaBuao modus ponens, VO, cxembr akcuom V1-V17, V19-V20
cucrembl C4V | 1 JiBe JOTOTHUTETHHBIE CXEMbBI AKCHOM:

V21. SeS D SeP; V22. SeS D (SaaP V SaiP).

DopMyJIbI TOCJIEIHIX ABYX TUIIOB JIokasdyeMbl B C4V | mosToMy ucancjienme
CDV gsagerca noacucremoit C4V.

J.B. ybakos u B./. Mapkun nokazamu |/lybakos, Mapkun, 2007|, uaro
ncaucierane C4V pekypCHBHO S5KBUBAJEHTHO CHCTEME IO3UTUBHON (byHIaMeH-
TajbHOi cuyutoructuku C4, cTposieiicsi B si3bIKe CO CTAHJIAPTHBIMA KOHCTaH-
TaM#, TO €CTh 9TU UCUNCJIEHUS TTOTPYKAIOTCS APYT B JAPYTa.

CyimecTByer 1epeBojt vy, norpyxkatomuii cucremy C4V B cucremy C4:

v1(SaaP) = SaP A PaS; v1(SiiP) = SiP A SoP A PoS;
v1(SaiP) = SaP A PoS; v1(SeP) = SeP;

v1(SiaP) = SoP A PaS; v1(—A4) = -1 (A);

v1(AV B) =vi1(A) Vui(B), rjge V — OMHapHasl CBsA3Ka.

CymiecTByer Tak»Ke OOpaTHBIN IepeBoj v, morpy:kawomuii cucremy C4
B cucremy C4V:

va(SaP) = SaaP V SaiP; v2(SiP) = ~SeP;
va(SeP) = va(SoP) = ~SaaP N —SaiP;
UQ(_‘A) —\UQ(A); 'UQ(AVB) = 'UQ(A) VUQ(B>.

B [Mapkun, 2011] ormedaercs, 4To mepeBoj| v HOPYKaeT TakKKe CHCTe-
My CDV (dopmammsyiomnyo «dyHIAMEHTAIBHBI» BaAPUAHT CHJLIOTHCTUKH
Benna) B ucuncsienne C® (co crangapTHbIM HAGOPOM CUJIJIOTUCTUYECKUX KOH-
cTaHT), a mnepeBox vy norpyxkaer CP® B CDV. Takum 06pa3oM, HCIHCICHUS
COV u CPD TakKe SIBISIOTCI PEKYPCUBHO SKBUBAJIECHTHBIMH.

3. WMHaTencumonasibHag ceMaHTuka cuiirorucTuk CO®V un C4V

Cdopmynupyem cHavaa HHTEHCHOHAIBHYIO CEMAHTUKY, B KOTOPOW BBICKa-
3bIBAHUS SI3bIKA, CUJIJIOTUCTUKKA BeHHa HHTEPIPETUPYIOTCS Yepe3 OTHOIIeHUe
KJIACCUYIECKOTO CJIEIOBAHUsT MEXKTy (POPMYJIAMHU ITPOMO3UIINOHAIBHON JIOTUKH,
anst cucreMbl C®PV — dopmaauzanun «pyHIaMeHTaIbHON» BEPCUN CHJLIOTH-
ctuku Benna.
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[IycTb § — PyHKIMS, COMOCTABIISIONIAs KaXKI0My 0O0IIeMYy TEPMUHY 20010
dopMyITy sA3bIKA KIACCHIECKON JIOTUKU BBICKA3BIBAHUI, HE COJEPIKAIILYIO0 MHBIX
[ POIIO3UIMOHAJIBLHBIX CBA30K, KpoMme —, A, V. 3a1a/ UM IpeuKaT ¥V 3HAYNMOCTH
dopmyit ss3pika C@V 1pu unTeprniperanyuu §. jisi aroMapHbIX (GOPMYI 9TOT
[IPEJIUKAT OIIPEJIE/ISIeTCS TaK:

V(SaaP,s) & 6(S) E 5(P) A 8(P) E §(S);
V(SaiP,8) < 8(S) E 8(P) A 5(P) ¥ §(S);
) EO(P) AS(P)F6(S);

(

(
V(SiaP,s) < 5(S
V(SiiP,8) < 8(S) ¥ —5(P) A 8(S) ¥ 5(P) A 5(P) ¥ 8(S);
V(SeP,8) < 8(S) E —5(P).

JLjist clI0KHBIX (POPMYJI YCJIOBHS 3HAYUMOCTH OOBIYHBIE.

®opwmyna A HaspiBaeTcs V-00IE3HATMMON, €CIM U TOJIBLKO €CJIi VéV(A, J),
TO ecTb A 3HaUMMa Hpu OO0 WHTEPIIpeTaIun .

Yenoumes, uro L — MHOXKECTBO (OPMYJT CHAJIOTUCTUYECKOTO SI3BIKA,
CO CTAHIAPTHBIMU MCXOIHBIME KOHCTAHTAMU a, €, i, 0, & Liy — MHO>XKecTBO dop-
MYJI sI3bIKA CUJIJIOTUCTUKY BeHHA, B KOTOPOM MCXOJIHBIMU SIBJISTFOTCS KOHCTAHTHI
aa, at, 1a, 11 1 e.

st meMoHCTpanum aJeKBATHOCTH JaHHON ceMaHTnKu ncaucieanio COV
HEeOOXOAMMO CHaYaJIa JO0Ka3aTh CJIEIYIONLYI0O METATEOPEMY:

Teopema 1. IIpoussorvrasn opmyaa A € Ly V-obwesnavuma, ecar u moavko
ecau ee nepesod vi(A) F-obujesnanum.

Aoxazameavcmeo. Ob6ocHyeM TIpeBAPUTEIBHO CJIEYIOIIEE YTBEPK/ICHUE:
VA € LyVo(V(4,6) < F(uv1(A),d)).

ByneMm mcrmonb30BaTh BOZBPATHYIO WHJIYKITUIO MO YHCJIY MTPOMO3UITHOHATBHBIX
CBsI30K B popmyite A.

I. A= SaaP.
V(SaaP,d) < §(S) E §(P) A §(P) E §(S) & F(SaP,5) A F(PaS,d) <
F(SaP A PaS,d) < F(vi(SaaP),?).

II. A = SaiP.
V(SaiP,d) < 46(S) F §(P) A §(P) ¥ 6(S) & F(SaP,§) A F(PoS,d) <
F(SaP N PoS,0) < F(v1(SaiP), ).

III. A = SiaP.
V(SiaP,5) < 6(S) ¥ 6(P) A 6(P) E §(S) & F(SoP,5) A F(PaS,d) <
F(SoP A PaS, ) < F(vi1(SiaP),d).
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IV. A = SiiP.
V(SiiP,§) < 6(S) ¥ -6(P) A §(S) B 6(P) A &P) E §(S) &
F(SiP,d) A F(SoP,d) A F(PoS,d) < F(v1(SiiP),4).

V. A= SeP.
V(SeP,d) < 6(S) E —6(P) & F(SeP,d) < F(vi(SeP),0).

VI. A = -B.

V(=B,d) < -V(B,§) & ~F(vi(B),0) & F(-vi1(B),d) < F(vi(—B),0).

VII. A=B D> C.

V(B D C,0) & =V(B,d) V V(C,5) & ~F(uni(B),d) vV F(ui(C),d) <
]'-(’Ul(B) > ’Ul(C), (5) 4 .7'—(’[}1(3 D) C), (5)

Hpyrue ciaydan, korja A ectb cjioxkHas (hopmysia, 060CHOBLIBAIOTCS aHA-
JIOTHIHO.

DKUBUBAJIEHTHBIE TIPEOOPA30BAHUS B IISITH OA3MCHBIX IIyHKTAX OCYIIECTB-
JIAIOTCS Ha OCHOBE OIpeJIeJICHUI npenkaToB V u F U nepeBoja vy, B UHJYK-
TUBHOM II€PEXO0/Ie UCHOJIBb3YeTCsl TAKXKe WHIYKTUBHOE JIOIYIIEHHE O TOM, YTO
YTBEpPKJEHNE JIEMMBI BEPHO JijIst (DOPMYJI ¢ MEHBIIHM, YeM y A, 9HCIOM 1po-
HO3UIMOHAJIbHBIX CBI30K.

3 jokazannoro yreepxkienns — YA € LyVo(V(A,8) < F(uvi(A),d)) —
10 3aKOHAM IIEPBOIIOPSIJIKOBO JIOTMKH CJIe/lyer:

VA € Ly (VoV(A, §) < YoF(v1(A),d)).

[Tocnenree o3Havaer, uTO Ipou3BOJbHasT (opmyna A V-o0IiesHadnMa B TOM
U TOJILKO B TOM cJlydae, Korja JF-obmesnadnma (opmysia vy (A). ]

JlokazkeM Terepb MeTaTeopeMy 00 aJeKBaATHOCTH C(HOPMYINPOBAHHON BbIIIIE
cemanTuku ucaunciennio COV.

Teopema 2. Ilpoussoavnas gopmysa A € Ly dokasyema 6 ucuucaenuu
CDV, ccau u moavko ecau A — V-obwesnavumas Gopmyaa.

Loxaszameavcmeo. B.J1. Mapkun [Mapkuwu, 2011| ycranosui, 9o nepesos vy
norpyx)aet «pyHIaMeHTAJIbHBIN» BapuaHT cujtoructuku Benna C®V B cran-
HapTHYIO dyHIaMeHTaIbHYI0 cuuioructuky C®, To ecThb

VA € Ly(CPV F A& CD v (A)). (1)

[Monyuennsiit B.U. [Mlamakom [[lamak, 2015| pesysnbrar cBujerebcTByer

o ToM, uTo Bce TeopeMbl CP, n TOIBKO OHM, SIBASIIOTCS JF-OOIIEe3HATMMBIMUI
dopmysiamu:

VB € L(C® - B < V§F(B,6)). (2)



HurencuonasibHast ceMaHTHKa JIOTHKH KjaccoB /I>x. Benna 127

JlamHas paBHOCHJIBHOCTD CIIPABEIJINBA U I U1-11€peBo10B dpopmyt u3 Ly,
[IOCKOJIBKY 3TH IE€PEBOAbI HpuHaIekaT Li:

VA € Ly (C® + vi(A) & VoF(v1(A),9)). (3)
CorjtacHo jokazanHOM Hamu panee Teopeme
VA € Ly (V6V(A, ) < YoF(v1(A),d)). (4)

DJieMeHTapHBIM ciieicTBueM yrepzkenuii (1), (3) u (4) sBisiercst cie/yio-
IUIT TE3UC:

VA € Ly (C®V + A < V§V(A, ). (5)

DTOT Te3UC O3HAYAET, UTO MHOXKecTBO TeopeM CPV paBHO MHOXKECTBY
V-00111e3HaIUMBbIX (DOPMYIL. |

Cdopmymupyem faree aIeKBATHYIO CEMAHTHKY TOTO K€ CaMOrO THIIA JIJIst
cucreMbl C4V — dopMmamsanuu Ipyroro, «TpaJuilioOHHOI0» BapUAHTA CHJLIO-
ructuky BeHHA, TO ecThb JJIst €r0 JIOTUKNA OMHAPHBIX OTHOIIEHUN MEXKJLy Heny-
CMBLMU KITACCAMH.

BwmecTo unTepnperupyoieii GyHKIMNA §, COMOCTABJISAONIENR OOIIUM TepMU-
HAM 100Yy10 DOPMYIIy S3BIKA JIOTMKH BBICKA3BIBAHUN, HE COIEPKAILYIO MHBIX
CBAI30K, KpoMe A, V U =, GyJIeM UCI0/Ib30BaTh (DyHKIUIO ¢, KOTOpasi COMOCTAB-
JIIeT KaXKJIOMy ODIIEMYy TEPMUHY HEKOTOPYIO 6binoArumMyto (DOPMYIy yKas3aH-
HOT'O THUIIA.

[IpeguKkaT 3HAYUMOCTH CHJIIOTUCTUYECKON (opmynbl A mpu mHTEpIpeTa-
mun 0 — V'(A,d") — onpenensiercs tak ke, kKak u upejgukar V(A, ), ¢ Toit
JIIIb pa3Huneii, 9ro Bmecto 0 ucnomabsyercsa & . Popmyna A HasbiBaercs
V'-0bmesnaunmMoit, ecau u Tosbko ecau V' (A, §') mis moboit uaTepnperaryn ¢’

Hamomuuwm, uro npemioxkennas B. /. [Tlanakom ajekBaTHas ceMaHTUKA, CU-
creMbl C4 co craHIapTHBIM HAOOPOM MCXOJHBIX CUJIOTUCTHIECKAX KOHCTAHT
MOZKET OBITH MOJIyYIeHa AHAJOTHIHBIM 00pPA30M: 3aMEHO B YCIOBUIX 3HATUMO-
ctu dopmyn cucrembl C® muTepnperupyiomeii pynaknun ¢ Ha GyHKIUIO .
HeiicTByst Takum 06pa3oM, BMECTO Tpejaukara 3uadumoctu F (A, ) moaydnm
npeukar F'(A, ).

Teopema 3. IIpouscoavras gopmysra A € Ly V' -o6wesnauuma, ecau u moao-
Ko ecau ee nepesod vi(A) F'-obwesnaqum.

Zloxaszameavcmeo. BocripouszsojnM jokazaresibcTBo Teopemsr (1| mensist V
na V', 6 na &', F na F'. [ |

Teopema 4. IIpoussosvran gopmysa A € Ly doxasyema 6 ucuucaernuu C4V,
ecau u moavko ecau A — V' -obwesnauuman Gopmyaa.
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Llokxazameabcmeo. JlokazaTe/ibCTBO OCYIIECTBIISIETCSI IO TOMY ¥Ke TIJIaHY, 9TO
u B Teopeme . [Tpu srom wucnosb3yores: (1) pesyavrar [I.B. Tybakosa
u B./. Mapkuna |/Iy6axos, Mapkun, 2007] 0 TOM, 4TO ¥ HOTPYKAeT CUCTEMY
C4V B C4; (2) pesynbrar B.1. [lanaka |[Lamak, 2015] 0 ToM, 9T0 MHOXKECTBO
reopem C4 pasHO MHOXKecTBY V'-06mesnaunmbix dhopmyst; (3) Teopema (3| B

4. PeneBaHTU3MPOBaHHAs CEMAHTUKA SA3bIKA
cuwiioructukn Benna. Cucrema UCOV

B upenpiayieM pasjiese Mbl ITOKa3aJ/d, UTO JIOTUYECKUE CUCTeMbl BeHHa,
KOTOpPbIe CTPOMJINCh MM KaK Cyryb0 9KCTEHCHOHAJbHBIE JIOTHIECKHE TEOPHH,
UMEIOT aJIeKBaTHbIE MHTEHCUOHAJbHBIE uHTepIpeTanun B ayxe B.UW. ITlanaxa.
MO)KHO ceJiaTh elle OJJUH HIal' B «<MHTCHCHUOHaJIU3allu» CEMaHTUKU JIJId CUJIJIO-
IUCTUKU BeHHa: nCIoib30BaTh B yCJIOBUSIX 3HaYMMOCTH (hopmyst u3 Ly BMecTo
KJIACCUYIECKOTO CJIEIOBAHUST PEJIEBAHTHOE.

IIycTb § — PYHKIMS, COMOCTABIISIONIA KaXKIOMY OOIIEMY TEPMUHY IIPOU3-
BOJIBHYIO (POPMYJIY SI3bIKA KJIACCUYECKON JIOTMKU BBICKA3BIBAHUI, HE COJIEPIKA-
Y0 WHBIX MPOIMO3UITMOHAIBLHBIX CBA30K, KpoMe -, A 1 V, a «F.q» — caemao-
BaHue B pesneBanTHOoil jjoruke FDE. OnpenenuM coOTBETCTBYIONINI IPEIUKAT
3HaYnMoCcTH WV:

W(SaaP,8) < 3(S) Evet 3(P) A 5(P) Ever 3(S):
W(SaiP,8) < 8(S) Ever 5(P) A 6(P) ¥ye 6(S);
W(SiaP,8) < 8(S) Erer 8(P) A 8(P) Eye 8(S)
W(
W(

~— ~—

SiiP, 5) g 5(5) %rel _‘5(P) A 5(5) #Tel 5(P’) A 5(P) #rel 5(S),
SeP,8) < 5(S) Epe ~0(P).

Jjtst c/TOKHBIX (POPMYJT YCJIOBUSI 3HATUMOCTH OOBITHBIE.

Dopmyna A HazbiBaeTcst W-0b6I1Ie3HAUNMOI, €CJTH U TOJTBKO €CITH V(SW(A, 9).

Hexoropsie Teopemsbl ncunciieaust CP®V we siBastiorcst VV-001me3HaIMMbIMT
dopMmystamu. AIEKBATHOE <«PEIEBAHTU3UPOBAHHON» CEMAHTUKE WCUHC/ICHHE
NCDV nonyuaercs uz CPV orbpaceiBanuem cxem akcuoM V21 u V22. Cu-
cremy MCDPV MOXKHO Tak:Ke HOJIYUIUTHh U3 «TPAIUINNOHHON» BEPCHH CHJLIO-
ructuku Benna — cucrembl C4V, HCKIIOYUB U3 IIOCTYJIATOB IOCJIETHEN cXeMy
akcoM V18 (—(SaaP A SeP)).

Joxazkem, dro MHOXKecTBO TeopeM MC®V coBmamaeT ¢ MHOXKECTBOM
W-006111e3HanMBIX (DOPMYII.

[TpojeMOHCTPUPYEM CHaYa/Ia PEKYPCUBHYIO SKBUBAJEHTHOCTH (B3AMMHYIO
norpyxaemocts) ucancieanii UC®V u MCP. [Torpyxaomumn GyHKIHAMI
npu 3ToM OyJIyT 33J[aHHbIE B IIpEbLLyIeM pasjese nepesojbl vy (13 Ly B L)
u vy (u3 L B Ly).
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Teopema 5. Ilepesod v noepyocaem cucmemy MCP®V s cucmemy MCV,
a nepesod vo noepyotcaem cucmemy MCD® 6 cucmemy UCDV, m.e.

VA € Ly(MC®V +F A < UC® + v (A)) u

VA€ L(INC® - A = ICPV F vy(A)).

Jlokazameavcmeo. Jannas teopema OyneT JTOKA3LIBATHCA C UCIOJIb30BAHMH-
eM CJIeAYIOIEero KpuTepus B3aUMHOI [TOrpy2KaeMOCTH JIBYX MCUUCJICHUi, B OC-
HOBE KOTOPOT'O JIGKUT U3BECTHBIN KpuTepuii morpyzkaemoctu B.A. Cmupnosa
|Cyupros, 2002, c. 127]:

«Mcuncnenue Sy morpyzaerca B UCYUCIEHE Sg IOCPEACTBOM (PyKHIUHT U1
(n3 MHOXKecTBa hbopMmys S1 B MHOXKeCTBO GopMy1 Sg), a ucaucjienue Sy m0rpy-
JKaeTcs B ucuucyenue Sy mocpeactsoM GyKHImH vo (13 MHOXKeCTBa (hOpMYJIT
S2 B MHOXKecTBO hopmysr S1), eciiu 1 TOIBKO eciu (a) jist KaxK 1ol hopMysibl
A s3bika S1 umeer mecro: S F A = Sg - vi(A), (b) mis kaxoit hopmyJIbl
A s3pika S umeer mMecro: S H A = S1 F va(A), (¢) st KaxK1oit dopmyibt
A a3bika S1 umeer mecro: S F A = vy(v1(A)), (d) mist kaxkaoit dopmyssr A
si3bika Sg mMeer MecTo: Sg = A = v (v2(A))».

(a) Hokazxem, uro YA € Ly (MCOV + A = TC®D + v;(A)).

Ucrob3yeM BO3BpATHYO MHIIYKIIHIO 110 JJIHHE JI0KA3aTeIbCTBa (DOpMYyIbl A
B ncuucieanu MCPV. Heobxoanmo moKa3aTh, 9TO U1-IIEPEBOILI BCEX aKCHOM
NCDV nokazyembl B MCP, a TakKe UTO IPABUIIO MOdUS PONENS «COXPAHSIET
nokaszyemoctb B MC® vi-niepeBonos dopmyn u3 Ly .

V0. [lepeBobl KIacCHYeCKUX TABTOJOTHI TAKKE SIBJISTIOTCS TABTOJIOTUSIMIE
u mosToMy JjiokazyeMbl B MCD.

V1. vi((MaaP A SaaM) D SaaP) = ((MaP A PaM) A (SaM A MaS)) D
(SaP A PalS).

V2. vi((MaaP A SaiM) D SaiP) = (MaP A PaM) N (SaM A MoS)) D
(SaP A PoS).

V3. vi((MaiP A SaaM) D SaiP) = (MaP N PoM) A (SaM A MaS)) D
(SaP A PoS).

V4. vi((MaiP A SaiM) D SaiP) = ((MaP N PoM) A (SaM N MoS)) D
(SaP A PoS).

V5. vi((MeP A SaaM) D SeP) = (MeP A (SaM A MaS)) D SeP.

V6. vi((MeP A SaiM) D SeP) = (MeP A (SaM A MoS)) D SeP.

V7. vi(SaaP D PaaS) = (SaP A PaS) D (PaS A SaP).

V8. vi(SaiP D PiaS) = (SaP A PoS) D (PoS A SaP).
V9. vi(SiaP D PaiS) = (SoP A PaS) D (PaS A SoP).
V10. v (SiiP D PiiS) = (SiP A SoP A PoS) D (PiS A PoS A SoP).
V11. vy (SeP D PeS) = SeP D PeS.
V12. v1(SaaS) = SaS A SaS.
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V13. vi(=(SaaP A SaiP)) = =((SaP A PaS) A (SaP A PoS)).

V14. vi(=(SaaP A SiaP)) = =((SaP A PaS) A (SoP N\ PalS)).

V15. vi(=(SaaP A SiiP)) = =((SaP A PaS) A (SiP A SoP A PoS)).
V16. vi(—(SaiP A SiaP)) = =((SaP A PoS) A (SoP A Pa¥)).

V17. vi(=(SaiP A SiiP)) = =((SaP A PoS) A (SiP A SoP A PoS)).
V19. vy (~(SiiP A SeP)) = =((SiP A SoP A PoS) A SeP).

V20. v (SaaPVSaiPVSiaPVSiiP\VSeP) = (SaPANPaS)V(SaP N PoS)V
(SoP A PaS)V (SiP A SoP N\ PoS) V SeP.

B pab6ore |/lybakos, Mapkun, 2007| npuseseHbl JOKa3aTeJIbCTBA B UCUIUC-
neann C4 mepednciieHHbIX vU1-TIepeBoaoB akcnoM cucreMbl MCD®V, mpuaem
B 3THUX J0KA3aTeIbCTBAX UCIOIL3YIOTC JUIIb Te nocTyaaThl C4, KOTOphIe IpH-
HUMAIOTCSI B 9TOM 2Ke KadecTBe U B ee nojacucreme MCD.

Modus ponens. donycrum, uro v1(A D B) n v1(A) gokasyemsr B MCD.
ITockonbky vi(A D B) = v1(A4) D vi1(B), 10 v1(A) D v1(B) aBastercs Teo-
pemoit IC®. Ho vy (A) Toxke teopema 310ii cucremsl. CiiesroBaresbto, vy (B)
nokaszyema B MCD.

(b) Hokaxenm, uro YA € L(MC® + A = ICD®V  vy(A)).

Ucrmonb3yeM TOT Ke METOJI, 9TO U B myHKTE (a).

AQ. IlepeBoabl KIaCCHIECKUX TABTOJIOIUI TAKKe SIBJISIOTCS TABTOJIOMUAMU
u 1o3TOMy JToKazyeMbl B ICDV.

Al. va((MaP A SaM) D SaP) = (MaaPV MaiP) A (SaaM V SaiM)) D
(SaaP V SaiP).
HoxkasbiBaercst B UCPV ¢ ucnosb3oBanueM akcuoM V1-V4.

A2. vo((MeP N SaM) D SeP) = (MeP A (SaaM V SaiM)) D SeP.
HokaswiBaercst B MC®V ¢ ucnonb3oBanneMm akcnom V5—V6.

A3. vy(SeP D PeS) = SeP D PeS.
Axkcnoma V11 cucrempr UCPV.,

A4. v3(SaS) = SaaS V SaiS.
Bremsoanrca n3 akcuombl V12 cucrembpr MCDOV.

AT. vy(SeP = ~SiP) = (SeP = -—SeP);

A8. v3(SoP = ~SaP) = ((—~SaaP N —~SaiP) = =(SaaP V SaiP)).
Kiaccnyeckue TaBTo/I0rum.

Modus ponens. OG0CHOBBLIBACTCA TaK 2Ke, KaK B IPEIALIAYIIEM IIyHKTE.

(¢) Jdoxazxem, uro YA € Ly (IC®V F (A = va(v1(A))).

JloKa3aTesbecTBO BEJETCs BO3BPATHOI MHIYKIMEH [0 YHCIIy HPOHO3HIHO-
HAJIBHBIX CBsA30K B hopmyie A.

IIycte A — aTomapHast popMyJIa OTHOrO U3 naATH TUIoB. Ecmu A = SaaP,
10 v2(v1(A)) = va(SaP A PaS) = (SaaPV SaiP) A (PaaSV PaiS). Ecim A =
SaiP, 1o va(vi(A)) = va(SaP A PoS) = (SaaP V SaiP) A (wPaaS N\ —~PaiS).
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Ecmm A = SiaP, 10 v2(vi(A)) = v2(SoP A PaS) = (=SaaP A —SaiP) A
(PaaS V PaiS). Ecin A = SiiP, 1o va(v1(A)) = va(SiP A SoP A PoS)) =
=SePA(=~SaaPN-SaiP)A\(—PaaSA-PaiS)). Ecim A = SeP, 1o va(v1(A4)) =
vy(SeP) = SeP.

Taxum obpasom, Heobxoanmo nokazarsb B MCPV cienyroriume TeOpEeMbI:
SaaP = ((SaaP V SaiP) A (PaaS V Pail));

SaiP = ((SaaP V SaiP) A\ (—PaaS N ~Pail));

SiaP = ((—wSaaP A —SaiP) A\ (PaaS V Paif));

SiiP = (=SeP A (—SaaP A =SaiP) A (wPaaS N =PaiS));
SeP = SeP.

B pabore |/lybakos, Mapkun, 2007| mpuBeIeHbI JOKA3aTEIbCTBA YKA3AHHBIX
dopmyin B ucuuciaennn C4V, npudeM B JI0Ka3aTe/IbCTBAX HE HCIIOJIb3YeTCH CXe-
Ma akcuoM V18, a 3HaanT 3t GopMy/Ibl JoKa3yeMmbl u B cucteme MCPV.

B rex ciyuasix, kKorga A ecth ciioykHast popMysia, IPUHUMAEM JIOMyIIeHNe,
9T0 JJIst J1I000# hopMmysibl B, cosieprKalreil MeHbIIe TPONO3UIINOHATIBHBIX CBsi-
30K, 4yeM A, BepHO, uT0 B = v3(v1(B)) nokasyema B cucreme MCDPV.

I[Mycrs A = —B. CornacHo uHayKTHUBHOMY jonyiieanio, MCPV + B =
v2(v1(B)). Ilo 3akoHaM JOrMKHN BBICKa3biBaHuii orciona BoiTekaeT: ICDV
—B = —wy(v1(B)). Ilo onpesesnennio mepeBoios vy u vg, umeem: va(vi(—B)) =
va—(v1(B)) = —we(v1(B))). Crenosarensuo, B MICP®V nokazyema dopmyiia
—B = vy(v1(—B)).

[Iycts A = B D C. Cornacuo naaykTuBHOMY gonytiennio, MC®V + B =
va(v1(B)) u UC®V F C = vy(v1(C)). Orcrona 1o 3aKkoHAM JIOTHKH BBICKA3bI-
BaHMil BeITeKaet, 4To u dopmyna (B O C) = (va(v1(B)) D va(v1(C))) noxasy-
ema B 9roif cucreme. Ho va(v1(B D C)) = va(v1(B) D v1(C)) = va(v1(B)) D
v2(v1(C)). CenoBarenbro, UCPV + (B D C) = ve(v1(B D C)).

Ocranbible cirydan, Korjga A ecthb cjaoxkHas (HOpMy/ia, pacCMaTPUBAIOTCS
CXOJTHBIM 00pPa30M.

(d) Hdoxazewm, uro YA € L(IMC® F (A = v1(v2(A)))).

CHOBa HCIOJIB3yeM BO3BPATHYIO HH/YKIHIO T10 YUCJIY [TPOHO3UIMOHATBHBIX
CBsI30K B popmyite A.

Cuavasia paccMOTpUM dYeThIpe ciydasi, Korjga A — aromapHas dopmysa.
Eciun A = SaP, 10 vi(v2(A)) = vi(SaaP V SaiP) = ((SaP A PaS) V (SaP A
PoS)). Ecin A = SeP, 1o vi(v2(A)) = vi(SeP) = SeP. Ecin A = SiP, To
v1(v2(A)) = vi(=SeP) = —v1(SeP) = =SeP. Ecim A = SoP, 10 v1(v2(4)) =
v1(=SaaP A =SaiP) = (=(SaP A PaS) A —(SaP A PoS)).

Taxum obpasom, Heobxoaumo gokazaTb B MMC® ciemyiomime TeOpeMbl:
SaP = ((SaP A PaS) V (SaP A PoS));

SeP = SeP;
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SiP = —~SeP;
SoP = (=(SaP A PaS) A —(SaP A PoS)).

B pabore |[dybakos, Mapkun, 2007| npuBesieHbl JJOKa3aTeIbCTBA EPEIHC-
JIEHHBIX (QopMyJ1 ¢ wucrojb3oBanneMm cxem AQ0, A7, A8 u mpaswia modus
ponens. DT JAeAyKTUBHBIE CPEJICTBA BXOIAT B ducjo mnoctyiaroB MCD, mo-

9TOMY yKasaHHbIe (DOPMYJIbI SIBJISTIOTCSI T€OPEMaMK JJAHHON CHCTEMBI.
WHiyKTUBHBIH 11epexo; 060CHOBBIBAETCSI AHAJIOTUIHO IIYHKTY ().
O6ocuoBas yTBepKenust (a)—(d), MbI TPOJEMOHCTPUPOBAJIH B3ANMHYIO TI0-

rpykaemocthb cuyuioructuk MC®V u NCD. ]

Teopema 6. [Ipoussoavhas gopmyasa A € Ly W-obuesnawuma, ecar u moas-
Ko ecau ee nepesod v1(A) T-obwesnauum.

Zloxaszamenavcmeo. /loka3aTebCTBO JaHHON MeTaTeopeMbl aHAJOTUIHO JI0-
kazaresnbcTBy TeopeMbl
[IpeiBapuTeibHO OOOCHOBBIBAECTCS CJIEJIYIONIEE YTBEPXK ICHUE:

VAYS(W(A, §) < Z(vi(A),9).

BocrponsBoiuM cOOTBETCTBYIOIIYIO 9acTh JoKa3aTe/bcTBa Teopemsbl (1] MeHsis
npeanKaT 3HaunMocT V Ha VW, npeaumkar 3HAUUMOCTH J Ha 7, KJIacCHIECKOe
cJle/IoBaHUE Ha pPejIeBaHTHOE.

N3 mammoil 1eMMBI IO 3aKOHAM MEPBOIIOPSIKOBOM JIOTUKHU MOy IaeM:

VA(VOW(A,§) < YL (v1(A),9)).

[Tocnennee osnavaer, uTo npoussosbHas gopmyna A € Ly W-obmesnaunma
B TOM U TOJILKO B TOM cJiydae, Korja Z-obiesnadnma vy (A). |

Teopema 7. /lna npoussoavroti gopmyavs A € Ly eepro, wmo vi(A) dokasy-
ema 6 UICD, ecau u moavko ecau vi(A) — T-obwesnauumasn Gopmyaa.

oxazameabcmeo. CeMaHTUYECKUE HEIIPOTUBOPEUYUBOCTD U ITOJIHOTa, CHJLIO-
ructuky MMC® OTHOCUTEILHO «PeJIeBAHTH3UPOBAHHONY CEMAHTUKU JOKA3AHDI
B.J1. Mapkunubiv [Mapkun, 2016a|. Ilpoussoasnas dbopmysna u3z L mokasye-
Ma B JaHHOW CHCTEMe, eCJId W TOJLKO eciu oHa Z-obmesHaunMa. 11oCcKoIbKy
[epeBoT vy JII000it (POPMyJIbl «BEHHOBCKOrO» S3bIKa 13 Ly IpUHAJIEKUT MHO-
JKecTBY (OPMYJI CTAHJIAPTHOTO si3bIKa L, TO yKazaHHasi paBHOCUIBHOCTD (10~
kazyemoctu B IC® u Z-0011e3HaYMMOCTH ) UMEET MECTO U JIJisl Hero. |

Teopema 8. IIpoussosvrasn dopmysa A € Ly doxasyema 6 MCDPV | ecau
u moavko ecau A W-obuesnauuma.
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Aoxazameavcmeo. Cormacno Teopeme JIOKa3yEMOCTDb IIPOU3BOJILHOM
dopmynsr A € Ly B cucreme MCPV paBHOCHIBLHA JIOKA3YEMOCTH €€ Tepe-
Bosa v1(A) B cucreme MMC®. Corsacno Teopeme (7, nokasyemocts vi(A)
B UC® pasuocwibha Z-obimesnaanmoctu v1(A). U, cornacao Teopeme @
Z-o6mesnaunmocts v (A) paBrocuiabaa W-obmesnaunmoctu dhopmysist A. W

B sakarogenne, cpaBHUM TPU PACCMOTPEHHBIX HAMU CUCTEMBbI CUJLIOTHCTHKN
B SI3BIKE C UCXOTHBIMUA KOHCTAHTBIMU aa, ai, 1G, 1% 1 € 10 UX JAeIlyKTUBHOI CHUJIE.

Cucrembr C4V, COV u UCDPV ouenb OJU3KK MO KJIACCAM TEX CHJLIO-
TUCTHYECKUX MPUHITUIIOB, KOTOPBIE SIBJIAIOTCS 3aKOHAMHI THX CHCTEM. B 3TOM
SA3BIK CHJLIOTUCTUKU BeHHa Ccephe3HO OTIMYaeTCs OT CTaHJIAPTHOIO CHUJIJIOTH-
CTHYECKOTO sI3bIKA, TJe MePeX0l OT «TPAIUIMOHHON» K «PyHIAMEHTAJIbHON»
BEPCHUHU CHJLIOTUCTHUKU COIPOBOXKIAETCA OTKA30M OT MHOIUX HM3BECTHBIX 38KO-
HOB: JIEBSITH MOJYCOB IIPOCTOTO KATErOPUIECKOIO CHUJLIOTH3MA, 3aKOHA 00pa-
IIEHUsT JIjIsI BBICKA3BIBAHUI TUIA G, MHOIUX YMO3AK/IIOYEHUH 10 JJOTTIECKOMY
KBQJIPATy U JIP.

B kaxaom u3 ucuauciennit C4V, COV u MCPV nokasyembr:

52 Mojyca Kareropudeckoro cuiiorusma (o 13 B kax1oit durype);

® OJHF U T€ K€ 3aKOHbI OOPAICHUST;

® 3aKOH CHUJIJIOTECTUYECKOTO TOXKIECTBA SaaS;

® 3aKOH «HUCKJIOUYeHHOro rmecroros SaaP V SaiP V SiaP Vv SiiP V SeP;

® CeMb M3 JIECATH <«3aKOHOB MPOTUBONOJOKHOCTE» Bujga —(SyP A SqP),
rjie Yy U ¢ — pa3judHble KOHCTAHTBI U3 MHOXKecTBa {aa, ai, ia, i1, e}.

NmeroTcst 0/IHAKO U PA3/IMIns MEXKJY YKA3aHHBIMU CUCTEMAaMHU.
Tonbko B C4V j1o0Ka3yeMbl TPU «3aKOHA ITPOTHUBOIIOJIOXKHOCTEH» :

—(SaaP A SeP), =(SaiP A SeP), =(SiaP A SeP).

Toabko B cucreme C4V nokaszyeMm aHajor «cjaboros 3aKoHa CHUJITOTHUCTHAYTE-
CKOTO TOXKJIECTBA!

=SeS.
B cucreme CPV nokasyeMbl ocjiab/IeHus 3TOTO 3aKOHA:

SeS D SeP, SeS D (SaaP V SaiP).

A B «pesleBaHTU3UPOBAHHOM> Bepcuu «DYHIAMEHTAJIHLHOIO» BapHAHTA CHJLIO-
ructuku Benna MC®V ne j10Ka3yeMbl 1 OHHU.
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Tezuc IIupca:
JIOTUYECKHNii aHaJIn3 W OHTOJIOTMYecKue CJieICTBUS

Baagunmup NMBanoBuu Illamak

WNucruryr dunocopun PAH.

Poccuitckaa @eneparus, 109240, r. Mocksa, yn. 'onuapnas, a. 12, crp. 1.
E-mail: shalack@gmail.com

Annoranus: Y.C. Ilupc BbiaBuHYN rUnoTe3y O TOM, YTO JIOObIE OTHONIEHHSI MOTYT ObITh
PeLyIIPOBaHbI K OTHOIIEHUSIM, MECTHOCTb KOTOPBIX He IIPEBLIIIAET TPEX. DTa FUIIOTE3a TECHO
CBsI3aHa C 0A30BBIMH KATErOPUsIMU ero (heHOMEHOJIOTUH.

B nannoit my6yimkanum jaH CEMaHTHYIECKNi aHAJIN3 U TOJPOOHOE JI0KA3aTETbCTBO CJIELYFOIINX
JBYX p€3yJIbTaTOB.

1. JTrobGast mepBOMOPSIIKOBAST TEOPHUST MOYKET OBITH ITPEJCTABIEHA B SI3bIKE, COIEPIKAIIEM KOHEU-
HBIII HAOOP OHOMECTHBIX (PYHKIMOHAJIBHBIX CUMBOJIOB. PMIOCOMDCKN BAXKHBIM CJIEICTBUEM
9TOrO $IBJISIETCS PABHOIIPABUE DPEJIANMOHHBIX U (DYHKIMOHAJIBHBIX S3BIKOB U COOTBETCTBYIO-
X UM OHTOJIOTUIA.

2. JIrobast mepBOMOPSIIKOBAsT TEOPHUsT MOXKET OBITH MIPEJICTAB/IEHA B SI3BIKE, COIEPIKAIIEM €JTUH-
CTBEHHBIN TPEXMECTHBIN MPEeIUKATHBIN CUMBOJI U 1 KOHEYHBIH HAOOD MHINBUIHBIX KOHCTAHT.
9ro noarBepxkaaer runoresy [Iupca o dyHIaMEHTATIBHON PO, KOTOPYIO UI'PAIOT TPEXMECT-
HbIE OTHOINEHUdA. Z3bIK, NEeCKPUIITUBHBIE CUMBOJIBI KOTOPOI'O COJEPKAT JIUIIL WH/IUBUHBIE
KOHCTAQHTBI U €IMHCTBEHHBIM TPEXMECTHBIN NPEeINKAT, OKa3bIBACTCA YHUBEPCAJIBHBIM A3BIKOM
JJ1s1 TIPEJICTaBJIEHUS JIIOOBIX TEOPHil IIEPBOTO MOPSIKA.

VIMmeercsi CTPYKTYypPHOE CXOZICTBO TPEXMECTHOro npejukara U(e,u,T) U TPexXMEecTHOro Ipe-
nukata UM (e, u, ), IPEJCTABIAIONET0 yHUBEPCAIBHYIO MamuHy Thiopuara. VI ToT m apy-
roii MOXKHO PACCMATPUBATH KAK KOHTEHHEPBI 0JHOMECTHBIX (dyHKIui. C 9T0l TOUKM 3peHust
npeaukar U sBisiercs pacmupenueM npejukara UM na jgobble, a He TOIBKO 3(PDEKTUBHO
BBIMHCIUMBIE (DYHKI[UN.

JloKazaHHBIE TEOPEMBI 3aCTABJSIOT TO-HOBOMY B3TJISHYTH Ha MHOTHE (DU3UYECKHe Teo-
pun. B Teopuu oTHOCHTEIbHOCTH (DYHIAMEHTAIBLHON CTPYKTYPO# CYUTAETCA YeThIPEXMEPHOE
MTPOCTPaHCTBO-BpeMsl MUHKOBCKOTO, KOTOPOe MOYKHO INPEJICTABUTh B BUJE YETBIPEXMECTHO-
ro npemukara S(z,y, z,t). I3 Teopempl o cymectBoBannu npeaukara U (e, u, T) Cleayer, 910
YeTHIPEXMEPHOE TPOCTPAHCTBO-BpeMst MUHKOBCKOTO He fABJAeTca (hyHIaMeHTaaIbHoH husu-
YeCKOil CTPYKTYPOii, IOCKOJIbKY MOKET OBITh PelyIIAPOBAHO K €MHCTBEHHOMY TPEXMECTHOMY
OTHOIIEHHIO.

KuaroueBslie cioBa: tesuc [lupca, peaykius OTHOIIEHN, OTHOIIEHNUST MEXK Y TEOPUIMU, Jie-
buHUIMATIbHAST BJIOXKIMOCTD TEOPHUil, OHTOJIOTUIECKHUE JIOMYIIEHUS

© Ilamaxk B.N.
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Bseaenune

Moe BHuManme K peayKiumoHHoMy Te3ucy llupca ObLIO TpPUBJIEIEHO
B.A. CymupHOBBIM.

«Y. Ilupc evideunys sunomesdy, wmo 6ce OMHOUEHUS MO2YM
bbimy  ceedenvl He boace uem K MPETMECTIHBIM  OTHOUEHUAM.
Ecmecmesenno, ceedenvl He 8 cMmbieae Meoput MHOJHCECMs — 6 npeo-
NOAOAHCENUL MEOPUL MHOACECNE (UL Meopuu Mmunos), Kascdoe
ommouLeHue Mogtcem bvimsv onpedeseno uepesd ceoticmso. Pewwv udem
0 C80AUMOCTIU 6 PAMKGT UCHUCAEHUS NPEIUKAMOE NEPEO20 NOPAIKG.
Coenacno Y. Ilupcy, umeromes 00HOMECTIHBLE OMHOWENRUA — MO-
Hadvl, deyxmecmuvie — Juadv, U, mpexmecmuoie — mpuado.. C amoti
xaaccupurayuets y Iupca ceaszanvt sasichvie dunocoperue caed-
CMBUA.

B cea3u ¢ amoti eunomesoti npesicde 6ceeo ommemum, 4mo cy-
WeCBYIOM MEOPUL, CHOPMYAUPOSAHHBLE 8 MEPMUHAL MPETMECT-
HO20 OMMHOWEHUA, OAL KOMOPHIL HEAB3A NOCMPouUms dehuruyu-
AABHO IKGUBAACHMHBLE UM MEOPUL, CHOPMYAUPOBAHHBIE 6 MEPMU-
Hax He bonee uwem deyrmecmuoir ommowenul. Hemunnocms no-
caednezo ymeepoicdenus caedyem u3 odnozo pesysvmama P. Po-
buncona, Komopuili NoKa3an, wmo eskaudosa (Kax u 2unepbosue-
CKaA) NEPEONOPAIKOBAA 2E0MEMPUSA HE MOHCEM, OBIMb CHOPMYAUPO-
841G 8 MEPMUNHALT IBYTMECMHHLL ommnouwerul. Odnakro ona mooicem
O66imb CHOPMYAUPOBAHA 8 MEPMUHAT 00H020 MPETMECTVHO20 OMHO-
wenusy» |Cyvupros, 1987, c¢. 66-67].

Eciin obparurbes k paboram [Iupca, To MOXKHO OOHAPYKUTH, UTO PEJIyK-
[IMOHHBIN TE3UC HEIOCPEICTBEHHO CBI3aH ¢ DA30BBLIMU KATEropusaMu ero heHo-
MEHOJIOTUH.

«Tpu udeu ABAAOMCA OCHOBHBIMU: HEWNO, OPY20€ U MPEMDBE. ..

B amom mamemamuieckom vickasveaHul (Ubo 0no makxoso), Kak

[¢] OPGCEOSO’[Z CKROPAYNE, 3AKAINOUEHA BCA N02UKA U BCA Memaﬁusu%‘a»l.

L «The three ideas are basic: those of something, other, and third. .. In this mathematical
proposition (for such it is shown to be), you have all logic and all metaphysics in a nut-shells.
Ilur. mo |Herzberger, 1981} p. 41].
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Opnxa u3 KpaTkux GOPMYJIUPOBOK TE3MCA 3BYUUT CJIELYIOIIIM 0Opa30M:

«Tpuada — nuswas dopma peaamueos, u3 KOMoOpol Mozym

oMY NOAYHEHDL 6CE ocma/me)Le»2.

Boutee Toro, Ilupc yTBep2Kk a1, 9To 10Ka3aa TEOPEMY O PEIyKIINN:

«Tenepv a Towy obpamums 6aUeE BHUMAHUE HA 3AMEUAMEALHYIO
meopemy. Kaotcdyro noauady evie mpuadvl MONHCHO PAZAOAHCUMD HE
mpuadvl, TOMA HE KAHCOYIO MPUAIY MOHCHO PA3AOAHCUTD HA OUa-
duwy |IIupc, 2005, c. 184].

B paznoe Bpems Jjioruku u buaocodbl yxKe oOpAIaJNCh K TEeMaM, HEo-
CpeJICTBEHHO MJIM KOCBEHHO CBsi3aHHBIM ¢ Te3ucoM [Tupca |[Church, Quine, 1952],
[Skidmore, 1971|, [Herzberger, 1981], |Kleinert, 2007|. Tax A. Yepu u V. Kyaiin
MOKA3aJIi, ITO dJIeMEeHTapHasl TeOPHUs Yuce/l IpeJICTaBUMa B TEPMUHAX €J[UH-
CTBEHHOI'O JIBYyXMECTHOI'O CUMMeTpUYHOro orHorienus. Ho apudmeruka — ato
BCEro JIUITh OJHA U3 Teopuil, a Tesuc [lupca nmeer riobaIbHBIN XapaKkTep U pac-
IIPOCTPAHSIETCST Ha, JIIOOBIE TeOpUU. B 3TOM OTHOIEHNN 0COOOTO BHUMAHUS 3a-
caykuBaeT craThsa X. Xeprbeprepa. Hecmorps na To uro Ilupc nHeomnokparno
YTBEP2KJIaJ O CYIIECTBOBAHUU JIOKA3ATEJHCTBA PEJyKIMOHHOIO TE3UCa, XepIl-
Oeprep Tak u He CyMes ODHAPYXKUTh €r0 B apXUBaX U IIOTOMY HOCTABUJI IEJIb
BBISICHUTH IIPUHIMIINAJIBHYI0 BO3MOXKHOCTh TAKOI'0 JOKA3aTEIbCTBA, T.€. IOIbI-
TaThCsl MOCTPOUTH €TI0 CpeJcTBaMu pasBuBaemoii [Iupcom ajaredpbr OTHOIICHMIA.

B kauectBe ocHOBHOIT asrebpamndeckoii oneparun [lupc paccmarpuBas oT-
HOCUTEILHOE IIPOU3BEJICHUE OTHOIIEHU, BU/Isi B HEM aHAJIOTUIO ¢ KOMOMHAIEH
XUMUYIECKUX 3JIEMEHTOB. MeCTHOCTH OTHOIIEHWI BBICTYIAJa B POJIM aHAJIOTa
BaJICHTHOCTU XMUMHUYECKHUX DJIEMEHTOB, & OTHOCUTEIHLHOE [IPOU3BEJICHIEe — AHa-
JIOTOM UX COEJIMHEHUSI.

[TousTue p-peaynupyemoctn Xeprdeprep OIpejeseT CaeayionumMm obpa-
30M.

Ommnowenue R p-pedyyupyemo 1ad obracmvio D, ecau u moavko ecau cy-
WECMBYEM MAKoe MHONCECTNEO omHuowenuts nad obaacmvio D, wmo xastcdoe
U3 HUT UMEEM MEHLULYIO MeCTHOCMDY, wem R, u R moocem bvimb noayuero
U3 IMULT OMHOWEHUT, C NOMOWDBIO ONEPAUUL OMHOCUMEALHO20 NPOU3EEIEHUA
|[Herzberger, 1981, p. 44].

Jlerko BUIETh, 9TO OTHOCUTEIHLHOE IIPOU3BEJEHIE JIBYX OTHOIIIEHUN MECTHO-
¢t n U k Jaer B pe3yJbrare oTHoIeHne MecTHOCTH N+ k — 2. OTcioma ciemyer,
9TO OTHOIIEHUS] MECTHOCTU 1 < 3 abCOJIIOTHO HEPEAYIUPYEMbI. DTO SBJISETCS
coJiep2KaHUeM TEePBO TeopeMbl Xepipeprepa.

2 «The triad is the lowest form of relative from which all others can be deriveds. Ilut. mo
|Herzberger, 1981, p. 57].
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Hamee Ha KOHKPETHOM IIPUMepe OH ITOKa3bIBaeT, UTo Ha obmactu D =
{a, b, ¢} "erbipexmecTHoe oTHOmenue R = {abba, baab, cbch, bebe} He Moxker
OBITH P-PEJYIUPYEMO K JBYM TPEXMECTHBIM. TOOBI yOEIUTHCH B 9TOM, JIOCTa-
TOYHO PACCMOTPETH CJIEJIYIONLYIO TAOIHILY:

R G H
abba || abx | xba
baab || bay | yab
cbeb || cbw | web

bebe || bez | zbe

IIpocroe paccyxKiaeHne MOKa3bIBAET, YTO JJI TOTO, YTOOLI IOCPEICTBOM
olepali OTHOCUTEJIbHOI'O IPOW3BeJeHns] U3 OTHoImeHnit G u H moydnThb
R, obmacts D mo/pKHA COAEPXKATH XOTSI Obl YETHIPE PA3IMIHBIX JIEMEHTa,
x, Y, w, Z, HO OHa COJEPKUT Bcero Tpu. T.e. pazmep mpeaMeTHONH 00JIACTH STB-
JISIETCsI TIPENSITCTBUEM JIJIsI BBINOJIHEHUsT penyKimonnoro tesuca |[Herzberger,
1981}, pp. 45-46].

Jasee Xepubeprep MpuxoanT K JBYM TEOPEMaM, IepBasi U3 KOTOPBIX IJla-
CHUT, UTO BCE OTHOIIEHUSI MECTHOCTH N > 3 p-PEeAyIUPYEMbI K TPEXMECTHBIM
IJIsT JOCTATOYHO OOIbImIX obstacTeir I, B KOTOPHIX MOIIHOCTHL OTHOIITeHUsT K He
npessbimaer Momuoctu D. Crreyromasi TeopeMa SIBJISETCS CIIEICTBAEM IIPEIbl-
nyteit. CorsacHo eit Tesuc Ilupca BbIOJIHSETCS [1J1sT OECKOHEYHBIX 00J1acTell.
DTO UMEeT MECTO B CHJIy TOTO, UTO Jijist JIoOoit beckoHedHOl obsactu D u Jiro-
60ro n ee MOIITHOCTH paBHA MOIIHOCTH JeKapToBa mpoussedenns D X ..." x D
|[Herzberger, 1981, p. 48|.

3arem Xepubeprep BBLIXOAUT 33 PAMKHU KCIOJIb30BAHUS OIHOIO JIAIIL OT-
HOCHUTEJIbHOTO TPOU3BEICHUA U OUPEIEISICT OIEPAIMIO Mpotino20 COCOUHEHUA
(triple junction):

HQ, R.S) = {(ab,c)| 3a((a,) € QF, (b,z) € R™, (c,x) € 5™},

r7e a — COKpaIeHue s aj, ..., 01, AHAJOIuIHO Jijisd b u c.
B a3pIke JI0rMKH NpeIMKATOB [IEPBOTO MOPSIIKA OIePAIs TPOWHOIO COeTH-
HEHUs MIpeicTaBuMa (HOPMYJIOLt:

Jz(Q(a, z)&R(b, z)&S(c, x))

Bak/Io9nTeIbHAA TEOPEMa TOBOPHT, YTO B TEOPUU KBAHTH(UKAIMHA B J10-
CTATOYHO GOJIBLIIMX IIPEAMETHLIX 00JIACTIX BCE TPEXMECTHbIC OTHOIICHUSI pe-
JIlyIUPyeMbl K JBYXMECTHBIM. DTO MO3BOJIAET CJeJlaTh BBIBOJ O TOM, YTO
JUIsl CTaHJIAPTHOI TEOPUU ONpeJIeeHUil pe/lyKIMOHHBIH Te3UC POBAINBACTCS
|Herzberger, 1981, pp. 54-55].
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B ormomennn paborer Xeprbeprepa MOXKHO BBICKA3aTh PSII KPUTHIECKUAX
3aMeYaHuit.

3ameuanue 1. Bcee paccyxienus Xepubeprepa IIpPOBOJISTCS Ha YPOBHE MO-
nesieil ¥ MOTYT BBIXOJIUTH 33 PaAMKH UCIIOJIH30BaHUSA OJHUX JIUIIH EPBOIOPSI-
KOBBIX XapPAKTEPUCTUK. DTO OTHOCHUTCH, HAIIPUMED, K YaCTO MOBTOPSIOIIEHCS
OTOBOPKE 0 JoCmamouno 60AbWUL 0OAACTNAL.

3ameuanue 2. Eciau nocienoBanth npumepy Xeprbdeprepa u IMpOBOIUTH J10-
Ka3aTeIbCTBa Ha YPOBHE KOHKPETHLIX MOJEJIEH, TO MOKHO BCIIOMHUTL, YTO CO-
BpEMeHHasl aJirebpa OTHOIIEHUN TOMUMO OIEePaIliid OTHOCUTEILHOTO ITPOU3Be-
JIEHHUsT BKJIIOUAET TaKyKe Olepalii 00beIUHEHNUs], IeEPECeYeHns] U OTHOCUTE -
HOT'O JIOTIOJIHEHUsI OTHOIIEHU COOTBeTCTBYyoMmEel MecTHOCTH. [Ipn Hajmaun or-
HOCHTEJILHOTO [IPOU3BEIEHNS 1 00bEINHEHNST OTOBOPKA O JOCTATOUHO OOJIBIITIX
obJracTsIX B TeopeMax Xeprdeprepa CTaHOBUTCS UBJIUIIHEH. DTO JIETKO ITOKa-
3aTh Ha €ro KOHTPIPHUMepe Jyisl TpexdsieMeHTHoN obsnactu D = {a, b, ¢} u ue-
ThIpexMecTHOro orHoienusi R = {abba, baab, cbcb, bebe}. Bmecro Toro, uro-
OBl peyIpoBaTh UCXOIHOE OTHOIIEHHE R K OTHOCHTEIBHOMY IIPOM3BEIEHUIO
IBYX TPEXMECTHBLIX OTHOINEHHII, BOZbMEM UYeThIPe TPEXMECTHBLIX OTHOIICHMUSI,

e T # y.

Gy | Hi || Go | Hy
abr | xba || cbx | xcb
bay | yadb || becy | ybe

B srom ciyuae R penynupyercs kK ornomenusm G, Go, Hy, Ho cienyro-
M 00pa3oM:

R=(G1eH;)U(Gye Hy)

AHaJoruIHbIM 00Pa30M MOXKHO IIPOBECTU PEAYKIMIO JIIOOBIX OTHOIIEHMI
Ha JIIOOBIX KOHEYHBIX ObOsiacTsax. Tak Kak TeopeMa O PEAYKIMU U TaK HUMEeT
MeCTO JijIsi OECKOHEUHBIX MOJeseil, TO Tenepb oHa He TpebyeT HUKAKIX Or'OBO-
POK, HO OymeT MMeTb BUJ TEOPEMbI CYIIECTBOBAaHUsI, ITOCKOJBbKY JI0KA3aTeIb-
CTBO OyIeT 3aBHUCETH OT pa3Mepa KOHKPETHOM mpeaMeTHoit obgactu. Takas ke
TeopeMa CyIIeCTBOBaHUs OyJIeT CIIPaBeInBa U JJId PEIyKINHA K IBYXMECTHBIM
OTHOIIIEHUSIM B TEOPUN KBAHTH(DUKAITI.

3ameuanune 3. OnHa U Ta yKe TEOPH MOYKET UMETh KaK KOHETHbIe, TaK U Oec-
KOHEYHBbIE MOJIEe/IN. Xepudbeprep He IPUBOIUT €INHOOOPA3HOrO JT0KA3aTe/IHLCTBA
TEOpEeMbI, YTOOBI OHA UMeJIa MECTO IS BCEX MOJIe/Iel.
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Ilens HacTosiiieii paboThl — MPOAHAJIM3UPOBATD PeLyKIIMOHHBIN Te3uc [1up-
ca B TEPMUHAX OTHOIIEHUI MEXK/y MePBONOPIKOBBIMU TCOPUAMU, a8 HE UX MO-
JICJISIMU, 9TO IIO3BOJIUT B Oojiee 0OIIEM BUJIE OYEPTUTh IPAHUIILI €10 IIPUMEHN-
MOCTH.

1. Bwuabl oTHOHIEHUIT MEXKJTy TEOPUSIMU

Curnarypa X' = (Const, Func, Pred) — 310 Hab0p HEJIOMMYECKUX CUMBOJIOB
SI3BIKA, KOTOPBIE NMEJISITCS Ha WHAWBHUAHDLIE, (DYHKIIMOHATHHBIE U TTPEIUKATHBIE
cuMBOJIbI. MHOXKECTBO BCEX IPABUJIBHO IIOCTPOEHHBIX (POPMYJI CUTHATYPBI X
Oyzem obosnauarh nocpeactsom L(X). Ecin S — nekoropoe MHOXKeCTBO hop-
myit, 0 Cn(S) — MHOXKECTBO BCEX €ro JIOPMYECKUX CJIeJICTBHIA.

[Tox Teopmeit T MbI OyjieM TOHUMATH MHOXKECTBO HEJOTHIECKUX aKCHU-
om Axz(T), 3aMKHyTOE OTHOCHTEJILHO BBIBOAmMMOCTH. 3amuch S bFp A 6y-
JIeT WCTOJB30BATHCS B KAYECTBE COKPAITIEHUST JJIsT JIOTHYIECKOW BBIBOIUMOCTH
Az(T)U S + A.

Onpedenenus HOGHLT NPEOUKGMHBT CUMBOA08 8 meoput, T — 3TO NpeJIo-
kenusi Bujia Vx(Px = A), rue

1. P — HOBBIil IPpEJIUKATHBINA CUMBOJI, KOTOPBI# HE BXOJIUT B CUI'HATYPY TEO-
pun T

2. x (=x1,...,Ty) — HONAPHO PA3JIMIHBIE TIEPEMEHHBIE;
3. ®opmysna A cdopmyauposana B ciosape Teopun T

4. Bce cBoboiHbIE TTEpEMEHHBIE, BXOAMIIE B (hopMyTy A, copepyKaTcs cpein
Lly-+-yLp-

HawMm nmonaiobares ciepyrone OTHOMICHUST MEK Ly TeOPUSIMU, KOTOPLIE Obl-
Ji 10JIpo6HO pacemorpenbl B Kuure |[Cvmupros, 1987, c¢. 35-79).

1. T ectb depununuanrvroe pacwupenue 1) < CyIMIeCTBYeT TaKoe MHOXKE-
cTBO Dy omnpeiesienuii TepMuHOB Teopun Th, oTCyTCTBYIOmMUX B 11, B TEp-
munax reopun 17, uro Ty = Cn(Ty U Do).

2. T1 depunuyuasvro sxeusarenmua Th < CymecTBYIOT Takue nepUHULIN-
asbHble pacimpenust 11 u Ty, uro Cn(Ty U Do) = Cn(T> U Dy).

3. T1 depunuyuanrvro eroscuma B Ty < IDVA € L(Z)(Fm As
D1 l_T2 A)
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2. Peayknusi K omHOMeCTHBIM (DYHKITASIM

,HOK&B&TGJH)CTBO TEeOPpEMbI MBI IIPOBEJEM B JIBa ITalla. Crauasia coiepzKa-
TEJIbHO Ha CEMaHTUYIECKOM YPOBHE IPOAHAJIU3UPYEM CaMy BO3MOXKHOCTDb PEAYK-
o, a 3aTeM IIpeaACTaBUM HO,ZLpO6HO€ JA0Ka3aTEJIbCTBO B TEPMUHAX OTHOIIEHU
MEK/y TEOpUAMMU.

2.1. CemaHTHYecKUil aHaIN3

N nest reopembl ouens mpocta. [lycrs Ha HekoTOpPOIt mpeaMeTHOH obsactu D
3a/1aHO N-MECTHOE OTHOIIeHnE R, KOTOPOEe YCIOBHO IIPEJICTABUM B BUJIE TAOIUIIBI
¢, BOBMOXKHO, OECKOHEUHDBIM YHUCJIOM CTPOK.

R(xlv s 7$n)
al a9 (07
by | b2 | ... | by

Ecim npeamernas obnacts D Geckonedna, To D paBHOMOIIHA N-KPaTHOMY
JiekaproBy npousselenuto D X ... x D, re. |D| = |D x ..." x D|, u, co-
OTBETCTBEHHO, CYIIECTBYET CIOPhEKTHBHOE oToOpazkenue g : D — R, KoTopoe
CXEMATHYIHO TIPEJCTABUM B BHJIE TAOJIMIIbL:

D g R(xla"wxn)

Ul —» al as e (07%%

u9g —» b1 b2 . bn
—»

ITpy mOMOIIHU CIOPBEKIUK g MBI KAK Obl HHJIEKCUPYEM CTPOKHU TabJIMIBI 16
MeHTaMH caMoii mpeamertroit obmactn D. Ecmn g(uy) = (ay,...,a,) n prt —
bYHKIMS TpoeKmuu Ha 4-if wien Koprexka, To a1 = pri(g(u1)),...,an =
pr’*(g(uy1)). DTO MO3BOJIAET HAM OIPEJIEIUTE 7 OJHOMECTHBIX yHKImit f;(u) =
pri(g(u)), mocae "ero TabuIa TPUMET BHI:

D R(xl,...,xn)
ur | fi(w) | fa(ur) | oo | fa(w)
uy | fi(ug) | fo(uz) | ... | falu2)
9710 u ecth pemenue 3agaau. Onpenesenne oraomenus R(zxy, ..., x,) Oyaer

BBITJISAJICTD CJIEIYIOMINM O00Pa30M:

Vay .. Ve, (Rzy. .. xn = Ju(fi(u) = v1& ... & fn(u) = x4)).
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B Tom cayuae, ecam obsacts D He siBiasiercs GeckoneuHoii, o |D| # |D x
... X D|, u cropbekTuBHOE 0TOOpazkeHue g : D — R MOXKeT He CyIIecTBOBATh.
Jl1s1 pereHns 3Toil MpobJieMbl JJOCTATOYHO PACITIUPUTL 061acTh D j10 D' Takum
obpasoM, 4ro |R| < |D'|. D10 BCerga MOXKHO Cle/aTh.

2.2. Jloka3aTeJbCTBO T€OPEMBI O pPeayKIIuu
K OJTHOMECTHBIM (DPYHKITASIM

IIycts 17 — mpow3BoJibHAsS TeOpHUs MEPBOTO MOPSIKA B CUTHAType X =
(B, O, Predy) ¢ muoxkecrsom Hesornueckux akcuom Ax(Th), npencraBieHHbIX
3aMKHYTBIMU (POPMYJIAMHU JIOTUKU IPEIUKATOB MIEPBOI'O MOPSIKA. XOPOIIO U3-
BECTHO, UTO JII0Dast TEOPUsT IEPBOTO MOPSIJIKA MOYKET OBITh IIPUBEIEHA K TAKOMY
Bujty. Ilpemnnosnaraercs, uro Teopus 1] uMeeT CTAHJIAPTHYIO aKCHOMATU3AIUIO
¢ JIByMsl TIPABUJIAMU BBIBOJIA — Modus ponens W BBEJEHUE KBAHTOPA BCEOOII-
HOCTHU Vjp,.

Onpenenenne 1. [ljs1 HOBOro 0JHOMECTHOTO IPEIUKATHOIO CUMBOJIa [ 1pu-
MeM CJIeIYIOIIee OIpeiesieHre:

(DD): Vz(Dz=Q D Q),
rje () — 3aMKHyTast GOpMyJia CUTHATYPBI 3.

Onpenenenue 2. Oupee/inM ONEPAIUAIO PEJISTUBU3AIUIN KBAHTOPOB p:

AVB) = p(A)Vp(B) —ved{&, Vv, D =}

6. p(VzA) =Vz(Dx D p(4)).

B crenyromeit jemme Mbl (hOpMySIIPYEM U JIOKA3bIBAEM BasKHeiIee CBOM-
CTBO OIIpealii PeJIATUBU3AINA KBAHTOPOB.

Jlemma 1. (DD)F A= p(A).

Zloxaszamenasbcmeo.
Jloka3aTebCTBO MPOBOJANUTCA CTPYKTYPHOW HWHIYKIMEH 110 ITOCTPOEHUIO
d)OpMyJIbI A C UCIIOJIb3OBaHUEM CJIEIYIOIMNX BbIBO‘,HI/IMOCTefIi

e FVaDx =Vz(Dz=Q D Q);
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o Vx(Dr=Q D Q) FVeA=Vae(Dz D A);

o Ve(Dr=Q D Q)F JzA=3x(Dx & A).
]

Onpesienmum  curnatypy Yo = (0, Funcs, 0), tne Funcy = {fdi} U
{f}?lavf]l?n‘Pn S P'redl}.

Omnpenenenne 3. OnpemgennM omeparyio ¢ 3aMeHbl B hopmyie A Beex BXOXK-
nennit nogdopmysn Buga Dx wa dopmyiny fo(z) = x, a nomdopmysn Buja
Pzy.xp, va Ju(fpr(u) = 21 &..& fpn(u) = xp).

L op(z=y)=(r=y);

2. p(Dz) = (fo(z) = z);

3. p(Px1..zn) = Ju(fpi(u) = 21&..& fpp(u) = zn);
4. p(=A) = ~p(A);

5. ¢(AVB) = ¢(A)Vp(B) —ve{&, Vv, D =}
6. p(QrA) = Qup(A) —Qe{v, 3}

Hesormaeckmvu akcnomamu teopun 1o 6yayr Ax(Th) = op(Az(Th)).

Onpepesienne 4. IIpumvenm B s13bike Teopun Th CIIeYIONIHE OLPEIeIeHNUSI:
(Df): V(Dz = fo(z) = x);

(Pf): Vzi.2p(Pxi.xy = Ju(fpi(u) = 21&. & fpp(u) = x,)) mis Becex P €
Pred;.

Jlemma 2. (Df), (Pf)F ¢(A) = A.

Zloxaszameascmeo.
YTBeprKJeHNe JIEMMBI CJleJlyeT U3 OlIpe ie/IeHIsT OllePaIiH (o 1 TEOPEMBI O 3a-
MeHe 9KBHUBaJIeHTHBIX |[Mengenbcon, 1976, c. 82-83). |

Teopema 1. VA € L(X)) : (DD) Fr1 p(A) = (Df), (Pf) Fra p(A).

oxa3zameabvcmao.

[Mockosbky no Jlemme [1] (DD) = A = p(A), To 1o ycaoBuio TeopeMsr Gy1er
umerb Mecto (DD) by A, tie bopmyiia A He COIEPKUT BXOXKICHUIT TPeIKAT-
Horo cumBosia D. Bamenus B dopmysax Boisoga (DD) 1 A Bece BxOXK1eHust
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Dz wa Q D Q, Mbl nosryanM BoiBox Vo (Q D @ = Q D Q) Fr1 A. Tak kax
Vz(Q D Q = Q D Q) — Teopema JIOruKH, TO OyJIET UMETb MeCTO BbIBOJ Fp1 A.
JlokazaTeabCTBO TEOPEMBI IIPOBOAUM MHAYKIUEH 10 IIOCTPOEHUIO BBIBOA

Fr A.

Basuc. A € Ax(Th).
Tak kak Ax(Ty) = pp(Ax(T1)), 10 Fro @p(A).
ITo Jlemme 2 umeer mecro (Df), (Pf) F op(A) = p(A).
Cnenosarensuo, (Df), (Pf) Fra2 p(A).

Undyrkuyuonnvt wae. Popmyna A mojydeHa MO OJHOMY U3 MPaBUJI BBIBOJA
U3 IPEJIIECTBYOMIX (hOPMYI.

Cayuati 1. Dopmysta A mosydena 1o npasuiy m.p. u3 dopmyn B u B D A.

[To wmeaykTuBHOMY momymienuto umeer wmecto (Df),(Pf) bpo  p(B)
u (Df),(Pf) Fr2 p(B D A). Tak kak p(B D A) = p(B) D p(A), 10
(Df),(Pf) Fr2 p(B) D p(A). Orcioga o m.p. nomydaeM, aro (D f), (Pf) Fra
p(A).

Caywati 2. Dopmyna A mmeer Buj VB 1 mogydeHa O TPABUITY Yy, 13 HOP-
MysIbl B.

U3 axcuomer soruxu - p(B) O (Dx D p(B)) 1 NHIYKTHBHOTO JOILYIIEHIs
(Df),(Pf) Fra p(B) mo m.p. nomyuaaem (Df), (Pf) Fre (Dx D p(B)). Hanee
o npaswiy Vi, noaydaem (Df),(Pf) Fro Vz(Dx D p(B)). Ho Va(Dxz D
p(B)) = p(VxB). Crnenosarensuo, (Df), (Pf) Fra p(VzB).

|

Teopema 2. VA € L(%1) : (Df), (Pf) Fra p(A) = (DD) Fr1 p(A).

oxaszameavcmeo.

JlokarkeM KOHTPIIO3UITUIO YTBEPKIEHUsT TeopeMbl. JlomycTrmM, He BEpHO, ITO
(DD) Fr1 p(A). B cuity TeopeMbl 0 MOJHOTE JIOTUKH IPEIUKATOB TIEPBOTO 0
psijiKa 9TO O3HAYAET, YTO cylnecTByeT Takast Mojesnb My = (Wi, I) nus akcunom
Ax(Ty) reopun T 1 TaKOE MPUNUCHIBAHIE 3HAYCHUIN HHIMBUIHBIM TIEPEMEHHBIM
v e Valy = {v|v: Var — Wi}, aro My,v E (DD), vHo My,v ¥ p(A).

[TokazkeMm, 9TO B 9TOM ciaydae cymiecTByer Mopenb Mo = (Wo, I) nas ak-
cuom Ax(T,) reopun Th u Takoe NPUIUCHIBAHUE 3HAYCHUIT WHIUBUJIHBIM TI€DE-
MeHHBIM v € Valy = {v|v : Var — Wa}, uro My, v E (Df) u My, v E (Pf), HO
My, v p(A).

Onpepenenne 5. Mojens My = (Wa, Io) onpejennm cieyomum o6pasom.

o Wy =W UNat, rne Nat — MHOXKECTBO HaTypaJIbHBIX ynces. Bmecro Nat
MOKHO B3STh JII000€ Apyroe DECKOHEYHOE CIeTHOE MHOXKECTBO.
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I,(D) = Wy.

Iy(P™) = I, (P™) ans kaxgoro P™ € Pred;.

o [Ina xaxjoro P" € Pred; dukcupyem cropbekiuio (0oTobpazkeHue Ha)
gpn © Wa — I(P™), KoTopas CyiiecTByeT B cuiy Geckorednoctn W.
Hycrs Ir(fpi)(a) = pri(gpn(a)), Te. ecnu gpp(a) = {(ai,...,a,), TO
Iy (fpi)(a) = ai.

a, ecaua € Wry;

I(fo)(a) = {

b, mast mHekoroporo b € Wy, ecin a ¢ Wi.

Jutst masrbHeIero qoKa3aTeIbCTBa HaM ITOHAI00ATCS JIBE JIEMMBI.

JIemmMma 3. B modeau My umerom mecmo:
(1) My E (Df);
(2) My & (Pf).

Jloxaszameasvcmeo.

(1). Mokaxkem, uro My E (Df), r.e. My EVa(Dzx = fo(x) = x).

[+1. v € Valy — JIOIL.
|| +2 Ms,v E Dz — JI01L.
| 3. v(z) € I2(D) — U3 2 110 omp.
| 4. v(z) € Wy —u3 3, Tak Kak Ir(D) =W,
15 B(fo) (0(2)) = v(z) w3 4 0 omp. (o)
|| 6. Ma,vFE fo(z) == -u3 5
| 7. My, v E Dz = My, vE fo(x) =2 —u3 26
| 8. Mo, v E Dz D fo(x) ==z —u3 7
I[+9. Ma,vE fo(z) == ~ JIOIL.
[1110. Ia(fo)(v(2)) = v(x) ~u3 9
| 11. v(z) € W —u3 10, o oup. I12(fo)
| 12. v(x) € I2(D) —wu3 11 o omp. I5(D)
|[13. Ma,v E Dz —u3 12
| 14. My, v E fo(x) = = Ms,vE Dx  —u39-13
| 15. My, v E fo(x) =2 D Dx —u3 14
| 16. My, v E Dx = fo(z) = x ~u3 8, 15
17. My EVz(Dz = fo(x) = x) -u3 1, 16

(2). Iokaxem, uro My E (Pf), re. My E Vai.2p(Pxi..xy = Ju(fpi(u) =
r1&..& fpn(u) = x,)).
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[+1. v € Valy — J1011.

|[4+2. My,v E Dz — JIOIL

| 3. (v(z1),..,v(zp)) € I2(P) — 13 2 10 omp.

|| 4. gpn(a) = (v(x1),...,v(zy)) — u3 3 1o oup. My mst HekoT. a € Wy

| 5. Ia(fpi)(a) = v(z;) —wu3 4 o oup. I(fp;) s 1 <i<n

| 6. v'(u) =a — JJIT HEKOT. v/ Ry

|| 7. Ma,v" E fpi(u) = x; ~u3 5, 6 s Beex 1 <7< n

|| 8. Ma,v' E fp1(u) = x1&..& fpn(u) = x4) ~u3 7

1 9. Ma,vE Ju(fpi(u) = x1&..&fpn(u) = x,)) —u3 6, 8

| 10. My, v E Pxy..xp = My, v E Ju(fPLl(u) = z1&..& fpn(u) = x,)) — u3 2-9

| 11. Mo, v E Pxy..xp O Ju(fp1(u) = x1&..& fpp(u) = x4,) - nu3 10

[[+12. Mo, v E Ju(fpi(u) = 21&..& frn(u) = z4) — 1011

|| 13. My, v" E fp1(u) = :El& Lfpn(u) =2, —uz 12 g v =, v

|| 14. Mo, v" E fpi(u) = ~m3 13 mmaBeex 1 <i<n

| 15. Io(fpi)(v'(u)) = ( i) ~u3 14 g Beex 1 <i<n

|1 16. I (fpi)(v'(u) = pri(gpn(v'(w)))  —u3 15 no onp. Iz(fpi)

|| 17. gpn(v'(w)) = (V' (21), .., 0" (zp)) —u3 16 o onp. I>(fpi), grn

|| 18. (V' (x1), ...,V (z,)) € I2(P) —u3 17 o onp. gpy,

|| 19. My,v' F Pxy..xy -3 18

|| 20. Ma,v E Pzy..xy ~u3 19, T.x. v &~y v

| 21.Ma,v E Ju(fp1(u) = z1&..& fpn(u) = x,) = My, v E Pz,  —u3 12-20

| 22. Mo, v E Ju(fp1(u) = x1&..& fpp(u) = x,) D Pxy..xp - nu3 21

| 23. My, v E Pzy.xp = Ju(fp1(u) = 21&..& fpn(u) = zp) —wu3 11, 22
24. My EVzy..xp(Pr1..ty = Ju(fpr(u) = 21&..& fpn(u) = zy)) —m3 1, 23

|
Jlemma 4. YA € L(X)) : Yo € Valy : My, v E p(A) & Ma, v E p(A).

Ioxazameavcmeo. Nuaykiueii mo mocrpoennio popMyibl A.

Basuc
Cayuat 1. A = (21 = x2), p(x1 = 22) = (x1 = 22).

[ +1. My,vE (x1 = x2) — JIOIL.

| 2. Ma,vE (x1 = x9) —u3 1, m.x. Valy C Valy
3. My,vE (z1 = x2) = My, v E (x1 = 22) —u3 1-2

[ +1. My, v E (z1 = x2) — J1011.

| 2. My,vE (21 = x2) —m3 1, k. v € Valy

3. MQ,'U':($1=x2)=>M1,?)':(1'1:a}2) —u3 1-2
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Caywati 2. A = Pxy..xy, p(P21..2) = P21..2).

[ +1. My,vE Pxy.xy — JIOII.

| 2. (v(z1),...,v(xy)) € [1(P™) —u3 1 1o omp.

’ 3. Ig(Pn) = Il(Pn) — IIO OIIp. M2

| 4. (v(z1),...,v(x,)) € [o(P") -mu32,3

| 5. Ma,v E Pxi.xy —u3 4, .. Val; C Valy
6. Mi,vE Pxy..x, = Ms,v E Pxy..z, —u3 1-5

[ +1. My, v E Pxy..2p — JIOIL.

| 2. (v(z1),...,v(xy)) € [o(P") — u3 1 mo omp.

| 3. Io(P") = I, (P") — 1o onp. My

| 4. (v(z1),...,v(x,)) € [1(P™) -u32,3

| 5. Mq,vE Pxi.x, —u3 4, k. v € Valy
6. Ms,vE Pxy..x, = My,vE Pxy..2, —u3 1-5

Hnoyxuuonnwitd wae

Cayuat 1. A= —B, p(-B) = —p(B).

1. My,vE p(B) & My, v ¥ p(B) — MHJ. JIOIL.

2. My,v¥ p(B) & Ma,v ¥ p(B) ~u3l

3. My,vE —p(B) < My,vE —p((B) —u3 2

4. My,vE p(=B) & Mas,v E p(—B) — U3 3 10 omp. p
Cayuat 2. A= BVC, p(AVB) = p(A)Vp(B), v € {&, V, D, =}.

1. My,vE p(B) < Ma,vE p(B) ~ HMHJL. JIOIL.

2. My,vE p(C) & Ma,vE p(C) — MHJ. JOIL.

3. Mi,vE p(B)Vp(C) < Ma,vE p(B)Vp(C) —u3 1,2

4. p(BVC) = p(B)Vp(C) ~ 10 olp. p

5. Mi,vE p(BVC) < M, v E p(BVC) ~u3 3,4
Cayuat 3. A =VzB, p(VzB) = Vz(Dzx D p(B)).

[ +1. My,v EVz(Dz D p(B)) — jorn. jyist v € Valy

|| +2. Ma,v ¥ Vz(Dx D p(B)) — JIOIL.

|| 3. Ma,v" ¥ Dz D p(B) — u3 2 s Hekor. v’ Ay v, v € Valy

|| 4. My,v" E Dx —u3 3 1o omp.

|| 5. Ma,v" ¥ p(B) — u3 3 10 omp.

|| 6. V'(z) € I2(D) — u3 4 1o omp.

| 7. V' (z) € Dy —m3 6, Tak Kak Iy(D) = W,
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|| 8. v € Valy ~m3 7, Tk v &y v
| 9. My,v" E Dx -u3 4,8
|| 10. My,v" ¥ p(B) — u3 5, 8 110 WHJ. JOTI.
|| 11. My,v" ¥ Dx D p(B) -u3 9, 10
|| 12. My, v ¥ Vax(Dx D p(B)) - u3 11
|| 13. mpr. -1,12
| 14. My, v EVz(Dz D p(B)) - u3 2,13
15. My,v E p(VxB) = My, v E p(VzB) —u3 1-14
[+1. My, v EVa(Dx D p(B)) — qoin. jist v € Valy

| 2. Vo' € Valy : v/ =4 v = My,v' E Dz D p(B) —u3 1
| 3. YU' € Valy : v =y v= My, v'E Dz D p(B) — k. Val; C Valy
| 4. Vo € Valy : My,vF p(B) < M, v E p(B) — ung. jo.
| 5. V' € Valy : v/ =, v= M;y,v' E Dz D p(B) —u3 3, 4
| 6. My,v' EVa(Dx D p(B)) ~u3 5
7. My,vE p(VxB) = Mas,v E p(VxB) —u3 1-6

Caywati 4. A= 3zB, p(3zB) = Jx(Dx&p(B)).

[+1. My,v E Jz(Dx&p(B)) — non. jqst v € Valy
| 2. 30 € Valy : v ~p v u My, v E Da&p(B) ~usl

| 3. J' € Valy : v ~pvu My,v' E Dz u My,v' E p(B) - u3 2

| 4. Vv € Valy : My,vE p(B) < My, v E p(B) — WHJL. JIOII.

| 5. J' € Valy : v ~pvu My, E Dz u My, o' E p(B)-wu3 3,4
| 6. Fv' € Valy : v =, v u My, v' E Dx u My, v' E p(B)—u3 5, m.x. Val; C Valy

| 7.Ma,v E 3z (Dz&p(B)) ~u36
8. My,vE p(IxB) = Ms,v E p(IxB) —u3 1-7
[+1. My, v E Jx(Dx&p(B)) — jont. it v € Valy
|[4+2. My, v ¥ Jz(Dax&p(B)) — JIOIL.
|| 3. Ma,v" E Dz&p(B) — st HeKOT. v’ &2y v, v € Valg
|| 4. Ma,v" E Dx -u3 3
|| 5. Ma,v" E p(B) ~u33
|| 6. v'(z) € Io(D) — u3 4 1o omup.
|| 7. v (x) € Wq ~u3 6, Tak Kax [o(D) =W,
|| 8. v € Valy ~u3 7, TK. v~y v
| 9. M1,v" E Dx -u34,8
|| 10. My,v" E p(B) —u3 5, 8 110 UHJI. JIOIL.
|| 11. M;,v E Dx&p(B) -u39, 10
|| 12. My, v E Jz(Dz&p(B)) —u3 11

|| 13. upr. - 2,12
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| 14. My, v E Jx(Dx&p(B)) -u3 2,13
15. Ma,v F p(3xB) = Mi,v F p(3xB) ~u3 1-14

C yuerom Jlemm [Blu [] nokasarenserso TeopeMbl OyIeT BBINISIETH CIIETY-
FOIIIM 0OpAa30M.

+1. (DD) ¥r1 p(A) — JIOIL

2. Ax(Ty),(DD) ¥ p(A) -u3 1

3. My,vE Az(Ty) —u3 2

4. My,vE (DD) —u3 2

5. My, v ¥ p(A) —u3 2

6. (DD) E Ax(Ty) = p(Az(Ty)) — u3 ﬂeMMbl

7. My,vE p(Az(T1)) -u33,4,6

8. M, v E p(Az(TY)) — u3 Jlemmbl

9. Ma,v E (Df) — u3 JlemMbl

10. Ma,v E (Pf) — u3 JlemMmbl

11. My, v E p(Az(Th)) = ep(Ax(TY)) ~u39,10 u ﬂeMMLI
12. Ma,v E pp(Az(Th)) - u3 8§, 11

13. My, v E Ax(T3) — u3 12 o onp. Az(13)
14. Ma,v ¥ p(A) ~u35u ﬂeMMbI

15. Az(Ty), (Df), (Pf) ¥ p(A) ~ 39, 10, 13, 14

16. (D), (Pf) 12 p(A) S 15

Takum obpaszom, Ha ocHosanuu Teopem [I] u 2] Mmbr Mmoxkem yTBEpK IaTH, UTO
MexK ity Teopusamu T u Th MMeeT MecTO OTHOIIEHUE JIeDUHHITAIBLHOTO BJIOKE-
HUS JIJIS PEISATUBU3UPOBAHHBIX (DOPMYJI:

VA€ L(£1): (DD) tri p(A) < (D). (Pf) Fra p(A).

PensaruBusanus siBasgeTcs 11aToil 3a TO, YTO B OOIIIEM CIydae TEOPUUA MOTYT
UMeTh KaK KOHEYHbIe, TaK U OecKoHedHble Mojesn. B cumy JlemMMbr |I| 3Ta IIjIaTa
HECYIIEeCTBEHHA.

CiuencrBue. B gacTHOM cilydae, eC/id Bce MOJIEIU UCXOIHOM Teopuu 11 Gecko-
HEYHBI, Oy/IeT UMEeTh MeCTO OOBITHOE OTHOIIEHNE JePUHUIINAILHOTO BIOKEHUST
Teopun 11 B Th:

VAe L(X)): b As (Pf) Frg A.

DTO yTBEPXKIAEHUE JIETKO IOJIYUYUTh U3 yKE MMEIOIIErocs: J0Ka3aTeIbCTBA.
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3. Penyknus K eIMHCTBEHHOMY TPEXMECTHOMY NpeauKaTy

Kak u B ciaydyae ¢ pyHKIUIMEI, MBI IIPOBEIEM JOKA3ATEIHLCTBO TEOPEMBI
0 PEIyKIMHM B JIBa JTalla — COAEPXKATEJIHHOTO CEMAaHTUIECKOTO ODOOCHOBAHUSI
1 HOPMATBLHOIO JI0KA3aTEIbCTBA B TEPMHUHAX OTHOIIEHUN MEXKJY TEOPUAMU.
[Tpu 9TOM €UHCTBEHHOCTD MPEIUKATa CJIEAYeT HOHMMATD KaK €INHCTBEHHOCTh
TPEXMECTHOI'O IIPEAUKATHOIO CUMBOJIA A3BIKA.

3.1. CemanTnuyeckuii aHaJjmu3

Ha cemanTndeckoMm ypoBHE miesi peAyKIIMU ITPOU3BOJIBLHOIO HaOOpa OTHO-
IIEeHu K €JIMHCTBEHHOMY TPEXMECTHOMY IpEIUKaTy eine Oojiee MpoCcTa, YeM
B ClIlydae PeayKIUMH K OJHOMECTHbIM (pyHKImsM. OOparuM BHHMAHHE Ha CJIe-
Aytonuit oueBuaHbIA dakT. [Iycrs HaM gaH JimcT OyMaru B KJIETKY, Ha, KOTOPOM
YTO-TO HAITUCAHO.

aj a9 . Qp,
by | by | ... | by

Bcee ero comepknumoe MOxKeT OBITH 3aKOAUPOBAHO C MOMOIIBIO €IMHCTBEH-
HOro TpexmecTHoro npemukara U(col, 7ow, ), CMBICI KOTOPOrO 3aKJ/II0YaeTCs
B TOM, YTO HA IIepeceueHnu CToj0Ia col U CTPOKU Tow JUCTA OyMaru 3amucaH
CUMBOJI .

Hamry Tabauiy miast npenukara R(zq,...,T,) MOXKHO pacCMaTPHBATH KaK
TaKoit JimcT Gymaru.

R(zy,...,xy)
al a9 N Qp,
by | ba | ... | bn

Ecnu obnacts D GeckoHeuHa, TO CYIIECTBYET CIOpbekius g : D — R, ¢ no-
MOTITBI0 KOTOPOI MBI KAK OB MHIEKCUPYEM CTPOKHU TAOJIUIBI SJTEMEHTAMHI CAMOM
npeaMerHoit obsractu. CToJIOIBI TaOIUIBI YIOPSIA0YEHbl, U UM MbI COIOCTa-
BUM OTJIMYHBIE JIpyTa OT JPyra BbIIEJEHHBIE 3JeMEHTHI MIPeJIMeTHONH obacTu

€l,...,€En.
R(Sﬂl, ,fL’n)
€1 €2 €n
(75} al a9 . Qp,

us b1 b2 e bn
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Omnpenenenue oruomenust R(xy, ..., x,) OyIeT BBIVISAETH CJAEIYOMUAM 00-
pa30oM:

Vay ... Ve, (Rry. ..oy = Ju(U(er,u, x1)& ... &U (ep, u, xy))).

B rom ciryuae, ecin obacts D e siBiasiercst 6eckonednoit, To |D| # |D x
... X D|, u cropbekTuBHOE 0TOOpayKkeHue ¢ : D — R MOXKeT He CyIIecTBOBATh.
Jlist pertienusi 9Toi TpobJieMbl, KAK U B CAydae ¢ OJHOMECTHBIMU (PYHKITUSIMU,
JIOCTATOYHO pacimpuTh obiaactb D o D' takum obpasom, uro |R| < [D’'|. Do
BCEI/1a MOYKHO CJIEJIATh.

3.2. Jdoka3aTeJbCTBO TEOPEMBI O PeIyKIInu

Onare 6epem Teoputo Ty B curnarype X1 = (0, ), Pred;) n 3amaem curna-
typy X3 = (Consts, ), Preds), rue

o Consts = {ep} U{ep1,...,epy|P"™ € Pred; };
o Preds = {Us}.

Omnpenenenue 6. OmnpeeuM onepanuio ¢ 3aMeHbl B (popMysie A Bcex BXOXK-
nennit moadopmyn Buma Dz wa dopmyny U(eg, z,x), a momdopmysn Buga
Pxy..x, va Ju(U(ep1,u, x1)&. .. &U(epp, u, xy)):

Loz =)= (zr=y);

2. Y(Dzx) = U(eg, z,x);

3. Y(Pxy..xy) = Fu(U(ep1,u,x1)&. .. &U (epp, u, xy));
4. p(=A) = =p(A);

5. Y(AVB) = ¢(A)Vi(B) -vel{& Vv, D, =k

6. Y(QuA) = Quy(A) -Qe{v, 3}

Henornueckumu akcuomamu teopun T3 6ynyr Ax(T3) = Yp(Ax(Th)).

Onpepesienne 7. IIpumem B si3bike Teopun T3 CIIeyIOIIMe OIPeIeJIeHNUsI:
(DU) : Vx(Dz =Ulep,x,x));

(PU) : Vxy.xp(Pri.zy = Ju(U(epr,u,x1)&. .. &U(epp,u,xy,))) s Beex
P"™ € Pred;.

Jlemma 5. YA € L(X)) : (DU), (PU) F(A) = A.
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Zloxazameabcmaeo. Y TBepKIeHNE JIEMMBI CJIEIyeT U3 OIPEISIeHUsT OTIePAITAN
1) U TeopeMbl O 3aMeHe YKBUBaJICHTHbIX |Mennenbcon, 1976, c¢. 82-83. |

Teopema 3. VA € L(Xy): (DD) Fpy p(A) = (DU), (PU) Frs p(A).
Jloxazamenbcmeo. AHAJIOTMYHO HOKA3aTEIbLCTBY TeopeMbl ]
Teopema 4. YA € L(3)) : (DU), (PU) Fr3 p(A) = (DD) Fr1 p(A)

Jlokazameabcmeo.

JloKazkeM KOHTPIO3UIMIO YTBEPZK ICHHA TeopeMbl. JJomycTuM, He BEpHO, 94TO
(DD) Fr1 p(A). B cuity TeopeMbl 0 1OJHOTE JIOPUKH TIPEJUKATOB [IEPBOTO 0~
psiJIKa 9TO O3HAYAET, YTO CyIIecTByeT Takas mojesas My = (Wi, 1) nis akcuom
Ax(Ty) reopun T} 1 TaKOE NPUNUCHIBAHNE 3HAYEHUIT MHIMBHTHBIM [IEPEMEHHBIM
v e Valy = {vfv: Var — Wi}, aro My,v E (DD), vo M1,v ¥ p(A).

[Tokazkem, 4To B 3TOM CiIydae cyiiecrByer mojeinb Ms = (Ws, I3) s ak-
cuom Az(T3) reopun T3 u Takoe NPUNKMCHIBAHUE 3HAYCHUI WHMBUIHBIM IIepe-
menabIM v € Valg = {v|v : Var — W3}, aro M3, v F (DU) u Ms,v E (PU), HO
Ms,v ¥ p(A).

Oupenesienne 8. Mojens My = (W3, I3) onpeesnm ciieyronmmM o6pa3oM.

o W3 = Wi U Nat, rne Nat — MHOXKECTBO HATypaJbHBIX unces. Bmecto
Nat MOXHO B34TH JII0O0OE IPYyTOe HECKOHEYHOE CUeTHOE MHOYKECTBO.

I3(D) = Ws.

I3(P™) = I3(P") ms kaxgoro P € Pred;.
Ecnu i # j, To I3(e;) # I3(ej).

o /Inga xaxkmoro P" € Pred; dukcupyem ciopbekimio (oTobpazkeHne Ha)
gpn : W3 — I3(P™), koropasi cyiecTByeT B cujty beckoneunocru W,

I3(U) = eo(U) UIPl(U> U--- UIpn(U) U... —ma P" € Predy, rae
* Io(U) = {{I3(e0), a,a)| a € D1};
* Ipi(U) = {{I3(ep;), a, bi>|pri(gpn(a)) =b;, P" € Pred, }.

Jlns nanbHeiero oKa3areabCTBa HaM [TOHAA00aTCs JBEe JIEMMBI.

JIlemma 6. B modeau M3z umerom mecmo:
(1) M3 E (DU);
(2) Ms E (PU).
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Jloxazameavbcmeo.

(1). Hokaxem, uro M3 F Va(Dzx = Uleg, z, )).

[+1.v € Vals

|[4+2. M3,vE Dz

13 v(z) € I3(D)

|4. v(xz) € W1

5. {Ts(e0), v(2), v(2)) € La(U)

16. {Ts(e0), v(x), v(a) € ()

||7. M3,vE Uley,z,x)

8. M3, v E Dx = Ms,vF Ul(eg, x,x)
|9. M3,vFE Dz D Uleg, x,x)

|[+10. M3,v E Uleg,x,x)

1. (Ty(eo), olz), v()) € (V)

112, (Is(eo). o(z), 0(2) € Lo(U)
113. v(x) € W)

|14. v(z) € I3(D)

||15. M3,v E Dx

|16. M3, v E Ul(ep,x,z) = Ms,vE Dx
|17. M3,v E Ul(ep,z,x) D Dz

|18. M3,v E Dz = U(eg, z, )

19. M3 EVa(Dx = U(eg, z,x))

— JIOII.
— JIOII.

3 2 10 o1p.

- u3 3, tak Kak [3(D) =W,
—u3 4 no onp. I,(U)

—u3 5 o omnp. I3(U)

- u3 6

- n3 2-7

- u3 8

— JI01I.

—u3 10 no omp.

—wu3 11 o oup. I3(U)

—u3 12, o omup. Io(U)
—u3 13, rak kak [3(D) =W,
- u3 14

- u3 10-15

—u3 16

us 9, 17

-u3 1, 18

(2). Jokaxkem M3 E V.2, (Pxy..xy = Fu(U(epr,u, x1)&..&U(epp, u, xn))).

[+1. v € Vals

|[4+2. M3,v E Pxy.2p

13. (v(z1),...,v(zy)) € I3(P)
. gpa(@) = (1), ., 0(zn))
15. (I3(eps), a, v(w;)) € Ipi(U)
H6. <Ig(6pi),a,v($i)> S I3(U)
|7. v (u) = a

HS. Mg,v/ = U(ep,-,u,:vi)

119. M3, v' EU(ep1,u,x1)&. .. &U(epn, u, xy)
||10.M3,v E Ju(U(ep1,u,x1)&. .. &U(epn, u, xy))

— JIOIL
— JIOIL.

— u3 2 1o orp.

— u3 3 mo omnp. M3 st HeKOT. a € Ds
—u3 4 noonp. Ip;(U) mia 1 <i<n
—u3 5 mo onp. [3(U) iz 1 <i<n
— JJIS HEKOT. v’ ~%,, U

-m36, 7Tl <i<n

—u3 8
-u3 7,9

|11. M3,v F Pxy..x, = Ms,vE Ju(U(epy,u,z1)&. .. &U(epn, u, x,))— n3 2-10

|12. M3, v E Pxy..x, D Ju(U(ep1,u, x1)&. .. &U(epp,u, xy))
[[+13. M3, v E Ju(U(epr,u, z1)&. .. &U(epp,u, zy,))
[|14. M3, v' E U(ep1,v'(u), z1)&. .. &U (epp, v’ (u), z,)

|15. M3,v" E U(epi,v'(u), x;)

—mu3 11

— JIOIL.
—n3 13 gna v =, v
—mldaml<i<n
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116. (I3(ep;), v (u),v'(x;)) € I3(U) ~u3 15

117 (Is(epi), v/ (u), v'(2:)) € Ipi(U) ~ 3 16 1o oup. Ip;(U)

118. gpn(v'(u)) = (V' (x1),...,v" (x)) —wu3 17 wo oup. Ip;(U), gpn

119. (V/(z1),...,v" (xn)) Ig(P) — u3 18 1o oup. gpp

120. M3,v" E Pxy..xy -u3 19

|[21. M3,v E Pzy..2 - u3 7,20, T.K. v &y v

122. M3, v E Ju(U(ep1,u,x1)&. .. &U(epn,u, xy,)) = Ms,v E Pxj..xp— u3 13-21
123. M3, v E Ju(U(ep1,u,x1)&. .. &U(epp,u,zy)) D Pry..2p —u3 22
|24. M3,v E Pxy.xy, = Ju(U(epr,u,x1)&. .. &U(epp, u, xy)) —n3 12, 23

25. M3 EVzy.xp(Pxy..xy = Ju(U(ep1,u,x1)&. .. &U (epp,u,zy))) —u3 1, 24

|
Jlemma 7. YA € L(X)) : Yo € Valy : My,vE p(A) & Ms,vE p(A).

oxazameavcmaeo. Jloka3aTeIbCTBO MPOBOJIUTCA 110 TOCTPOSHUIO (DOPMYJIBI
A COBEpIIEHHO aHAIOIMYIHO J0Ka3aTebeTBy Jlemmbr [4] n

C yuerom Jlemm [6 u [7] mokazarenncTBo TeOpeMbl Oy1eT BBINVISIETD CJIE/LY-
FOIIIUM 0Opa3oM.

+1. (DD) ¥ p(A) — JIOII.

2. Ax(Ty),(DD) ¥ p(A) -u3 1

3. Mi,vE Azx(Ty) —u3 2

4. M1,vE (DD) —u3 2

5. My,v ¥ p(A) —u3 2

6. (DD) E Az(T}) = p(Az(T1)) — 13 JTeans [1]

7. My,vE p(Az(TY)) ~u33,4,6

8. Ms,vE p(Az(TY)) — u3 Jlemmbl

9. Ms,v E (DU) — u3 Jlemmbr [6)

10. M3,v E (PU) — u3 Jlemmspr [6)

11. M3, v E p(Az(Th)) = pp(Ax(TY)) ~u39,10 u ﬂeMMbI
12. M3,v E @p(Az(T1)) -u3 8, 11

13. M3, v E Ax(T3) —u3 12 no onp. Ax(T3)
14. Ms,v ¥ p(A) ~u35u JIGMMBIE

15. Az(T3), (DU), (PU) ¥ p(A) ~m3 9, 10, 13, 14

16. (DU), (PU) F13 p(A) ~u3 15

Takum obpasom, Ha ocHoBaHuu TeopeM [3] u [d] Mbl MOKeM yTBepKAATH, ITO
Mexk/ 1y Teopusimu 11 u T3 MeeT MeCTO OTHOIIEHUE JePUHUIMATILHOIO BJIOXKE-
HUSL /IS PEJIITUBU3UPOBAHHBIX (DOPMYIT:

VA e L(X)): (DD) by p(A) & (DU), (PU) Frs p(A).
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PensaruBusanus siisieTcst IJ1aTOM 38 TO, 9TO B OOIIEM CJIydae TEOPHH MOT'YT
UMeTh KaK KOHe4YHbIe, TaK U beckoHeunble Mojiesn. B cuny Jlemmet (1] aTa ntara
HECYIIIECTBEHHA.

CiencrBue. B gacTHOM citydae, eC/id BCe MOJIEIN UCXOIHOI Teopuu 11 Gecko-
HEYHBI, OyIeT UMEeTh MeCTO OOBIYHOE OTHOIIEHNE JePUHUINAILHOIO BIOKEHUS
Teopuu 17 B Tj:

VAe L(%)): b As (PU) bFrs A

ko) YTBEPZKIAEHNE JIETKO IMOJYYUTD U3 Y2KE MMEIOIIErocd J0Ka3aTe/ILCTBa.

4. 3akJo4dyeHue

HedbrannnaabHOe BIOXKEHNE JI0O0M TEOpHn MepBOro IMOPSIIKA B TEOPHIO,
SI3BIK KOTOPOI COMEPKUT JIUIIb JIOTUIECKUN [IPEIKaT PaBEHCTBa M OJHOMECT-
HbIE beHKL[I/IOHaJIbeIe CHMBOJIBI, TOBOPUT O ITIOJTHOTE BbhIPa3UTEJIbHBIX BOSMOXK-
HOCTEI 9TOro fA3blKa. Kro 10cTaTovYHO I U3yYeHHs JIOTUKU IPEINKATOB IIep-
BOro nopsiaka. Ha TeopeTnko-MoeIbHOM yPOBHE 9TOMY SI3bIKY OyJIeT COOTBET-
CTBOBATL OHTOJIOI'US IIPEAMETOB M (DYHKIIMOHAJIBLHBIX CBA3EH MEXKIy HUMMU.

OOBIYHO OHTOJIOTMYECKHE JIONYINEHNUs] B JIOTUKE IPEIUKATOB IIEPBOrO II0-
PsIZIKa CBOISIT K JIONMYIMEHUSIM O HEIYCTOTE IpeaMeTHOH obsracTr. 3HAMEHUTHII
Te3uc Kyaitna — «BbITh — 3HAYUT OBITH 3HAYUEHUEM CBA3AHHON IIEPEMEHHON».
C dumocodckoil TOUKH 3peHUsi, ITO CJAUIIKOM y3KO€ TOHUMAHNE OHTOJIOTUYE-
CKUX JOIYIICHUN.

[Ipueenem murary us paborsl P. Kapuama «Crapast u HOBasi JIOTHKa» B CBsI-
31 € ero pasMbliieHusMu o Jjioruke Ppere—Paccera.

«Kozda Jletibrnuy, 0co3Han 803MOHCHOCTND UCTLOALIOBAHUSA NPED-
AOAHCEHUT, 06 OMHOWEHUAL, OH CMO2 NPUTMU K NPAEUNOHOMY UC-
MONKOBAHUIO MPOCNPAHCNEA: HE MECTNOTONOHCEHUS MEA, G UL NO-
AONHCEHUA MO OMHOWEHUI K IPY2UM MENAM, — B0, 8 UeM 3AKANUA-
eMeA INEMEHMAPHOE nosodicerue dea. ... K coocanenuro, e2o 6opo-
6a 3G PEAAMUBUCTNCKOE UCTNOAKOBAHUE NPOCMPAHCMEA CO CIMOPOH-
HUKAMU HDIOMOHOBCKO20 AOCOMOMHO20 NPOCTPAHCNEA DbLAG CINOAL
ofce beaycnewnot, Kax U e20 CMmpemMaeHUe Pactuupums 00AGCMb A0~
euxu. JTuwo 200 aem cnycma e2o udeu 06pesu NPUSHAHUE. 6 NO2UKE
baaz00apsa co3danuto meopuu omHouweHutl, 6 gusuxe — 6.4a200apA
meopuu ommnocumenvrocmuy |Kapuam, 2007, ¢. 110-111].
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B s70i1 1iutaTe n3y4aeMbIM B JIOTUKE OTHOIIEHUSIM IIPUITUCHIBAETCH OHTOJIO-
TUYECKUIl CTaTyC MPABUIBHOIO UCTOJIKOBAHUS TPOCTpaHCTBa. MOXKHO CKa3aTh,
YTO 9Ta TOYKa 3PCHUSA 1 CeTOHA ABJIACTCA ILONIHHprIOH.(efI. Ee IIPUHUMAIOT KaK
camo coboii pasymerortytocst. Kak mbr yzke nucasu |[Ilanak, 2010|, Beskoit on-
TOJIOTUU OTHOINEHUI COOTBETCTBYET beHKI_[I/IOHaJIbHaH OHTOJIOT'Ud. TeOpeMbI m
U [2| ycmiimBaoT 3TOT pe3ysIbTAT, [MO3BOJIsAs IEPERTH OT PEJIANMOHHON K (DyHK-
[IMOHAJIBLHON OHTOJIOTUU, COAEPKAIIEN JIUITh OJHOMECTHBIE (PyHKIUU. 10, ITO
JIOTUKa OTHOIINEHUI HeceT B cebe MPaBUIbHBIN B3IVIA Ha OKPYKAIONUN MUp,
SIBJISIETCsT He DoJiee UeM WJLTIO3Hell, OrPAHMIMBAOINIEN KPYro30p UCC/Ie0BaTe-
Jeit.

C ogxHoit cropoHbl, Te3uc llupca mpoBajmBaercsi, Tak Kak JIOOYIO Teo-
PUI0O MBI MOXKEM I[PEJCTABUTH B sI3bIKE OJHOMECTHBIX (DYHKIIUN, KOTOPBIE,
C TepeTHKO—MHO)KeCTBeHHOfI TOYKU 3peHUNdd, ABJIAIOTCA JIBYyXMECTHBIMU OTHOIIE-
uHusimu. C JIpyTOil CTOPOHBI, CYIIECTBYET S3bIK C €IUHCTBEHHBIM B OIIPEJICTICHHOM
CMBbICJIE YHUBEPCaJIbHBIM TPEXMECTHbIM MIPEIUKATHBIM CUMBOJIOM U(e,u, .T),
B KOTOPOM TaK:Ke MOXKeT OBbIThb IpeJicTaBieHa Jiobas Teopusi. C Hareir To4-
KU 3pEeHusl, 3Ta yHuBepcajbHocTh U (e, u, ) HeceT B cebe OIpeJIeIeHHY 0 OHTO-
JIOTMYECKYIO HAMPY3KY M MOXKET PACCMaTPUBATHCHA KAaK IOTBEPIK/IEHNE TE3MCa
[Tupca u ero dpumocodpun TPOUIHOCTH.

Jloruka — 3TO He MpPOCTO Urpa B CUMBOJIbI. VHTEpIpeTupys Te mjin WHbIE
TeopeMbl, pUI0Ccodbl 3aJaI0TC BOIIPOCOM, 4TO cTouT 3a HuMmu? [Ipu onronorn-
YEeCKON MHTEPIPETAIMN CMBIC] TPEXMECTHOTO IpeaukaTHoro cumsoa U (e, u, x)
3aKJIIo9aeTcd B TOM, 9YTO MUD MOXKET 6]:>IT]3 npeacraB/JIeH KaK MHOXKECTBO HH-
JIUBUJIOB, B3AUMOCBSI3aHHBIX €JIMHCTBEHHBIM TPEXMECTHBIM OTHOIIEHUEM. EMy
COOTBETCTBYET abCTPAKTHOE YHUBEPCAJbHOE TPEXMEPHOE IIPOCTPAHCTBO, B KO-
TOPOM MOTYT OBITH OIUCAHBI BCE 3aKOHBI OKPY2KAIOIIEr0 MUPA.

OpnHoit 3 6a30BBIX CTPYKTYD TEOPUU OTHOCUTEIBHOCTHU $IBJISETCH YeThbI-
pexMepHoe MPOCTPAHCTBO-BpeMsi MUHKOBCKOTO, KOTOPOE MOYKHO IIPeJICTaBUTH
YEeTBIPEXMECTHBIM MpeuKaToM S(x,y, z,t). VI3 TeopeMbl 0 peyKInu K €JiH-
CTBEHHOMY TpexMecTHoMy mnpeaukary U(e,u,x) cieiyer, 9To MPOCTPAHCTBO-
BpeMsi MUHKOBCKOTO He SIBJIAETCA (PYyHIAMEHTAJIbHON (DU3MIECKON CTPYKTY-
poii, TaK KaK MOYXKeT OBITh PEeJyIUPOBAHO K 0Ojiee MPOCTOMY TPEXMECTHOMY
OTHOIIIEHMUIO, CbI/ISI/I“IeCKI/Iﬁ CMBICJI KOTOPOT'O OTJIMIEH OT IIPUBBITYHOTO U IIOTOMY
KaXKyIIEerocsi eCTECTBEHHBIM TPOCTPAHCTBEHHO-BPEMEHHOTO.

Ho BozMmoxkHa 1 smmcTeMuUYecKass WHTEPIPETAIUs [IPEJINKATHOIO CHMBOJIA
U(e,u, ). He siByisiercst in ero CyniecTBOBAHUE CJIEJICTBHEM ONPAHUYEHHOCTH
CTPYKTYD HAIEro $3bIKa, KaK KOHEYHOI'O CPEJICTBA IPEJICTABJIEHUS 3HAHUA,
U HEBO3MOXKHOCTU BBIUTH 3a €r0 I'PAHUIIBI]

@u3uKu y2Ke MHOTO JIET PA3MBIILISIOT HaJl BOSMOXKHOCTBIO IIOCTPOEHUST T€O-
pun Beero [Xokunr, 2018, [Baiiubepr|. 113 Teopembl 0 pejyKiun K € MHCTBEH-
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HOMy TpexmectHOMy mpemukary U(e,u,z) ciemyer, 9TO €Cau TaKas TEOPHUs
BO3MOKHA, TO (DYHJAMEHTAJIBHBIM €€ OTHOIIEHUEeM Oy/IeT UMEHHO TPEXMECTHOe
OTHOIIIEHHE, & BCE OCTAbHbBIE OY/IyT ONPEIeJNMbI U€Pe3 Hero.

Benomuum yHuBepcasbayto Mmamuny Teiopunra u npeguxkar UM (e, u, ),
KOTOPBIM MOXKHO €€ IPEJICTaBUTh. B HeM e — 3TO TefiesieB HOMEp KOHKpPET-
HOit MarmuHbl ThIOpUHTa, U — BXOJHBIE JaHHbIE (HAYATBHOE COCTOsTHIE paboUei
JIEHTBI), & & — pe3yJIbTaT BbIUUC/IeHHs (KOHEYHOe COCTOsIHUE Paboveil JIEHTHI).
Vmeercst IBHBI CTPYKTYPHBII Mapa/LIeu3M MeXK/Ly HUM U TPEXMECTHBIM Ipe-
nukarom U (e, u, x). lpeauxar UM (e, u, 2) — 9T0 KOHTeHHED BCEX BBIYUCIUMBIX
dbyukumit, o oHOI A1t KaXK 1010 reqesesa Homepa e. Ho u nipeaukar U (e, u, x)
TOXKE MOYKHO PaCCMATPUBATh KaK KOHTEHHED OJHOMECTHBIX (DYHKIWI JJIsT KazK-
JIOli KOHKPETHON KOHCTAHTBI €. DTO JIENKO BUJHO U3 OIpejiesieHus Mojean Ms
[P JIOKA3aTeIHLCTBE TEOPEMbBI O BJIOYKEHUH. B 9TOM 3aK/II0UAETCS CBI3b MEXK-
Jly TEOpeMOii 0 PEIYKIUU K OJHOMECTHBIM (PyHKIUSM U TEOPEMOl O PeLyKIIIH
K €JMHCTBEHHOMY TPEXMECTHOMY IPEIUKaTy. DTOT IPEIUKAT, KaK U IPEI-
KaT yHUBEPCAJIbHOI Mammubl ThIOpUHTa, CBA3BIBACT MHOXKECTBO OJHOMECTHBIX
dbyHKIWi B eUHYIO CTPYKTYPY. BO3ZMOXKHO, 38 9TUM CTOUT HEYTO OOJIBbIIEE, HO
[OKa He MOHSITHO, YTO.
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Abstract: C. Peirce put forward the hypothesis that any relations can be reduced to relations
whose arity does not exceed three. This hypothesis is closely related to the basic categories
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In the paper we provide semantic analysis and detailed proof of the following two results.

1. Any first-order theory can be represented in a language containing a finite set of one-place
functional symbols. A philosophically important consequence of this is the same expressive
power of relational and functional languages and corresponding ontologies.

2. Any first-order theory can be represented in a language containing a single three-place
predicate symbol U and a finite set of individual constants. This confirms Peirce’s conjecture
about the fundamental role that three-place relationships play. A language whose descriptive
symbols contain only individual constants and the only three-place predicate turns out to be
a universal language for representing any first-order theories.

There is a structural similarity between the three-place predicate U(e,u,z) and the three-
place predicate UM (e, u, ), which represents the universal Turing machine. Both can be
considered as containers of one-place functions. From this point of view, the predicate U
is an extension of the predicate UM to any, and not only effectively computable functions.
Proved theorems force us to take a fresh look at many physical theories.

In the theory of relativity, the four-dimensional Minkowski space-time is considered as the
fundamental structure, which can be represented as a four-place predicate S(z,v, z,t). It fol-
lows from the theorem on the existence of the predicate Ul(e, u,z) that the four-dimensional
Minkowski space-time is not a fundamental physical structure, since it can be reduced to a
single three-place relation.
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